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PREFACE 


PHILOSOPHY AND GOALS 

The purpose of the third edition of this book is to provide a basis for understanding 
the characteristics, operation, and limitations of semiconductor devices. In order to 
gain this understanding, it is essential to have a thorough knowledge of the physics of 
the semiconductor material. The goal of this book is to bring together quantum me- 
chanics, the quantum theory of solids, semiconductor material physics, and semicon- 
ductor device physics. All of these components are vital to the understanding of both 
the operation of present day devices and any future development in the field. 

The amount of physics presented in this text is greater than what is covered in 
many introductory semiconductor device books. Although this coverage is more ex- 
tensive, the author has found that once the basic introductory and material physics 
have been thoroughly covered, the physics of the semiconductor device follows quite 
naturally and can he covered fairly quickly and efficiently. The emphasis on the un- 
derlying physics will also be a benefit in understanding and perhaps in developing 
new semiconductor devices. 

Since the objective of this text is to provide an introduction to the theory of 
semiconductor devices, there is a great deal of advanced theory that is not consid- 
ered. In addition, fabrication processes are not described in detail. There are a few 
references and general discussions about processing techniques such as diffusion 
and ion implantation, but only where the results of this processing have direct im- 
pact on device characteristics. 

PREREQUISITES 

This book is intended for junior and senior undergraduates. The prerequisites for un- 
derstanding the material are college mathematics, up to and including differential 
equations, and college physics, including an introduction to modern physics and 
electrostatics. Prior completion of an introductory course in electronic circuits is 
helpful, but not essential. 

ORGANIZATION 

The text begins with the introductory physics, moves on to the semiconductor mate- 
rial physics, and then covers the physics of semiconductor devices. Chapter 1 presents 
an introduction to the crystal structure of solids, leading to the ideal single-crystal 
semiconductor material. Chapters 2 and 3 introduce quantum mechanics and the 
quantum theory of solids, which together provide the necessary basic physics. 

Chapters 4 through6 cover the semiconductor material physics. Chapter4 presents 
the physics of the semiconductor in thermal equilibrium; Chapter 5 treats the transport 




phenomena of the charge carriers in a semiconductor. The nonequilibrium excess car- 
rier characteristics are then developed in Chapter 6. Understanding the behavior of ex- 
cess earners in a semiconductor is vital to the goal of understanding the device physics. 

The physics of the basic semiconductor devices is developed in Chapters 7 through 
1 3 . Chapter 7 treats the electrostatics of the basic pn j unction, and Chapter 8 covers the 
current-voltage characteristics of the pn junction. Metal-semiconductorjunctions, both 
rectifying and nonreedfying, and semiconductor heterojunctions are considered in 
Chapter 9, while Chapter !0 treats the bipolar transistor. The physics of the metal- 
oxide-semiconductor field-effect transistor is presented in Chapters 1 1 and 12. and 
Chapter 1 3 covers the junction field-effect transistor. Once the physics of the pn j unc- 
tion is developed, the chapters dealing with the three basic transistors may be covered 
in any order — these chapters are written so as not to depend on one another. Chapter 14 
considers optical devices and finally Chapter 1 5 covers power semiconductor devices. 

USE OF THE BOOK 

The text is intended for a one-semester course at the junior or senior level. As with 
most textbooks, there is more material than can be conveniently covered in one 
semester; this allows each instructor some flexibility in designing the course to hislher 
own specific needs. Two possible orders of presentation are discussed later in a sepa- 
rate section in this preface. However, the text is not an encyclopedia. Sections in each 
chapter that can be skipped without loss of continuity are identified by an asterisk in 
both the table of contents and in the chapter itself. These sections, althoughimportant 
to the development of semiconductor device physics, can he postponed to a later time. 

The material in the text has been used extensively in a course that is required 
for junior-level electrical engineering students at the University of New Mexico. 
Slightly less than half of the semester is devoted to the first six chapters; the remain- 
der of the semester is devoted to the pn junction, the bipolar transistor, and the metal- 
oxide-semiconductor field-effect transistor. A few other special topics may be briefly 
considered near the end of the semester. 

Although the bipolar transistor is discussed in Chapter 10 before the MOSFET or 
JFET, each chapter dealing with one of the three basic types of transistors is written 
to stand alone. Any one of the transistor types may be covered first. 

NOTES TO THE READER 

This book introduces the physics of semiconductor materials and devices. Although 
many electrical engineering students are more comfortable building electronic cir- 
cuits or writing computer programs than studying the underlying principles of semi- 
conductor devices, the material presented here is vital to an understanding of the 
limitations of electronic devices, such as the microprocessor. 

Mathematics is used extensively throughout the hook. This may at times seem 
tedious, but the end result is an understanding that will not otherwise occur. Although 
some of the mathematical models used to describe physical processes may seem 
abstract, they have withstood the test of time in their ability to describe and predict 
these physical processes. 



The reader is encouraged to continually refer to the preview sections so that the ob- 
jective of the chapter and the purposes of each topic can be kept in mind. This constant 
review is especially important in the first five chapters, dealing with basic physics. 

The reader must keep in mind that, although some sections may be skipped without 
loss of continuity, many instructors will choose to cover these topics. The fact that sec- 
tions are marked with an asterisk does not minimize the importance of these subjects. 

It is also important that the reader keep in mind that there may be questions still 
unanswered at the end of a course. Although the author dislikes the phrase, "it can be 
shown that.. there are some concepts used here that rely on derivations beyond 
the scope of the text. This hook is intended as an introduction to the subject. Those 
questions remaining unanswered at the end of the course, the reader is encouraged to 
keep "in a desk drawer.” Then, during the next course in this area of concentration, 
the reader can take out these questions and search for the answers. 

ORDER OF PRESENTATION 

Each instructor has a personal preference for the order in which the course material 
is presented. Listed below are two possible scenarios. The first case, called the clas- 
sical approach, covers the bipolar transistor before the MOS transistor. However, 
because the MOS transistor topic is left until the end of the semester, time constraints 
may shortchange the amount of class time devoted to this important topic. 

The second method of presentation listed, called the nonclassical approach, dis- 
cusses the MOS transistor before the bipolar transistor. Two advantages to this ap- 
proach are that the MOS transistor will not get shortchanged in terms of time devoted 
to the topic and, since a "real device" is discussed earlier in the semester, the reader 
may have more motivation to continue studying this course material. A possible 
disadvantage to this approach is that the reader may be somewhat intimidated by 
jumping from Chapter 7 to Chapter 1 1. However, the material in Chapters 1 1 and I? 
is written so that this jump can be made. 

Unfortunately, because of time constraints, every topic in every chapter cannot 
be covered in a one-semester course. The remaining topics must be left for a second- 
semester course or for further study by the reader. 


Classical approach 

Chapter L 

Crystal structure 

Chapters 2, 3 

Selected topics from quantum 
mechanics and theory of solids 

Chapter 4 

Semiconductor physics 

Chapter 5 

Transport phenomena 

Chapter 6 

Selected topics from nonequilibrium characteristics 

Chapters 7, 8 

The pn junction and diode 

Chapter 9 

A brief discussion of the Schottky diode 

Chapter 10 

The bipolar transistor 

Chapters 11,12 

The MOS transistor 




Nonclassical approach 

Chapter 1 

Crystal structure 

Chapters 2, 3 

Selected topics from quantum 
mechanics and theory of solids 

Chapter 4 

Semiconductor physics 

Chapter 5 

Transport phenomena 

Chapter 7 

The pn junction 

Chapters 11,12 

The MOS transistor 

Chapter 6 

Selected topics from nonequilibrium characteristics 

Chapter 8 

The pn junction diode 

Chapter 9 

A brief discussion of the Schottky diode 

Chapter 10 

The bipolar transistor 


FEATURES OF THE THIRD EDITION 

■ Preview section: A preview section introduces each chapter. This preview 
links the chapter to previous chapters and states the chapter's goals, i.e., what 
the reader should gain from the chapter. 

■ Exumples: An extensive number of worked examples are used throughout the 
text to reinforce the theoretical concepts being developed. These examples 
contain all the details of the analysis or design, so the reader does not have to 
fill in missing steps. 

■ Test your understanding : Exercise or drill problems are included throughout 
each chapter. These problems are generally placed immediately after an 
example problem, rather than at the end of a long section, so that readers can 
immediately test their understanding of the material just covered. Answers are 
given for each drill problem so readers do not have to search for an answer at 
the end of the book. These exercise problems will reinforce readers' grasp of 
the material before they move on to the next section. 

■ Summary section: A summary section, in bullet form, follows the text of each 
chapter. This section summarizes the overall results derived in the chapter and 
reviews the basic concepts developed. 

■ Glossary of importunt terms: A glossary of important terms follows the 
Summary section of each chapter. This section defines and summarizes the 
most important terms discussed in the chapter. 

■ Checkpoint: A checkpoint section follows the Glossary section. This section 
states the goals that should have been met and states the abilities the reader 
should have gained. The Checkpoints will help assess progress before moving 
on to the next chapter. 

■ Review questions: A list of review questions is included at the end of each 
chapter. These questions serve as a self-test to help the reader determine how 
well the concepts developed in the chapter have been mastered. 

■ End-of-chupterproblems A large number of problems are given at the end of 
each chapter, organized according to the subject of each section in the chapter 



body. A larger number of problems have been included than in the second 
edition. Design-oriented or open-ended problems are included at the end in a 
Summary and Review section. 

■ Computer simulation: Computer simulation problems are included in many 
end-of-chapter problems. Computer simulation has not been directly 
incorporated into the text. However, a website has been established that 
considers computer simulation using MATLAB. This website contains 
computer simulations of material considered in most chapters. These computer 
simulations enhance the theoretical material presented. There also are exercise 
or drill problems that a reader may consider. 

■ Reading list: A reading list finishes up each chapter. The references, that are 
at an advanced level compared with that of this text, are indicated by an 
asterisk. 

■ Answers to selected problems: Answers to selected problems are given in the 
last appendix. Knowing the answer to a problem is an aid and a reinforcement 
in problem solving. 
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Computer Simulations 
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Design Problems and Examples 


SUPPLEMENTS 

This hook is supported by the following supplements: 

■ Solutions Manual available to instructors in paper form and on the website. 

■ Power Point slides of important figures are available on the website. 

■ Computer simulations are available on the website. 
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PROLOGUE 


Semiconductors and the 
Integrated Circuit 


PREVIEW 

W e often hear that we are living in the information age. Large amounts of 
information can be obtained via the Internet, for example, and can also be 
obtained quickly over long distances via satellite communication sys- 
tems. The development of the transistor and the integrated circuit (IC) has lead to 
these remarkable capabilities. The IC permeates almost every facet of our daily lives, 
including such things as the compact disk player, the fax machine, laser scanners at 
the grocery store, and the cellular telephone. One of the most dramatic examples of 
IC technology is the digital computer — a relatively small laptop computer today has 
more computing capability than the equipment used to send a man to the moon a few 
years ago. The semiconductor electronics field continues to be a fast-changing one. 
with thousands of technical papers published each year. ■ 


HISTORY 

The semiconductor device has a fairly long history, although the greatest explosion 
of IC technology has occured during the last two or three decades.' The metal- 
semiconductor contact dates back to the early work of Rraun in 1874, who discov- 
ered the asymmetric nature of electrical conduction between metal contacts and 
semiconductors, such as copper, iron, and lead sulfide. These devices were used as 


'This brief introduction is intended to give a flavor of the history of the semiconductor device and 
integrated circuit. Thousands of engineers and scientists have made significant contributions to the 
development of semiconductor electronics-the few events and names mentioned here are not meant 
to imply that these are the only significantevenlS or people involved in the semiconductor history. 



detectors in early experiments on radio. In 1906, Pickard took out a patent for a point 
contact detector using silicon and, in 1907. Pierce published rectification character- 
istics of diodes made by sputtering metals onto a variety of semiconductors. 

By 1935. selenium rectifiers and silicon point contact diodes were available for 
use as radio detectors. With the development of radar, the need for detector diodes 
and mixers increased. Methods of achieving high-purity silicon and germanium were 
developed during this time. A significant advance in our understanding of the metal- 
semiconductor contacr was aided by developments in the semiconductor physics. 
Perhaps most important during this period was Bethe’s thermionic-emission theory 
in 1942, according to which the current is determined by the process of emission of 
electrons into the metal rather than by drift or diffusion. 

Another big breakthrough came in December 1947 when the first transistor was 
constructed and tested at Bell Telephone Laboratories by William Shockley, John 
Bardeen, and Walter Brattain. This tirst transistor was a point contacr device and used 
polycrystalline germanium. The transistor effect was soon demonstrated in silicon as 
well. A significant improvement occurred at the end of 1949 when single-crystal 
material was used rather than rhe polycrystalline material. The single crystal yields 
uniform and improved properties throughout the whole semiconductor material. 

The next significant step in the development of the transistor was the use of the 
diffusion process to form the necessary junctions. This process allowed better control 
of the transistor characteristics and yielded higher-frequency devices. The diffused 
mesa transistor was commercially available in germanium in 1957 and in silicon in 
1958 . The diffusion process also allowed many transistors to be fabricated on a sin- 
gle silicon slice, so the cost of these devices decreased. 


THE INTEGRATED CIRCUIT (IC) 

Up to this point, each component in an electronic circuit had ro he individually con- 
nected by wires. In September 1958. Jack Kilby of Texas Instruments demonstrated 
the first integrated circuit, which was fabricated in germanium. At about the same 
time, Robert Noyce of Fairchild Semiconductor introduced the integrated circuit in 
silicon using a planar technology. The tirst circuit used bipolar transistors. Practical 
MOS transistors were then developed in the mid-'60s. The MOS technologies, espe- 
cially CMOS, have become a major focus for 1C design and development. Silicon is 
the main semiconductor material. Gallium arsenide and other compound semicon- 
ductors are used for special applications requiring very high frequency devices and 
for optical devices. 

Since that first IC, circuit design has become more sophisticated, and the inte- 
grated circuit more complex. A single silicon chip may be on the order of 1 square 
centimeter and contain over a million transistors. Some ICs may have more than a 
hundred terminals, while an individual transistor has only three. An IC can contain 
the arithmetic, logic, and memory functions on a single semiconductor chip — the 
primary example of this type of IC is the microprocessor. Intense research on silicon 
processing and increased automation in design and manufacturing have led to lower 
costs and higher fabrication yields. 



FABRICATION 


The integrated circuit is a direct result of the development of various processing tech- 
niques needed to fabricate the transistor and interconnect lines on the single chip. 
The total collection of these processes for making an IC is called a technology. The 
following few paragraphs provide an introduction to a few of these processes. This 
introduction is intended to provide the reader with some of the basic terminology 
used in processing. 

Thermal Oxidation A major reason for the success of silicon ICs is the fact that an 
excellent native oxide, SiO?, can be formed on the surface of silicon. This oxide is 
used as a gate insulator in the MOSFET and is also used as an insulator, known as the 
field oxide, between devices. Metal interconnect lines that connect various devices 
can be placed on top of the field oxide. Most other semiconductors do not form na- 
tive oxides that are of sufficient quality to be used in device fabrication. 

Silicon will oxidize at room temperature in air forming a thin native oxide of ap- 
proximately 25 A thick. However, most oxidations are done at elevated temperatures 
since the basic process requires that oxygen diffuse through the existing oxide to the 
silicon surface where a reaction can occur A schematic of the oxidation process 
is shown in Figure 0.1. Oxygen diffuses across a stagnant gas layer directly adjacent 
to the oxide surface and then diffuses through the existing oxide layer to the silicon 
surface where the reaction between 0 2 and Si forms Si0 2 . Because of this reaction, 
silicon is actually consumed from the surface of the silicon. The amount of silicon 
consumed is approximately 44 percent of the thickness of the final oxide. 

Photomasks and Photolithography The actual circuitry on each chip is created 
through the use of photomasks and photolithography. The photomask is a physical 
representation of a device or a portion of a device. Opaque regions on the mask are 
made of an ultraviolet-light-absorbing material. A photosensitive layer, called pho- 
toresist, is first spread over the surface of the semiconductor. The photoresist is an 
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Figure 0.1 I Schematic of the oxidation 
process. 
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Figure 0.2 1 Schematic: showing the use of a photomask 


organic polymer that undergoes chemical change when exposed to ultraviolet light. 
The photoresist is exposed to ultraviolet light through the photomask as indicated in 
Figure 0.2. The photoresist is then developed in a chemical solution. The developer 
is used to remove the unwanted portions of the photoresist and generate the appro- 
priate patterns on the silicon. The photomasks and photolithography process is 
critical in that it determines how small the devices can he made. Instead of using 
ultraviolet light, electrons and x-rays can also be used to expose the photoresist. 

Etching After the photoresist pattern is formed, the remaining photoresist can be 
used as a mask, so that the material not covered hy the photoresist can be etched. 
Plasma etching is now the standard process used in 1C fabrication. Typically, an etch 
gas such as chlorofluorocarbons are injected into a low-pressure chamber. A plasma is 
created by applying a radio-frequency voltage between cathode and anode terminals. 
The silicon wafer is placed on the cathode. Positively charged ions in the plasma are 
accelerated toward the cathode and bombard the wafer normal to the surface. The 
actual chemical and physical reaction at the surface is complex, but the net result is 
that silicon can he etched anisotropically in very selected regions of the wafer. If pho- 
toresist is applied on the surface of silicon dioxide, then the silicon dioxide can also 
be etched in a similar way. 

Diffusion A thermal process that is used extensively in IC fabrication is diffusion. 
Diffusionis the process hy which specific types of "impurity" atoms can be intro- 
duced into the silicon material. This doping process changes the conductivity type of 
the silicon so that pn junctions can be formed. (The pn junction is a basic building 
block of semiconductor devices.) Silicon wafers are oxidized to form a layer of sili- 
con dioxide and windows are opened in the oxide in selected areas using photolitho- 
graphy and etching as just described. 

The wafers are then placed in a high-temperature furnace (about 1100 C ) and 
dopant atoms such as boron or phosphorus are introduced. The dopant atoms gradu- 
ally diffuse or move into the silicon due to a density gradient. Since the diffusion 
process requires a gradient in the concentration of atoms, the final concentration of 




diffused atoms is nonlinear, as shown in Figure 0.3. When the wafer is removed from 
the furnace and the wafer temperature return:, to room temperature, the diffusion co- 
efficient of the dopant atoms is essentially zero so that the dopant atoms are then 
fixed in the silicon material. 

Ion Implantation A fabrication process that is an alternative to high-temperature 
diffusion is ion implantation. A beam of dopant ions is accelerated to a high energy 
and is directed at the surface of a semiconductor. As the ions enter the silicon, they 
collide with silicon atoms and lose energy and finally come to rest at some depth 
within the crystal. Since the collision process is statistical in nature, there is a distri- 
bution in the depth of penetration of the dopant ions. Figure 0.4 shows such an ex- 
ample of the implantation of boron into silicon at a particular energy. 

Two advantages of the ion implantation process compared to diffusion are 
(1) the ion implantation process is a low temperature process and (2) very well de- 
fined doping layers can be achieved. Photoresist layers or layers of oxide can he used 
to block the penetration of dopant atoms so that ion implantation can occur in very 
selected regions of the silicon. 
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Figure 0.3 1 Final concentration of diffused 
impurities into the surface of a semiconductor. 
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Figure 0.4 I Final concentration of 
ion- implanted boron into silicon. 



One disadvantage of ion implantation is that the silicon crystal is damaged 
by the penetrating dopant atoms because of collisions between the incident dopant 
atoms and the host silicon atoms. However, most of the damage can he removed by 
thermal annealing the silicon at an elevated temperature. The thermal annealing tem- 
perature, however, is normally much less that the diffusion process temperature. 

Metallization, Bonding, and Packaging After the semiconductor devices have 
been fabricated by the processing steps discussed, they need to be connected to each 
other to form the circuit. Metal films are generally deposited by a vapor deposition 
technique and the actual interconnect lines are formed using photolithography and 
etching. In general, a protective layer of silicon nitride is finally deposited over the 
entire chip. 

The individual integrated circuit chips are separated by scribing and breaking the 
wafer. The integratedcircuit chip is then tnounted in apackage. Lead bonders are finally 
used to attach gold or aluminum wires between the chip and package terminals. 

Summary: Simplified Fabrication of a pn Junction Figure 0.5 shows the basic 
steps in fomung a pn junction. These steps involve some of the processing described 
in the previous paragraphs. 
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Figure 05 I The basic steps in forming a pn junction. 








The Crystal Structure of Solids 


PREVIEW 


T his text deals with the electrical properties and characteristics of semicon- 
ductor materials and devices. The electrical properties of solids are therefore 
of primary interest. The semiconductor is in general a single-crystal material. 
The electrical properties of a single-crystal material are determined not only by the 
chemical composition but also by the arrangement of atoms in the solid; this being 
true, a brief study of the crystal structure of solids is warranted. The formation, or 
growth, of the single-crystal material is an important part of semiconductor technol- 
ogy. A short discussion of several growth techniques is included in this chapter to 
provide the reader with some of the terminology that describes semiconductor device 
structures. This introductory chapter provides the necessary background in single- 
crystal materials and crystal growth for the basic understanding of the electrical 
properties of semiconductor materials and devices. ■ 


1.1 I SEMICONDUCTOR MATERIALS 

Semiconductors are a group of materials having conductivities between those of met- 
als and insulators. Two general classifications of semiconductors are the elemental 
semiconductor materials, found in group IV of the periodic table, and the compound 
semiconductor materials, most of which are formed from special combinations of 
group III and group V elements. Table 1.1 shows a portion of the periodic table in 
which the more common semiconductors are found and Table 1.2 lists a few of the 
semiconductor materials. (Semiconductors can also be formed from combinations cf 
group II and group VI elements, but in general these will not beconsidered in this text.) 

The elemental materials, those that are composed of single species of atoms, are 
silicon and germanium. Silicon is by far the most common semiconductor used in in- 
tegrated circuits and will be emphasized to a great extent. 
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Table 1,1 1 A portion 
of the periodic table 


Ill 
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A1 

Si 

P 

Ga 

Ge 

As 

In 


Sb 


Table 1.2 l A list of some semiconductor 
materials 


Elemental semiconductors 


Si 

Ge 

Silicon 

Germanium 

Compound semiconductors 

A1P 

Aluminum phosphide 

AlAs 

Aluminum arsenide 

GaP 

Gallium phosphidr 

GaAs 

Gallium arsenide 

InP 

Indium phosphide 


The two-element, or binary, compounds such as gallium arsenide or gallium phos- 
phide are formed by combining one group III and one group V element. Gallium 
arsenide is one of the more common of the compound semiconductors. Its good optical 
properties make it useful in optical devices. GaAs is also used in specialized applica- 
tions in which, forexample, high speed is required. 

We can also form a three-element, or ternary , compound semiconductor. An ex- 
ample is AI. r Gai_ r As, in which the subscript x indicates the fraction of the lower 
atomic number element component. More complex semiconductors can also be 
formed that provide flexibility when choosing material properties. 


1.2 I TYPES OF SOLIDS 

Amorphous, polycrystalline, and single crystal are the three general types of solids. 
Each type is characterized by the size of an ordered region within the material. An or- 
dered region is a spatial volume in which atoms or molecules have a regular geomet- 
ric arrangement or periodicity. Amorphous materials have order only within a few 
atomic or molecular dimensions, while polycrystalline materials have a high degree 





(a) 


(b) 


(c) 


Figure 1.1 1 Schematics of three general types of crystals: (a) amorphous, (bf polycrystalline, 
(c) single crystal. 





of order over many atomic or molecular dimensions. These ordered regions, or 
single-crystal regions, vary in size and orientation with respect to one another. The 
single-crystal regions are called grains and are separated from one another by grain 
boundaries. Single-crystal materials, ideally, have a high degree of order, or regular 
geometric periodicity, throughout the entire volume of the material. The advantage 
of a single-crystal material is that, in general, its electrical properties are superior to 
those of a nonsingle-crystal material, since grain boundaries tend to degrade the 
electrical characteristics. Two-dimensional representations of amorphous, polycrys- 
talline, and single-crystal materials are shown in Figure 1.1. 

1.3 I SPACE LATTICES 

Our primary concern will be the single crystal with its regular geometric periodicity 
in the atomic arrangement. A representative unit, or group of atoms, is repeated at 
regular intervals in each of the three dimensions to form the single crystal. The peri- 
odic arrangement of atoms in the crystal is called the lattice. 

1.3.1 Primitive and Unit Cell 

We can represent a particular atomic array by a dot that is called a lattice point. 
Figure 1.2 shows an infinite two-dimensional array of lattice points. The simplest 
means of repeating an atomic array is by translation. Each lattice point in Figure 1 .2 
can be translated a distance a \ in one direction and a distance b\ in a second nonco- 
linear direction to generate the two-dimensiunal lattice. A third noncolinear transla- 
tion will produce the three-dimensional lattice. The translation directions need not 
be perpendicular. 

Since the three-dimensional lattice is a periodic repetition of a group of atoms, 
we do not need to consider the entire lattice, but only a fundamental unit that is being 
repeated. A unit cell is a small volume of the crystal that can be used to reproduce the 
entire crystal. Aunit cell is not a unique entity. Figure 1.3 shows several possible unit 
cells in a two-dimensional lattice. 




Figure 1.2 1 Two-dimensional 
representation cf a single-crystal lattice. 


Figure 1.3 1 Two-dimensional representation of a single-crystal 
lattice showing various possible unit cells. 



CHAPTER 1 The Crystal Structure ofSods 



Figure 1.4 [ A generalized 
primitive unit cell. 


The unit cell A can be translated in directions and h t, the unit cell B can be 
translated in directions as and by, and the entire two-dimensional lattice can be con- 
structed by the translations of either of these unit cells. The unit cells C and D in Fig- 
ure 1.3 can also be used to construct the entire lattice by using the appropriate trans- 
lations. This discussion of two-dimensional unit cells can easily be extended to three 
dimensions to describe a real single-crystal material. 

Aprirnitive cell is the smallest unit cell that can be repeated to form the lattice. 
In many cases, it is more convenient to use a unit cell that is not a primitive cell. Unit 
cells may be chosen that have orthogonal sides, for example, whereas the sides of a 
primitive cell may be nonorthogonal. 

A generalized three-dimensional unit cell is shown in Figure 1 .4. The relation- 
ship between this cell and the lattice is characterized by three vectors «,6, and ?, 
which need not be perpendicular and which may or may not be equal in length. Every 
equivalent lattice point in the three-dimensional crystal can he found using the vector 

r — pa + qb + sc ( 1 . 1 ) 

wherep, q, and s are integers. Since the location of the origin is arbitrary, we will let 
p, q, and s be positive integers for simplicity. 

1.3.2 Basic Crystal Structures 

Before we discuss the semiconductor crystal, let us consider three crystal structures 
and determine some of the basic characteristics of these crystals. Figure 1.5 shows 
the simple cubic, body-centered cubic, and face-centered cubic structures. For these 
simple structures, we may choose unit cells such that the general vectors a, 6, and c 
are perpendicular to each other and the lengths are equal. The simple cubic (sc) struc- 
ture has an atom located at each corner: the hod?-centered cubic (bcc) structure has 
an additional atom at the center of the cube; and the face-centered cubic (fee) structure 
has additional atoms on each face plane. 

By knowing the crystal structure of a material and its lattice dimensions, we can 
determine several characteristics of the crystal. For example, we can determine the 
volume density of atoms. 






Figure 1.5 I Three lattice types: (a)simple cuhic. (b) body-centered cubic, (c) face-centered cuhic. 


' ’ ” Objective | example u 

To find the volume density of atoms in a crystal. 

Consider a single-crystal material that is a body-centered cuhic with a lattice constant 
a = 5 A = 5 x 10" 8 cm. A corner atom is shared by eight unit cells which meet at each corner 
so that each comer atom effectively contributes one-eighth of its volume to each unit cell. The 
eight comer atoms then contribute an equivalent of one atom to the unit cell. If we add the body- 
centered atom to the comer atoms, each unit cell contains an equivalent of two atoms. 

■ Solution 

The volume density of atoms is then found as 


Density - 


2 atoms 
(5 x IQ- 8 )- 1 


_ 1.6 x Id 22 atoms per cm' 


■ Comment 

The volume density of atoms just calculated represents the order of magnitude of density for 
most materials. The actual density is a function of the crystal type and crystal structure since 
the packing density — number of atoms per unit cell — depends on crystal structure. 


TEST YOUR UNDERSTANDING | 

El.l The lattice constant of a face-centered-cubic structure is 4.75 A. Determine the vol- 
ume density of atoms. ( t _iU3 ~oi x iL'i ’suy) 

El. 2 The volume density of atoms for a simple cubic lattice is 3 x 10 22 cm"- 1 . Assume that 
the atoms are hard spheres with each atom touching its nearest neighbor. Determine 
the lattice constant and the radium of the atom. ( y 19' I = ■' 'V ZZ'Z = ' SU V) 


1.3.3 Crystal Planes and Miller Indices 

Since real crystals are not infinitely large, they eventually terminate at a surface. 
Semiconductor devices are fabricated at or near a surface, so the surface properties 
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EXAMPLE 1.2 


may influence the device chnracteristics. We would like to be able to describe these 
surfaces in terms of the lattice. Surfaces, or planes through the crystal, can be de- 
scribed by first considering the intercepts of the plane along the a, b , and c axes used 
to describe the lattice. 


Objective 

To describe the plane shown in Figure 1 .6- (The lattice points in Figure 1 .6 are shown along 
the «, b, and? axes only.) 



Figure 1.6 I A representative crystal 
lattice plane. 


Solution 

From Equation (1.1), the intercepts of the plane correspond top = 3, q = 2, and 5=1. Now 
write the reciprocals of the intercepts, which gives 



Multiply by the lowest common denominator, which in this case is 6, to obtain (2, 3, 6). The 
plane in Figure 1 .6 is then referred to as the (236) plane. The integers are referred to as the 
Miller indices. We will refer to a general plane as the (hid) plane. 

■ Comment 

We can show that the same three Miller indices are obtained for any plane that is parallel to the 
one shown in Figure 1.6. Any parallel plane is entirely equivalent to any other 


Three planes that are commonly considered in a cubic crystal are shown in Fig- 
ure 1.7. The plane in Figure 1.7a is parallel to the b and c axes so the intercepts are 
given as p — 1 , q = 00, and s — oo. Taking the reciprocal, we obtain the Miller in- 
dices as (1, 0, 0), so the plane shown in Figure 1.7a is referred to as the (100) plane. 
Again, any plane parallel to the one shown in Figure 1 ,7a and separated by an integral 





(a) (b) 

Figure 1.7 I Three lattice planes: (a) (100) plane, (b) (110) plane, (c) (1 1 1) plane. 


(c) 


number of lattice constants is equivalent and is referred to as the (100) plane. One ad- 
vantage to taking the reciprocal of the intercepts to obtain the Miller indices is that the 
use of infinity is avoided when describing a plane that is parallel to an axis. If we were 
to describe a plane passing through the origin of our system, we would obtain infin- 
ity as one or more of the Miller indices after taking the reciprocal of the intercepts. 
However, the location of the origin of our system is entirely arbitrary and so, by trans- 
lating the origin to another equivalent lattice point, we can avoid the use of infinity in 
the set of Miller indices. 

For the simple cubic structure, the body-centered cubic, and the face-centered 
cubic, there is a high degree of symmetry. The axes can be rotated by 90" in each of the 
three dimensions and each lattice point can again be described by Equation (1 .1) as 

r = pa + qb + sc (1.1) 

Each face plane of the cubic structure shown in Figure 1.7a is entirely equivalent. 
These planes are grouped together and are referred to as the (100} set of planes. 

We may also consider the planes shown in Figures 1.7b and 1.7c. The intercepts 
of the plane shown in Figure 1.7b are p — 1 , q = I, and tr — oo. The Miller indices 
are found by taking the reciprocal of these intercepts and, as a result, this plane is 
referred to as the (110) plane. In a similar way, the plane shown in Figure 1 ,7c is re- 
ferred to as the ( 1 1 1 ) plane. 

One characteristic of a crystal that can be determined is the distance between 
nearest equivalent parallel planes. Another characteristic is the surface concentration 
of atoms, number per square centimeter (#/cm 2 ), that are cut by a particular plane. 
Again, a single-crystal semiconductor is not infinitely large and must terminate at 
some surface. The surface density of atoms may be important, for example, in deter- 
mining how another material, such as an insulator, will "fit" on the surface of a semi- 
conductor material. 
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| Objective ™ 

To calculate the surface density of atoms on a particular plane in a crystal. 

Consider the body-centered cubic structure and the (110) plane shown in Figure 1.8a. 
Assume the atoms can be represented as hard spheres with the closest atoms touching each 
other. Assume the lattice constant is a) =5 A. Figure 1.8b shows how Ihe atoms are cut by the 
(110) plane. 

The atom at each corner is shared by four similar equivalent lattice planes, so each corner 
atom effectively contributes one-fourth of its area to this lattice plane as indicated in the fig- 
ure. The four corner atoms then effectively contribute one atom to this lattice plane. The atom 
in the center is completely enclosed in the lattice plane. There is no other equivalent plane that 
cuts the center atom and the comer atoms, so the entire center atom is included in the number 
of atoms in the crystal plane. The lattice plane in Figure 1 ,8b. then, contains two atoms. 




Figure 1.8 l (a) The (110) plane in a body-centered cubic and (b) the atoms cut by the 
(110) plane in a body-centered cubic. 


■ Solution 

We find the surface density by dividing the number of lattice atoms by the surface area, or in 
this case 


Surface density = 


2 atoms 

(fl|)(«i v'T) 


2 

(5 x !0- 8 ) 2 (v/2) 


which is 


5.66 x 10 14 atoms/errr 

■ Comment 

The surface density o i atoms is a function of the panicular crystal plane in the lattice and gen- 
erally varier from one crystal plane to another 





TEST YOUR UNDERSTANDING 

EI.3 Determine the distance between nearest (110) planes i n a simple cubic lattice with a 
lattice constant of = 4.83A. (V ZtT ' SU V) 

E1.4 The lattice constant of a face-centered-cubic structure is 4.75 A. Calculate the surface 
density of atoms for (a) a (100) plane and (i>) a ( 1 10) plane. 

[j.ura H 0I x LZ 9 (q) h01 x 98’8 («) 'suy) 


Inaddition to describing crystal planes in a lattice, we may want todescribe a par- 
ticulardirection in the crystal. The direction can be expressed as a set of three integers 
which are the components of a vector in that direction. For example, the body diago- 
nal in a simple cubic lattice is composed of vector components I. 1,1. The body diag- 
onal is then described as the [1 1 1 ]direction. The brackets are used to designate direc- 
tion as distinct from the parentheses used for the crystal planes. The three basic 
directions and the associated crystal planes for the simple cubic structure are shown in 
Figure 1.9. Note that in the simple cubic lattices, the [hkl\ direction is perpendicular to 
the (hkl) plane. This perpendicularity may not be true in noncubic lattices. 

1.3.4 The Diamond Structure 

As already stated, silicon is the most common semiconductor material. Silicon is re- 
ferred to as a group IV element and has a diamond crystal structure. Germanium is 
also a group IV element and has the same diamond structure. A unit cell of the. dia- 
mond structure, shown in Figure 1.10, is more complicated than the simple cubic 
structures that we have considered up to this point. 

We may begin to understand the diamond lattice by considering the tetrahedral 
structure shown in Figure III. This structure is basically a body-centered cubic with 



Figure 1.9 I Three lattice directions and planes: (a) (100) plane and f 100] directiun, (b) (110) plane and [110] direction, 
(c)(lll)plane and [111] direction. 
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Figure 1.10 1 The diamond structure. 



Figure 1.11 1 The tetrahedral 
structure of closest neighbors 
in the diamond lattice. 



(a) fb) 

Figure 1.12 I Portions of the diamond lattice: (a) bottom half and (b) top half 


four of the comer atoms missing. Every atom in the tetrahedral structure has four 
nearest neighbors and it is this structure which is the basic building block of the dia- 
mond lattice. 

There are several ways to visualize the diamond structure. One way to gain a fur- 
ther understanding of the diamond lattice is by considering Figure 1.12. Figure 1 . 12a 
shows two body-centered cubic, or tetrahedral, structures diagonally adjacent to each 
other. The shaded circles represent atoms in the lattice that are generated when the 
structure is translated to the right or left, one lattice constant, a. Figure 1 , 1 2b repre- 
sents the top half of the diamond structure. The top half again consists of two tetra- 
hedral structures joined diagonally, but which are at 90" with respect to the bottom- 
half diagonal. An important characteristic of the diamond lattice is that any atom 
within the diamond structure will have four nearest neighboring atoms. We will note 
this characteristic again in our discussion of atomic bonding in the next section. 
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Figure 1.14 I The tetrahedral 
structure of closest neighbors in 
the zincblende lattice 


The diamond structure refers to the particular lattice in which all atoms are of the 
same species, such as silicon or germanium. The rincblende (sphalerite) structure 
differsfrom the diamond structure only in that there are two different types of atoms 
in the lattice. Compound semiconductors, such as gallium arsenide, have the zinc- 
blende structure shown in Figure 1.13. The important feature of both the diamond 
and the zincblende structures is that the atoms are joined together to form a tetrahe- 
dron. Figure 1.14 shows the basic tetrahedral structure of GaAs in which each Ga 
atom has four nearest As neighbors and each As atom has four nearest Ga neighbors. 
This figurealso begins to show the interpenetration of two sublattices that can be used 
to generate the diamond or zincblende lattice. 


TEST YOUR UNDERSTANDING 

E 1 .5 The lattice constant of silicon is 5 .43 A . Calculate the volume density o f silicon 
atoms. ( c _uj 3 ,jOi x s 'suy) 


1.4 I ATOMIC BONDING 

We have been considering various single-crystal structures. The question arises as to 
why one particular crystal structure is favored over another for a particular assembly 
of atoms. Afundamental law of nature is that the total energy of a system in thermal 
equilibrium tends to reach a minimum value. The interaction that occurs between 
atoms to form a solid and to reach the minimum total energy depends on the type of 
atom or atoms involved. The type of bond, or interaction, between atoms, then, de- 
pends on the particular atom or atoms in the crystal. If there is not a strong bond be- 
tween atoms, they will not "stick together” to create a solid. 
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The interaction between atoms can be described by quantum mechanics. Al- 
though an introduction to quantum mechanics is presented in the next chapter, the 
quantum-mechanical description of the atomic bonding interaction is still beyond the 
scope of this text. We can nevertheless obtain a qualitative understanding of how var- 
ious atoms interact by considering the valence, or outermost, electrons of an atom. 

The atoms at the two extremes of the periodic table (excepting the inert ele- 
ments) tend to lose or gain valence electrons, thus forming ions. These ions then es- 
sentially have complete outer energy shells. The elements in group I of the periodic 
table tend to lose their one electron and become positively charged, while the ele- 
ments in group Vll tend to gain an electron and become negatively charged. These 
oppositely charged ions then experience a coulomb attraction and form a bond re- 
ferred to as an ionic bond. Tf the ions were to get too close, a repulsive force would 
become dominant, so an equilibrium distance results between these two ions. In a 
crystal, negatively charged ions tend to be surrounded by positively charged ions and 
positively charged ions tend to he surrounded by negatively charged ions, so a peri- 
odic array of the atoms is formed to create the lattice. A classic example of ionic 
bonding is sodium chloride. 

The interaction of atoms tends to form closed valence shells such as we see in 
ionic bonding. Another atomic bond that tends to achieve closed-valence energy 
shells is covalent bonding, an example of which is found in the hydrogen molecule. 
A hydrogen atom has one electron and needs one more electron to complete the low- 
est energy shell. A schematic of two noninteracting hydrogen atoms, and the hydro- 
gen molecule with the covalent bonding, are shown in Figure 1.15. Covalent bond- 
ing results in electrons being shared between atoms, so that in effect the valence 
energy shell of each atom is full. 

Atoms in group IV of the periodic table, such as silicon and germanium, also 
tend to form covalenl bonds. Each of these elements has four valence electrons and 
needs four more electrons to complete the valence energy shell. If a silicon atom, for 
example, has four nearest neighbors, with each neighbor atom contributing one va- 
lence electron to be shared, then the center atom will in effect have eight electrons in 
its outer shell. Figure 1.16a schematically shows live noninteracting silicon atoms 
with the four valence electrons around each atom. A two-dimensional representation 
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Figure 1.15 [ Representation of 
(a) hydrogen valence electrons 
and (b) covalent bonding in a 
hydrogen molecule. 


(a) (b) 

Figure 1.16 I Representation of (a) silicon valence 
electrons and (b) covalent bonding in the silicon crystal. 
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of the covalent bonding in silicon is shown in Figure 1.16b. The center atom has 
eight shared valence electrons. 

A significant difference between the covalent bonding of hydrogen and of sili- 
con is that, when the hydrogen molecule is formed, it has no additional electrons to 
form additional covalent bonds, while the outer silicon atoms always have valence 
electrons available for additional covalent bonding. The silicon array may then be 
formed into an infinite crystal, with each silicon atom having four nearest neighbors 
and eight shared electrons. The four nearest neighbors in silicon forming the covalent 
bond correspond to the tetrahedral structure and the diamond lattice, which were 
shown in Figures 1.11 and 1.10, respectively. Atomic bonding and crystal structure 
are obviously directly related. 

The third major atomic bonding scheme is referred to as metallic bonding. 
Group I elements have one valence cleclron. If two sodium atoms (Z = 1 1), for ex- 
ample. are brought into close proximity, the valence electrons interact in a way sim- 
ilar to that in covalent bonding. When a third sodium atom is brought into close prox- 
imity with the first two, the valence electrons can also interact and continue to form 
a bond. Solid sodium has a body-centered cubic structure, so each atom has eight 
nearest neighbors with each atom sharing many valence electrons. We may think of 
the positive metallic ions as being surrounded by a sea of negative electrons, the solid 
being held together by the electrostatic forces. This description gives a qualitative 
picture of the metallic bond. 

A fourth type of atomic bond, called the Van der Waals bond, is the weakest of 
the chemical bonds. A hydrogen fluoride (HF) molecule, for example, is formed by 
an ionic bond. The effective center of the positive charge of the molecule is not the 
same as the effective center of the negative charge. This nonsymmetry in the charge 
distribution results in a small electric dipole that can interact with the dipoles of other 
HF molecules. With these weak interactions, solids formed by the Van der Waals 
bonds have a relatively low melting temperature — in fact, most of these materials are 
in gaseous form at room temperature. 

*1.5 I IMPERFECTIONS AND IMPURITIES 
IN SOLIDS 

Up to this point, we have been considering an ideal single-crystal structure. In a real 
crystal, the lattice is not perfect, hut contains imperfections or defects; that is, the per- 
fect geometric periodicity is disrupted in some manner. Imperfections tend to alter the 
electrical properties of a material and, in some cases, electrical parameters can be 
dominated by these defects or impurities. 

1.5.1 Imperfections in Solids 

One type of imperfection that all crystals have in common is atomic thermal vibra- 
tion. Aperfect single crystal contains atoms at particular lattice sites, the atoms sep- 
arated from each other by a distance we have assumed to be constant. The atoms in a 


♦Indicates sections that can be skipped without loss of continuity. 
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Figure 1.17 I Two-dimensional representation of a single-crystal lattice showing (a) a vacancy defect 
and (b) an interstitial defect. 


crystal, however, have a certain thermal energy, which is a function of temperature. 
The thermal enerev causes the atoms to vibrate in a random manner about an eaui- 
librium lattice point. This random thermal motion causes the distance between atoms 
to randomly fluctuate, slightly disrupting the perfect geometric arrangement of atoms. 
This imperfection, called lattice vibrations, affects some electrical parameters, as we 
will see later in our discussion of semiconductor material characteristics. 

Another type of defect is called a point defect. There are several of this type that 
we need to consider. Again, in an ideal single-crystal lattice, the atoms are arranged 
in a perfect periodic arrangement. However, in areal crystal, an atom may be missing 
from a particular lattice site. This defect is referred to as a vacancy; it is schematically 
shown in Figure 1.17a. In another situation, an atom may be located between lattice 
sites. This defect is referred to as an interstitial and is schematically shown in Fig- 
ure 1.17b. In the case of vacancy and interstitial defects, not only is the perfect geo- 
metric arrangement of atoms broken, but also the ideal chemical bonding between 
atoms is disrupted, which tends to change the electrical properties of the material. A 
vacancy and interstitial may be in close enough proximity lo exhibit an interaction 
between the two point defects. This vacancy-interstitial defect, also known as a 
Frenkel defect, produces different effects than the simple vacancy or interstitial. 

The point defects involve single atoms or single-atom locations. In forming 
single-crystal materials, more complex defects may occur. Aline defect, for example, 
occurs when an entire row of atoms is missing from its normal lattice site. This de- 
fect is referred to as a line dislocation and is shown in Figure 1.18. As with a point 
defect, a line dislocation disrupts both the normal geometric periodicity of the lattice 
and the ideal atomic bonds in the crystal. This dislocation can also alter the electrical 
properties of the material, usually in a more unpredictable manner than the simple 
point defects. 

Other complex dislocations can also occur in it crystal lattice. However, this in- 
troductory discussion is intended only to present a few of the basic types of defect, 
and to show that a real crystal is not necessarily a perfect lattice structure. The effect 
of these imperfections on the electrical properties of a semiconductor will be consid- 
ered in later chapters. 
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Figure 1.18 I A two- 
dimensional representation 
of a line dislocation. 



(a) (b) 


Figure 1.19 I Two-dimensional representation of a single-crystal lattice showing (a) a substitutional impurity 
and (b) an intersitital impurity. 

1.5.2 Impurities in Solids 

Foreign atoms, or impurity atoms, may be present in a crystal lattice. Impurity atoms 
real be located at normal lattice sites, in which case they are called substitutional im- 
purities. Impurity atoms may also be located between normal sites, in which case 
they are called interstitial impurities. Both these impurities are lattice defects and are 
schematically shown in Figure 1.19. Some impurities, such as oxygen in silicon, tend 
to he essentially inert; however, other impurities, such as gold or phosphorus in sili- 
con, can drastically alter the electrical properties of the material. 

In Chapter 4 we will see that, by adding controlled amounts of particular impu- 
rity atoms, the electrical characteristics of a semiconductor material can be favorably 
altered. The technique of adding impurity atoms to a semiconductor material in order 
to change its conductivity is called doping. There are two general methods of doping: 
impurity diffusion and ion implantation. 

The actual diffusion process depends to some extent on the material but, in gen- 
eral, impurity diffusion occurs when a semiconductor crystal is placed in a high- 
temperature (= 1000°C) gaseous atmosphere containing the desired impurity atom. 

At this high temperature, many of the crystal atoms can randomly move in and out of 
their single-crystal lattice sites. Vacancies may be created by this random motion so 
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that impurity atoms can move through the lattice by hopping from one vacancy to an- 
other. Impurity diffusion is the process by which impurity particles move from a re- 
gion of high concentration near the surface, to a region of lower concentration within 
the crystal. When the temperature decreases, the impurity atoms become permanently 
frozen into the substitutional lattice sites. Diffusion of various impurities into selected 
regions of a semiconductor allows us to fabricate complex electronic circuits in a 
single semiconductor crystal. 

Ion implantation generally takes place at a lower temperature than diffusion. A 
beam of impurity ions is accelerated to kinetic energies in the range of 50 keV or 
greater and then directed to the surface of the semiconductor. The high-energy impu- 
rity ions enter the crystal and come to rest at some average depth from the surface. 
One advantage of ion implantation is that controlled numbers of impurity atoms can 
be introduced into specific regions of the crystal. A disadvantage of this technique is 
that the incident impurity atoms collide with the crystal atoms, causing lattice- 
displacement damage. However, most of the lattice damage can he removed by ther- 
mal annealing, in which the temperature of the crystal is raised for a short time. Ther- 
mal annealing is a required step after implantation. 

*1.6 I GROWTH OF SEMICONDUCTOR 
MATERIALS 

The success in fabricating very large scale integrated (VLSI) circuits is a result, to a 
large extent, of the development of and improvement in the formation or growth of 
pure single-crystal semiconductor materials. Semiconductors are some of the purest 
materials. Silicon, for example, has concentrations of most impurities of less than 
1 part in 1 0 billion. The high purity requirement means that extreme care is necessary 
in the growth and the treatment of the material at each step of the fabrication process. 
The mechanics and kinetics of crystal growth are extremely complex and will be de- 
scribed in only very general terms in this text. However, a general knowledge of the 
growth techniques and terminology is valuable. 

1.6.1 Growth from a Melt 

A common technique for growing single-crystal materials is called the Czochralski 
method. In this technique, a small piece of single-crystal material, known as a seed, 
is brought into contact with the surface of the same material in liquid phase, and then 
slowly pulled from the melt. As the seed is slowly pulled, solidification occurs along 
the plane between the solid-liquid interface. Usually the crystal is also rotated slowly 
as it is being pulled, to provide a slight stirring action to the melt, resulting in a more 
uniform temperature. Controlled amounts of specific impurity atoms, such as boron 
or phosphorus, may be added to the melt so that the grown semiconductor crystal is 
intentionally doped with the impurity atom. Figure 1.20 shows a schematic of the 
Czochralski growth process and a silicon ingot or boule grown by this process. 


^Indicates sections that can be skipped without loss of continuity 
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Figure 1.20 I (a) Model of a crystal puller and (b) photograph of a silicon wafer with an 
may of integrated circuits. The circuits are tested on the wafer then sawed apan into chips 
that are mounted into packages. (Photo courtesy of Intel Corporation.) 
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Some impurities may be present in the ingot that are undesirable. Zone refining 
is a common technique for purifying material. A high-temperature coil, or r-f induc- 
tion coil, is slowly passed along the length of the boule. The temperature induced by 
the coil is high enough so that a thin layer of liquid is formed. At the solid-liquid in- 
terface, there is a distribution of impurities between the two phases. The parameter 
that describes this distribution is called the segregation coefficient: the ratio of the 
concentration of impurities in the solid to the concentration in the liquid. If the seg- 
regation coefficient is 0. 1 , for example, the concentration of impurities in the liquid 
is a factor of 10 greater than that in the solid. As the liquid zone moves through the 
material, the impurities are driven along with the liquid. After several passes of the 
r-f coil, most impurities are at the end of the bar, which can then be cut off. The mov- 
ing molten zone, or the zone-refining technique, can result in considerable purification. 

After the semiconductor is grown, the boule is mechanically trimmed to the 
proper diameter and a Rat is ground over the entire length of the boule to denote the 
crystal orientation. The Rat is perpendicular to the [ 1 1 0J direction or indicates the ( 1 1 0) 
plane. (See Figure 1 .20b.) This then allows the individual chips to be fabricated along 
given crystal planes so that the chips can he sawed apan more easily. The boule is then 
sliced into wafers. The wafer must he thick enough to mechanically support itself. A 
mechanical two-sided lapping operation produces a Rat wafer of uniform thickness. 
Since the lapping procedure can leave a surface damaged andcontaminated by the me- 
chanical operation, the surface must be removed by chemical etching. The final step is 
polishing. This provides a smooth surface on which devices may be fabricated or fur- 
ther growth processes may be carried out. This final semiconductor wafer is called the 
substrate material. 

1.6.2 Epitaxial Growth 

A common and versatile growth technique that is used extensively in device and in- 
tegrated circuit fabrication is epitaxial growth. Epitaxial growth is a process whereby 
a thin, single-crystal layer of material is grown on the surface of a single-crystal sub- 
strate. In the epitaxial process, the single-crystal substrate acts as the seed, although 
the process takes place far below the melting temperature. When an epitaxial layer is 
grown on a substrate of the same material, the process is termed homoepitaxy. Grow- 
ing silicon on a silicon substrate is one example of a homoepitaxy process. At pre- 
sent, a great deal of work is being done with heteroepitaxy. In a heteroepitaxy 
process, although the substrate and epitaxial materials are not the same, the two crys- 
tal structures should be very similar if single-crystal growth is to he obtained and if 
a large number of defects are to be avoided at the epitaxial- substrate interface. 
Growing epitaxial layers of the ternary alloy AlGaAs on a GaAs substrate is one ex- 
ample of a heteroepitaxy process. 

One epitaxial growth technique that has been used extensively is called chemi- 
cal vapor-phase deposition (CVD). Silicon epitaxial layers, for example, are grown 
on silicon substrates by the controlled deposition of silicon atoms onto the surface 
from a chemical vapor containing silicon. In one method, silicon tetrachloride reacts 
with hydrogen at the surface of a heated substrate. The silicon atoms are released in 



the reaction and can he deposited onto the substrate, while the other chemical reac- 
tant, HCI, is in gaseous form and is swept out of the reactor. A sharp demarcation be- 
tween the impurity doping in the suhstrate and in the epitaxial layer can be achieved 
using the CVD process. This technique allows great flexibility in the fabrication of 
semiconductor devices. 

Liquid-phase epitaxy is another epitaxial growth technique. A compound of the 
semiconductor with another element may have a melting temperature lower than that 
of the semiconductor itself. The semiconductor substrate is held in the liquid com- 
pound and, since the temperature of the melt is lower than the melting temperature of 
the substrate, the substrate does not melt. As the solution is slowly cooled, a single- 
crystal semiconductor layer grows on the seed crystal. This technique, which occurs 
at a lower temperature than the Czochralski method, is useful in growing group I1I-V 
compound semiconductors. 

A versatile technique for growing epitaxial layers is the molecular beam epitaxy 
(MBE) process. Asubstrate is held in vacuum at a temperature normally in the range 
of 400 to 800°C, a relatively low temperature compared with many semiconductor- 
processing steps. Semiconductor and dopant atoms are then evaporated onto the sur- 
face of the substrate. In this technique, the doping can he precisely controlled result- 
ing in very complex doping profiles. Complex ternary compounds, such as AlGaAs, 
can be grown on substrates, such as GaAs, where abrupt changes in the crystal com- 
position are desired. Many layers of various types of epitaxial compositions can be 
grown on a substrate in this manner. These structures are extremely beneficial in op- 
tical devices such as laser diodes. 


1.7 I SUMMARY 

■ A few of the most common semiconductor (materialswere listed. Silicon is the most 
common semiconductor material. 

■ The properties of semiconductors and other materials are determined to a large extent 
by the single-crystal lattice structure. The unit cell is a small volume of the crystal that 
is used to reproduce the entire crystal. Three basic unit cells are the simple cuhic. hody- 
centered cubic, and face-centered cubic. 

■ Silicon has the diamond crystal structure. Atoms are formed in a tetrahedral configura- 
tion with four nearest neighbor atoms. The binary semiconductors have a zincblende 
lattice, that is basically the came as the diamond lattice. 

■ Miller indices are used to describe planer in a crystal lattice. These planes may be used 
to describe the surface of a semicnnductor material. The Miller indices are also used to 
describe directions in a crystal. 

Imperfectionsdo exist in semiconductor materials. A few of these imperfections are 
vacancies, substitutiunal impurities, and interstitial impurities. Small amounts of con- 
trolled substitutional impurities can favorably alter semiconductor properties as we will 
see in later chapters. 

Abrief description of semiconductor growth methods was given. Bulk growth produces 
the starting semiconductor material or suhetrate. Epitaxial growth can be used to control 
the surface properties of a semiconductor Most semiconductor devices are fabricated 
in the epitaxial layer. 
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GLOSSARY OF IMPORTANT TERMS 

binary semiconductor A two-element compound semiconductor, such as gallium arsenide 
(GaAs). 

covalent bonding The bonding between atoms in which valence electrons are shared, 
diamond lattice The atomic crystal structure of silicon, for example, in which each atom 
has four nearest neighhors in a tetrahedral configuration, 
doping The process of adding specific types of atoms to a semiconductor to favorably alter 
the electrical characteristics. 

elemental semiconductor A semiconductor composed of a single species of atom, such as 
silicon or germanium. 

epitaxial layer A thin, single-crystal layer of material formed on the surface of a substrate, 
ion implantation One particular process of doping a semiconductor, 
lattice The periodic arrangement of atoms in a crystal. 

Miller indices The set of integers used to describe a crystal plane, 
primitive cell The smallest unit cell that can be repeated to form a lattice, 
substrate A semiconductor wafer or other material used as the starling material for further 
semiconductor processing, such as epitaxial growth or diffusion, 
ternary semiconductor A three-element compound semiconductor, such as aluminum gal- 
lium arsenide (AlGaAs). 

unit cell A small volume of a crystal that can be used to reproduce the entire crystal, 
zincblende lattice A lattice structure identical to the diamond lattice except that there arc 
two types of atoms instead of one. 


CHECKPOINT 

After studying this chapter, the reader should hare the ability to: 

Determine the volume density of atoms for various lattice structures. 
Determine the Miller indices of a crystal-lattice plane. 

■ Sketch a lattice plane riven the Miller indices. 

Determine the surface density of atoms on a given crystal-lattice plane. 
Understand and describe various defects in a single-crystal lattice. 


REVIEW QUESTIONS 

1. List two elemental semiconductor materials and two compound semiconductor 
materials. 

2. Sketch three lattice structures: (u) simple cubic, (b) body-centered cubic, and 
(c) face-centered cubic. 

3. Describe the procedure for finding the volume density of atoms in a crystal. 

4 . Describe the procedure for obtaining the Miller indices that describe a plane in a crystal. 

5. What is meant by a substitutional impurity in a crystal? What is meant by an interstitial 
impurity'? 



PROBLEMS 


Section 1.3 Space Lattices 

1.1 Determine the number of atoms per unit cell in a (a) face-centered cubic, 

(b) body-centered cubic, and (c) diamond lattice. 

1.2 (a) The lattice constant of GaAs is 5.65 A, Determine the number of Ga atoms 
and As atoms per cm 3 . ( li .(Determine the volume density of germanium atoms in a 
germanium semiconductor. The lattice constant of germanium is 5.65 A. 

Assume that each atom is a hard sphere with the surface of each atom in contact with 
the surface of its nearest neighbor. Determine the percentage of total unit cell volume 
that is occupied in ( a )a simple cubic lattice, (b) a face-centered cubic lattice, 

(c) a body-centered cubic lattice, and (d) a diamond lattice. 

A material, with a volume of 1 cm’, is composed of an fee lattice with a lattice 
constant of 2.5 mm. The "atoms" in this material are actually coffee beans. Assume 
the coffee beans are hard spheres with each bean touching its nearest neighbor. 
Determine the volume of coffee after the coffee beans have been ground. (Assume 
100 percent packing density of the ground coffee.) 

1.5 If the lattice constant of silicon is 5.41 A, calculate (a) the distance from the center of 
one silicon atom to the center of its nearest neighbor, (h) the number density of silicon 
atoms (#per cm 3 ), and (c) the mass density (grams per cnv 3 ) of silicon. 

1.6 A crystal is composed of two elements, A and B. The basic crystal structure is a body- 
centered cubic with elements A at each of the corners and element B in the center. The 
effective radius of element A is 1.02 A. Assume the elements arc hard spheres with the 
surface of each A-type atom in contact with the surface of its nearest A-type neighhor. 
Calculate (a) the maximum radius of the B-type atom that will fit into this structure, 
and (b) the volume density (#/cm s ) of both the A-type atoms and the B-type atoms. 

The crystal structure of sodium chloride (NaCl) is a simple cubic with the Na and Cl 
atoms alternating positions. Each Na atom is then surrounded by six Cl atoms and 
likewise each Ct atom is surrounded by six Na atoms, (a) Sketch the atoms in a (100) 
plane, (b) Assume the atoms arc hard spheres with nearest neighbors touching. The 
effective radius of Na is 1.0 A and the effective radius of Cl is 1.8 A. Determine the 
lattice constant, (c) Calculate the volume density of Na and Cl atoms, (d) Calculate 
the mass density of NaCl. 

(a) A material is composed of two types of atoms. Atom A has an effective radius of 

2.2 A and atom B has an effective radius of 1 .8 A. The lattice is a bee with atoms A at 
the comers and atom B in the center. Determine the lattice constant and the volume den- 
sities of A atoms and B atoms, (b) Repeat part (a) with atoms B at the comers and atom 
Ain the center ( c jWhat comparison can be made of the materials in pans (a) and (h)? 
Consider the materials described in Problem 1 .8 in pans (a) and (b). For each case, 
calculate the surface density of A atoms and B atoms in the (110) plane. What corn 
parison can be made of the two materials? 

1.10 (fl)The crystal structure of a particular material consists of a single atom in the center 
of a cube. The lattice constant is a, and the diameter of the atom is tic,. Determine the 
volume density of atoms and the surface density of atoms in the ( 110) plane. 

(b) Compare the results of part (a) to the results for the case of the simple cubic struc- 
ture shown in Figure 1 ,5a with the same lattice constant. 
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1.11 Consider a three-dimensional cubic lattice with a lattice constant equal loo. (a) 
Sketch the following planes: (<) (100), (ii) (110), (iii) (310), and (iv) (230). (b) Sketch 
the following directions: (i) [100], (ii) [110], (iii) [310], and (iv) [230]. 

1.12 For a simple cubic lattice, determine the Miller indices for the planes shown in 
Figure 1.21. 

1.13 The lattice constant of a simple cubic cell is 5.63 A. Calculate the distance between 
the nearest parallel (a) ( 1 00), (b) ( 1 1 0), and (c) (111) planes. 

1.14 The lauice constant of a single crystal is 4.50 A. Calculate the surface density of 
atoms (# per cm 2 ) on the following planes: (i) (100), (ii) (110), (iii) (11 1 ) for each of 
the following lattice structures: («) simple cubic, (h) body-centered cubic, and 

(c) face-centered cubic. 

1.15 Determine the surface density of atoms for silicon on the (a) (100) plane, ( b ) (110) 
plane, and Ii i (111) plane. 

1.16 Consider a face-centered cubic lattice. Assume the atoms are hard spheres with the 
surfaces of the nearest neighbors touching. Assume the radius of the atom is 2.25 A. 
(a) Calculate the volume density of atoms in the crystal. ( b ) Calculate the distance 
between nearest (110) planes, (c) Calculate the surface density of atoms on the 
(110) plane. 

Section 1.4 Atomic Bonding 

1.17 Calculate the density of valence electrons in silicon 

1.18 The structure of GaAs is the zincblende lattice. The lattice constant is 5.65 A. 
Calculate the density of valence electrons in GaAs. 



Section 1.5 Imperfections and Impurities in Solids 

1.19 (a) If 2 x 10 16 boron atoms per cm' are added to silicon as a substitutional impurity, 
determine what percentage of the silicon atoms are displaced in the single crystal 
lattice. ( b ) Repeat pall (a) for 10 15 boron atoms per cm 3 . 

120 (a) Phosphorus atoms, at a concentration of 5 x 10 16 cm -3 , are added to a pure 
sample of silicon. Assume the phosphorus atoms are distributed homogeneously 
throughout the silicon. What is the fraction by weight of phosphorus'? (b) If boron 
atoms, at a concentration of 10 ls cm~ 3 , are added to the material in part 

(a), determine the fraction by weight of boron. 

121 If 2 x Id 15 gold atoms per cm 3 are added to silicon as a substitutional impurity and 
are distributed uniformly throughout the semiconductor, determine the distance 
between gold atoms in teims of the silicon lattice constant. (Assume the gold atoms 
are distributed in a rectangular or cubic array.) 
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Introduction to Quantum 
Mechanics 


PREVIEW 


T he goal of this text is to help readers understand the operation and character- 
istics of semiconductor devices. Ideally, we would like to begin discussing 
these devices immediately. However, in order to understand the current- 
voltage characteristics, we need some knowledge of the electron behavior in a crys- 
tal when the electron is subjected to various potential functions. 

The motion of large objects, such as planets and satellites, can be predicted to a 
high degree of accuracy using classical theoretical physics based on Newton's laws 
of motion. But certain experimental results, involving electrons and high-frequency 
electromagnetic waves, appear to he inconsistent with classical physics. However, 
these experimental results can be predicted by the principles of quantum mechanics. 
The quantum mechanical wave theory is the basis for the theory of semiconductor 
physics. 

We are ultimately interested in semiconductor materials whose electrical prop- 
erties arc directly related to the behavior of electrons in the crystal lattice. The be- 
havior and characteristics of these electrons can be described by the formulation of 
quantum mechanics called wave mechanics. The essential elements of this wave me- 
chanics, using Schrodinger's wave equation, are presented in this chapter. 

The goal of this chapter is to provide a brief introduction to quantum mechanics 
so that readers gain an understanding of and become comfortable with the analysis 
techniques. This introductory material forms the basis of semiconductor physics.. 



2. 1 Principles of Quantum Mechanics 


2.1 1 PRINCIPLES OF QUANTUM MECHANICS 

Before we delve into the mathematics of quantum mechanics, there are three principles 
we need to consider: the principle of energy quanta, the wave-particle duality princi- 
ple, and the uncertainty principle. 

2.1.1 Energy Quanta 

One experiment that demonstrates an inconsistency between experimental results 
and the classical theory of light is called the photoelectric effect. If monochromatic 
light is incident on a clean surface of a material, then under certain conditions, elec- 
trons (photoelectrons) are emitted from the surface. According to classical physics, 
if the intensity of the light is large enough, the work function of the material will be 
overcome and an electron will be emitted from the surface independent of the inci- 
dent frequency. This result is not observed. The observed effect is that, at a constant 
incident intensity, the maximum kinetic energy of the photoelectron varies linearly 
with frequency with a limiting frequency v ~ Uy, below which no photoelectron is 
produced. This result is shown in Figure 2.1. If the incident intensity varies at a con- 
stant frequency, the rate of photoelectron emission changes, but the maximum ki- 
netic energy remains the same. 

Planck postulated in 1900 that thermal radiation is emitted from a heated sur- 
face in discrete packets of energy called quanta. The energy of these quanta is 
given by E = hv, where v is the frequency of the radiation and h is a constant now 
known as Planck’s constant (h — 6.625 x 10 -14 J-s). Then in 1905, Einstein inter- 
preted the photoelectric results by suggesting that the energy in a light wave is also 
contained in discrete packets or bundles. The particle-like packet of energy is 
called aphoton, whose energy is also given by E = hv. A photon with sufficient 
energy, then, can knock an electron from the surface of the material. The minimum 
energy required to remove an electron is called the work function of the material 
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EXAMPLE 2.1 


and any excess photon energy goes into the kinetic energy of the photoelectron. 
This result was confirmed experimentally as demonstrated in Figure 2.1 . The pho- 
toelectric effect shows the discrete nature of the photon and demonstrates the 
particle-like behavior of the photon. 

The maximum kinetic energy of the photoelectron can be written as 

1 2 , 

= -nw = hv - hva (v > u 0 ) (2.1) 

where hv is the incident photon energy and hv o is the minimum energy, or work 
function, required to remove an electron from the surface. 


Objective 


To calculate the photon energy corresponding to a particular wavelength. 
Consider an x-ray with a wavelength of k = 0.708 x 10“ 8 cm. 

■ Solution 

The energy is 


E = hv = 


he 

T 


(6.625 x 10“ 34 )(3 x 10'°) 
0.708 x 10“ 8 


= 2.81 x 10“ 15 J 


This value of energy may be given in the more common unit of electron-volt (see Appendix F). 
We have 


2.81 x HT 15 
1.6 x I0" 19 


= 1.75 x 10 4 eV 


■ Comment 

The reciprocal relation between photon energy and wavelength is demonstrated: A large m- 
ergy corresponds to a short wavelength. 


2.1.2 Wave-Particle Duality 

We have seen in the last section that light waves, in the photoelectric effect, behave 
as if they are particles. The particle-like behavior of electromagnetic waves was also 
instrumental in the explanation of the Compton effect. In this experiment, an x-ray 
beam was incident on a solid. A portion of the x-ray beam was deflected and the fre- 
quency of the deflected wave had shifted compared to the incident wave. The ob- 
served change in frequency and the deflected angle corresponded exactly to the ex- 
pected results of a "billiard ball'' collision between an x-ray quanta, or photon, and 
an electron in which both energy and momentum are conserved. 

In 1924. de Broglie postulated the existence of matter waves. He suggested that 
since waves exhibit particle-like behavior, then panicles should he expected to 
show wave-like properties. The hypothesis of de Broglie was the existence of a 
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* 

wave-particle duality principle. The momentum of a photon is given by 



where A is the wavelength of the light wave. Then, de Broglie hypothesized that the 
wavelength of a particle can be expressed as 



(2.3) 


wherepis the momentum of the particle and A is known as the de Broglie wavelength 
of the matter wave. 

The wave nature of electrons has been tested in several ways. In one experiment 
by Davisson and Germer in 1927, electrons from a heated filament were accelerated 
at normal incidence onto a single crystal of nickel. A detector measured the scattered 
electrons as a function of angle. Figure 2.2 shows the experimental setup and 
Figure 2.3 shows the results. The existence of a peak in the density of scattered elec- 
trons can be explained as a constructive interference of waves scattered by the peri- 
odic atoms in the planes of the nickel crystal. The angular distribution is very similar 
to an interference pattern produced by light diffracted from a grating. 

In order to gain some appreciation of the frequencies and wavelengths involved 
in the wave-particle duality principle. Figure 2.4 shows the electromagnetic 
frequency spectrum. We see that a wavelength of 72.7 A obtained in the next exam- 
ple is in the ultraviolet range. Typically, we will be considering wavelengths in the 


Sample 



Figure 2.2 1 Experimental arrangement of the Davisson- 
Germer experiment. 


Sample 



6 = 90 ° 

Figure 2.3 1 Scattered electron flux as a 
function of scattering angle for the 
Davisson-Germer experiment. 
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Figure 2.4 I The electromagnetic frequency spectrum 

ultraviolet and visible range. These wavelengths are very short compared to the usual 
radio spectrum range. 


EXAMPLE 2.2 | Objective 

To calculate the de Broglie wavelength of a panicle. 

Concidcr an e lectron traveling at a velocity of ) 0 7 cm/sec = 1 O’ m/s . 

■ Solution 

The momentum is given by 

p = mv = ( 9.11 x 10“' 31 )(10 s ) = 9.1 1 x 1(T 26 
Then, the de Broglie wavelength is 


or 



6.625 x 10- 34 
9.11 x 10-' 26 


= 7.27 x 10" 9 


m 


1 = 72.7 A 


■ Comment 

This calculation shows the order of magnitude of the de Broglie wavelength for a "typical" 
electron. 


In some cases electromagnetic waves behave as if they are particles (photons) 
and sometimes particles behave as if they are waves. This wave- particle duality 
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principle of quantum mechanics applies primarily to small particles such as electrons, 
but it has also been shown to apply to protons and neutrons. For very large particles, 
we can show that the relevant equations reduce to those of classical mechanics. The 
wave-particle duality principle is the basis on which we will use wave theory to de- 
scribe the motion and behavior of electrons in a crystal. 


TEST YOUR UNDERSTANDING j 

E2.1 Determine the energy of a photon having wavelengths of (a) A = 10.000 A and (b) 
k= 10 A. [a 3 e 0T x-tz'l JO I 9I 01 X 66' I (<?) • A^Wl JO I 6I -01 * 66T (») su V i 
E2.2 (a) Find the momentum and energy of a particle with mass of 5 x 10 -31 kg and a 
de Broglie wavelength of 1 SO A. ( b ) An electron has a kinetic energy of 20 meV. 
Determine the de Broglie wavelength. (V Z'98 = Y ‘s/ui-f j| 9f _0I x P9'l = d (9) 

A 3 e -0r x 9h'8 J° / [r -0l x gt'I = 3 ‘s/iu-gsj 9 ,.oi x 89*£ = d (») 'S“Vl 


2.1.3 The Uncertainty Principle 

The Fleisenberg uncertainty principle, given in 1927, also applies primarily to very 
small particles, and states that we cannot describe with absolute accuracy the hchav- 
ior of these subatomic particles. The uncertainty principle describes a fundamental 
relationship between conjugate variables, including position and momentum and also 
energy and time. 

The first statement of the uncertainty principle is that it is impossible to simulta- 
neously describe with absolute accuracy the position and momentum of a particle. If 
the uncertainty in the momentum is A p and the uncertainty in the postion is Ax, then 
the uncenainty principle is stated as' 

Ap Ax > ft (2.4) 

where ft. is defined as ft — h/2n = 1.054 x 10~’ 4 J-s and is called a modified 
Planck’s constant. This statement may be generalized to include angular position and 
angular momentum. 

The second statement of the uncertainty principle is that it is impossible to si- 
multaneously describe with absolute accuracy the energy of a particle and the instant 
of time the particle has this energy. Again, if the uncertainty in the energy is given by 
AE and the uncertainty in the time is given by Ar, then the uncertainty principle is 
stated as 

AE At > fi (2.5) 

One way to visualize the uncenainty principle is to consider the simultaneous 
measurement of position and momentum, and the simultaneous measurement of en- 
ergy and time. The uncertainty principle implies that these simultaneous measurements 


'In some texts, the uncenainty principle is Stated as A p Ax > fi/ 2. We are interested here in the order of 
magnitude and will not be concerned with small differences. 
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are in error to a certain extent. However, the modified Planck’s constant h is very 
small; the uncertainty principle is only significant for subatomic particles. We must 
keep in mind nevertheless that the uncertainty principle is a fundamental statement and 
does not deal only with measurements. 

One consequence of the uncertainty principle is that we cannot, for example, de- 
termine the exact position of an electron. We will, instead, determine the probability 
of finding an electron at a particular position. In later chapters, we will develop a 
probability density function that will allow us to determine the probability that an 
electron has a particular energy. So in describing electron behavior, we will he deal- 
ing with probability functions. 


| TEST YOUR UNDERSTANDING — — 

E2.3 The uncertainty in position of an electron is 12 A. Determine the minimum 

uncertainty in momentum and also the corresponding uncertainly in kinetic energy. 
(A3 £9c0'0 = ,7V 's/w-Stf K _oi x 6Z/8 = d V ' SU V) 

E2.4 An electron's energy is measured with an uncertainty of 1.2 eV. What is the minimum 
uncertainty in time over which the energy is measured'?( s -0 1 x 6f’s = IV 'suy.) 


2.2 l SCHRODINGER'S WAVE EQUATION 

The various experimental results involving electromagnetic waves and particles, 
which could not be explained by classical laws of physics, showed that a revised for- 
mulation of mechanics was required. Schrodinger, in 1926. provided a formulation 
called wave mechanics, which incorporated the principles of quanta introduced by 
Planck, and the wave-particle duality principle introduced by de Broglie. Based on the 
wave-particle duality principle, we will describe the motion of electrons in a crystal 
by wave theory. This wave theory is described by Schrodinger's wave equation. 


2.2.1 The Wave Equation 

The one-dimensional, nonrelativistic Schrodinger's wave equation is given by 


-h 2 d 2 V(x,t) 


2m 


dx 2 


d'l'Oc, t) 

+ V(x)^(x, t) = jh — — 

at 


(2.6) 


where T( v. t) is the wave function, V{x) is the potential function assumed to he in- 
dependent of time, in is the mass of the particle, and j is the imaginary constant %/— T. 
There are theoretical arguments that justify the form of Schrodinger's wave equation, 
hut the equation is a basic postulate of quantum mechanics. The wave function 
9 H r, / ') will be used to describe the behavior of the system and, mathematically, 
^(.r, t) can be a complex quantity. 

We may determine the time-dependent portion of the wave function and the 
position-dependent, or time-independent, portion of the wave function by using the 
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technique of separation of variables. Assume that the wave function can he written in 
the form 


^(x, t) — ifr(x)<f>(t) 


(2.7) 


where \jf(x) is a function of the position x only and 0(f) is a function of time r only. 
Substituting this form of the solution into Schrodinger's wave equation, we obtain 


—hr 9 2 0(jc) . 00(f) 

-r— a " 2 + V / (x)vV(.r)0(O = jhf(x )—- — 

Im ox z at 

If we divide by the total wave function. Equation (2.8) becomes 

—h 2 1 9*t lf{x) 1 90(0 


9 2 t (r(x) 1 

+ V(jc) = jh 

2m 0(x) dx 2 <p(t ) 


dt 


( 2 . 8 ) 


(2.9) 


Since the left side of Equation (2.9) is a function of position x only and the right side 
of the equation is a function of time t only, each side of this equation must he equal 
toaconstant. We will denote this separation of variables constant by t]. 

The time-dependent portion of Equation (2.9) is then written as 



90 U) 
at 


( 2 . 10 ) 


where again the parameter is called a separation constant. The solution of Equa- 
tion (2. 10) can be written in the form 

4>(t)^e- j(E/n) ' ( 2 . 11 ) 


The form of this solution is the classical exponential form of a sinusoidal wave where 
ij/ti is the radian frequency w. We have that E — hv or E = hw/liz. Then 
c o = rj/h= Ejh so that the separation constant is equal to the total energy E of the 
particle. 

The time-independent portion of Schrodinger's wave equation can now he writ- 
ten from Equation (2.9) as 


-H 2 I 

2 m 0(jc) 


d 2 f(x) 

dx 2 


+ V (x) = £ 


( 2 . 12 ) 


where the separation constant is the total energy E of the particle. Equation (2.12) 
may he written as 


9 2 i jr(x) 2m 


V(x)ty(x) = 0 


(2.13) 


where again m is the mass of the particle, V't.v ) is the potential experienced by the par- 
ticle, and E is the total energy of the particle. This time -independent Schrodinger's 
wave equation can also be justitied on the basis of the classical wave equation as 
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shown in Appendix E. The pseudo-derivation in the appendix is a simple approach 
but shows the plausibility of the time-independent Schrodinger's equation. 

2.2.2 Physical Meaning of the Wave Function 

We are ultimately trying to use the wave function 4* U\ t ) to describe the behavior of 
an electron in a crystal. The function ^(x, t ) is a wave function, so it is reasonable to 
ask what the relation is between the function and the electron. The total wave func- 
tion is the product of the position-dependent, or time-independent, function and the 
time-dependent function. We have from Equation (2.7) that 


♦ u, f) = vH*)0(O = x)e~ j(h/n) ' (2.14) 

Since the total wave function >T(x, t ) is a complex function, it cannot by itself repre- 
sent a real physical quantity. 

Max Born postulated in 1926 that the function |VP(jc, t)\ 2 dx is the probability of 
finding the particle between x and x -(- dx at a given time, or that (*, t ) | 2 is a prob- 
ability density function. We have that 

I'f'Ox, r)( 2 = iPOr.O- V*(x,r) (2.15) 

where {) is the complex conjugate function. Therefore 

V'fx, t) = i/r*(x) ■ e +Jik ' /nu 

Then the product of the total wave function and its complex conjugate is given by 
*(x, t) = [if(x)e- jiE/h) '}[i/*(x)e +J{EI,i) '] = \l/(x)^*(x) (2.16) 

Therefore, we have that 

l^a.QI 2 = ^{x)^*(x) = |^W| 2 (2.17) 

is the probability density function and is independent of time. One major difference 
between classical and quantum mechanics is that in classical mechanics, the posi- 
tion of a particle or body can be determined precisely, whereas in quantum mechan- 
ics, the position of aparticlr is found in terms of a probability. We will determine the 
probability density function for several examples, and, since this property is inde- 
pendent of time, we will, in general, only be concerned with the time-independent 
wave function. 


2.2.3 Boundary Conditions 

Since the function |4'(jr, t)] 2 represents the probability density function, then fora 
single particle, we must have that 



| t(x)\-dx=l 


(2.18) 
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The probability of finding the particle somewhere is certain. Equation (2.18) allows 
us to normalize the wave function and is one boundary condition that is used to de- 
termine some wave function coefficients. 

The remaining boundary conditions imposed on the wave function and its deriva- 
tive are postulates. However, we may state the boundary conditions and present argu- 
ments that justify why they must be imposed. The wave function and its first derivative 
must have the following properties if the total energy Eand the potential V (x) are finite 
everywhere. 

Condition 1. \j/(x) must be finite, single-valued, and continuous. 

Condition 2. i)ip(x)/dx must be finite, single-valued, and continuous. 

Since | f (x) | 2 is a probability density, then i/r (x) must be finite and single-valued. 
If the probability density were to become infinite at some point in space, then the 
probability of finding the particle at this position would be certain and the uncer- 
tainty principle would be violated. If the total energy E and the potential V'U ) are 
finite everywhere, then from Equation (2.13), the second derivative must be finite, 
which implies that the first derivative must be continuous. The first derivative is 
related to the particle momentum, which must be finite and single-valued. Finally, a 
finite first derivative implies that the function itself must he continuous. In some of 
the specific examples that we will consider, the potential function will become infi- 
nite in particular regions of space. For these cases, the first derivative will not nec- 
essarily be continuous, but the remaining boundary conditions will still hold. 


2.3 I APPLICATIONS OF SCHRODINGER’S WAVE 
EQUATION 

We will now apply Schrodinger's wave equation in several examples using various 
potential functions. These examples will demonstrate the techniques used in the so- 
lution of Schrodinger's differential equation and the results of these examples will 
provide an indication of the electron behavior under these various potentials. We will 
utilize the resulting concepts later in the discussion of semiconductor properties. 


2.3.1 Electron in Free Space 


As a firstexample of applying the Schrodinger's wave equation, consider the motion 
of an electron in free space. If there is no force acting on the particle, then the poten- 
tial function V'(x) will be constant and we must have E > V'( i ) . Assume, for sim- 
plicity, that the potential function V(x) =0 for all x. Then, the time-independent 
wave equation can he written from Equation (2.13) as 


B 2 \j/(x) 

Bx 2 


+ 


2m E 


i lr{x) = 0 


(2.19) 


The solution to this differential equation can be written in the form 


r]r(x) = A exp 


jx\Z2mE~\ 


—jx^/lmE 

h 

+ B exp 

ft 


(2.20) 
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Recall that the time-dependent portion of the solution is 

yf; (t) = e ~ l{Elm 

Then the total solution for the wave function is given by 


'I'fx, T) = A exp 


-(xs/lniE — Et) 
fi 


+ B exp 


- — (x*</2mE + Et) 
n 


( 2 . 21 ) 


( 2 . 22 ) 


This wave function solution is a traveling wave, which means that a particle moving 
in free space is represented by a traveling wave. The first term, with the coefficient A. 
is a wave traveling in the +x direction, while the second term, with the coefficient B. 
is a wave traveling in the x direction. The value of these coefficients will he deter- 
mined from boundary conditions. We will again see the traveling-wave solution for 
an electron in a crystal or semiconductor material. 

Assume, for a moment, that we have a particle traveling in the +x direction, 
which will be described by the +.r traveling wave. The coefficient B = 0. We can 
write the traveling-wave solution in the form 


THx, t) = A exp [j (kx - cot ) J 


where k is a wave number and is 


k = 


2 71 

T 


(2.23) 


(2.24) 


The parameter A is the wavelength and, comparing Equation (2.23) with Equa- 
tion (2.22), the wavelength is given by 


h 

\/2mE 


(2.25) 


From de Broglie's wave-particle duality principle, the wavelength is also given by 


A = 


h 

P 


(2.26) 


A free particle with a well-defined energy will also have a well-defined wavelength 
and momentum. 

The probability density function is 'T(a , f)'T*(x, t) — AA*, which is aconstanr 
independent of position. A free particle with a well-defined momentum can be found 
anywhere with equal probability. This result is in agreement with the Heisenberg un- 
certainty principle in that a precise momentum implies an undefined position. 

A localized free particle is defined by a wave packet, formed by a superposition 
of wave functions with different momentum or k values. We will not consider the 
wave packet here. 


2.3.2 The Infinite Potential Well 

The problem of a particle in the infinite potential well is a classic example of a bound 
particle. The potential E(x) as a function of position for this problem is shown in 
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Figure 2.5 I Potential function of the infinite 
potential well. 


Figure 2.5. The particle is assumed to exist in region II so the particle is contained 
within a finite region of space. The time-independent Schrodinger's wave equation is 
again given by Equation f 2 . 1 3 ) as 


d 2 *(x) 
dx 2 


+ —(£ - V(x))\js(x) 


= 0 


(2.13) 


where E is the total energy of the particle. If E is finite, the wave function must be 
zero, or t [r(x) ~ 0, in both regions I and III. A particle cannot penetrate these in- 
finite potential barriers, so the probability of finding the particle in regions I and 
III is zero. 

The time-independent Schrodinger's wave equation in region II, where V|f= 0. 
becomes 


B 2 f(x) 
dx 2 + 


2m E 


h 2 


-ir(x)= 0 


(2.27) 


A particular form of solution to this equation is given by 


where 


= A\ cos Kx +- At sin Kx 



(2.28) 


(2.29) 


One boundary condition is that the wave function i/f(x) must be continuous so 
that 


\fr(x —0) — i (f(x — a) — 0 


(2.30) 
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Applying the houndary condition at .v = 0, we must have that A\ — Q. At x — a, we 
have 


ty(x = a) = 0 = At sin Ka (2.31) 

This equation is valid if Ka = nix, where the parameter n is a positive integer, or 
n = 1, 2, 3 The parameter n is referred to as a quantum number. We can write 


nix 
K — — 


a 


(2.32) 


Negative values of n simply introduce a negative sign in the wave function and yield 
redundant solutions for the probability density function. Wc cannot physically dis- 
tinguish any difference between +n and — n solutions. Because of this redundancy, 
negative values of n are not considered. 

The coefficient A 2 can be found from the normalization boundary condition that 
was given by Equation (2.18) as f ‘ \ (r(x)xl/*(x) dx = I . If we assume that the wave 

function solution \j/ (x) is a real function, then ij/(x) — t (r*(x). Substituting the wave 
function into Equation (2.18), we have 



sin 2 Kx dx 


1 


Evaluating this integral gives 2 


A 2 



(2.33) 


(2.34) 


Finally, the time-independent wave solution is given by 


i/r(.r) = 




where n — 1 , 2, 3, . . . 


(2.35) 


This solution represents the electron in the intinite potential well and is a stand- 
ing wave solution. The free electron was represented by a traveling wave, and now 
the bound particle is represented by a standing wave. 

The parameter K in the wave solution was defined by Equations (2.29) and 
(2.32). Equating these two expressions for K. we obtain 


2m E n 2 n 2 


(2.36) 


3 Amorc thorough analysis shows that IA 2 I 2 =- 2/u, so solutions lor the coefficient A 2 include + s /2/a, 
-y/2/a, + j-J 2/a, — / -,/2/rt , or any complex number whose magnitude is •JTJa- Since the wave 
function itself has no physical meaning, the choice of which coefficient to use is immaterial: They all 
produce the same probability density function. 
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The total energy can then be written as 


E = E n = 


h 2 n 2 7T 2 
2m a 2 


wheren = 1, 2, 3, . . . 


(2.37) 


For the particle in the infinite potential well, the wave function is now given by 


*00 = 


2 

- sin Kx 
a 


(2.38) 


where the constant K must have discrete values, implying that the total energy of the 
particlecan only have discrete values. This result means that the energy cf the parti- 
cle is quantized. That is, the energy of the particle can only have particular discrete 
values. The quantization of the particle energy is contrary to results from classical 
physics, which would allow the particle to have continuous energy values. The dis- 
crete energies lead to quantum states that will be considered in more detail in this 
and later chapters. The quantization of the energy of a bound particle is an extremely 
important result. 


~ ~~ “ * Objective | example 2.3 

Tocalculate the first three energy levels of an electron in an infinite potential well 
Consider an electron in an infinite potential well of width 5 A. 

■ Solution 

Han Equation (2.37) we have 


E n = 


(. h 2 n 2 Tt 2 ) 
Ima 1 


n 2 (1.054 x 10 _34 ) 2 jt 2 
2(9.11 x 10- M )(5 x 10 1 «j 2 


= n 2 (2.4l x I0“ 19 ) J 


E 


n 


n 2 (2.41 x ICC 19 ) 
1.6 x 10- 19 


= /r(1.51)eV 


Then 


E] = 1.51 eV, E 2 = 6.04 eV, E, = 13.59 eV 


■ Comment 

This calculation shows the order of magnitude of the energy levels of a bound electron. 


Figure 2,6a shows the first four allowed energies for the particle in the infinite 
potential well, and Figures 2.6b and 2,6c show the corresponding wave functions and 
probability functions. We may note that as the energy increases, the probability of 
findingthe particle at any given value of x becomes more uniform. 
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Figure 2,6 1 Panicle in an infinite potential well: (a) Four lowest discrete energy levels, 
(b) Corresponding wave functions, (c) Corresponding probability functions. 
(FromPierret [9].) 


TEST YOUR UNDERSTANDING 

E2.5 The width of the infinite potential well in Example 2.3 is doubled to 10 A. Calculate 
the first three energy levels in terms of electron volts for an electron. 

(A3 8ft 'A3 0£’ I 'A3 9£f 0 S“V) 

E2.6 The lowest energy of a particle in an infinite potential well with a width of 100 A is 
0.025 eV. What is the mass of the panicle? (tfy |t _oi x ££'[ 'suy) 

2.3.3 The Step Potential Function 

Consider now a step potential function as shown in Figure 2.7. In the previous section, 
we considered a particle being confined between two potential barriers. In this exam- 
ple, we will assume that a flux of particles is incident on the potential barrier. We will 
assume that the particles are traveling in the — direction and that they originated at 
x = —OO. A particularly interesting result is obtained for the case when the total 
energy of the particle is less than the barrier height, or E < Vq- 

We again need to consider the time-independent wave equation in each of the two 
regions. This general equation was given in Equation (2.13) as 9 2 i/f(.r)/9jr 2 + 
2 mjft(E - V(jt ))t/f(x) = 0. The wave equation in region I, in which V — 0, is 

d 2 t{r\(x) 2m E 

dx 2 ^ ti 2 


’AiU) = 0 


(2.39) 
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V(x) 

[ncideHUMHijjes 

v *r 


Region I 


Region II 


x = 0 


Figure 2.7 I The step potential function. 


The general solution to this equation can be written in the form 
- A ]e jK " + B\e~' K ' x (x < 0) 


where the constant K \ is 


K i = 


2m E 


(2.40) 


(2.41) 


The first term in Equation (2.40) is a traveling wave in the +x direction that repre- 
sents the incident wave, and the second term is a traveling wave in the —x direction 
that represents a reflected wave. As in the case of a free particle, the incident and 
reflected particles are represented by traveling waves. 

For the incident wave, A [ ■ A; is the probability density function of the incident 
panicles. If we multiply this probability density function by the incident velocity, 
then v-, ■ A\ • AJ is the flux of incident particles in units of #/cm 2 -s. Likewise, the 
quantity v, . B\ . B* is the Hux of the reflected particles, where v, is the velocity of 
the reflected wave. (The parameters v, and v r in these terms are actually the magni- 
tudes of the velocity only.) 

In region II, the potential is V = Vq. If we assume that E < Vq, then the differ- 
ential equation describing the wave function in region 11 can be written as 


d 2 \lf 2 (x) 2m 


E)^i{x) — 0 


(2.42) 


The general solution may then be written in the form 

f 2 (x) = A 2 e~ KlX + B 2 e +K - X C* > 0) 

where 


K 2 


2m(V u — E ) 


h 2 


(2.43) 


(2.44) 


One boundary condition is that the wave function \j/ 2 (x) must remain finite, 
which means that the coefficient^ — 0. The wave function is now given by 

-K-x 


tyiix) = A 2 e 


(x>0) 


(2.45) 
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The wave function at x = 0 must be continuous so that 

tft(0) = fci(0) (2.46) 

Then from Equations (2.40), (2.45), and (2.46), we obtain 

A, + 5i=A 2 (2.47) 

Since the potential function is everywhere finite, the first derivative of the wave 
function must also be continuous so that 


H i 
dx 


!jc=0 



Using Equations (2.40), (2.45), and (2.48), we obtain 

jK x A\ — j K\B\ = -K 2 A 2 


(2.48) 


(2.49) 


We can solve Equations (2.47) and (2.49) to determine the coefficients By and 
At in terms of the incident wave coefficient A[. The results are 


—{K\ + 2jK\K 2 — K*)A] 

{ K l + *?) 


2 K ] (K,-jK 2 )A l 
2 (V + K i) 

The reflected probability density function is given by 


(2.50a) 


(2.50b) 


b r = 


(*. 


K 2 i +2jK y K 2 ){Kl 


K 2 — 2j K\K 2 )A\ • A* 


( K 2 + K \Y 


(2.51) 


We can define a reflection coefficient, R, as the ratio of the reflected flux to the 
incident flux, which is written as 


L'r ■ B, ■ b; 
t»] ■ A| • A* 


(2.52) 


where and v r are the incident and reflected velocities, respectively, of the particles. 
In region I, V = 0 so that E = T, where T is the kinetic energy of the particle. The 
kinetic energy is given by 


T - 



(2.53) 


so that the constant K\, from Equation (2.41), may be written as 


K i 



mv 


(2.54) 



2.3 Applications ofSchrodinger’s Wave Equation 


The incident velocity can then be written as 


k 


Vi = - • K i 
m 


(2.55) 


Since the reflected particle also exists in region I, the reflected velocity (magnitude) 
is given by 


IV 



m 


(2.56) 


The incident and reflected velocities (magnitudes) are equal. The reflection coeffi- 
cient is then 


■ R - B j* B\ ■ B f 

Vj ■ A ]• A* A\ ■ A\ 


(2.57) 


Substituting the expression from Equation (2.5 1) into Equation (2.57), we obtain 


R - 


By - B\ 
M -A* 


{K\- K}f + AK~Kl 

(Kl + Ktf 


= 1.0 


(2.58) 


The result of R = I implies that all of the particles incident on the potential bar- 
rier for E < Vo are eventually reflected. Particles are not absorbed or transmitted 
through the potential barrier. This result is entirely consistent with classical physics 
and one might ask why we should consider this problem in terms of quantum me- 
chanics. The interesting result is in terms of what happens in region II. 

The wave solution in region 11 was given by Equation (2.45) as i j/ 2 (x) = Atc _A:! ' v . 
The coefficient At from Equation (2.47) is At = A \ + B \ , which we derived from 
the boundary conditions. For the case of E < Vy, the coefficient A 2 is not zero. If A 2 
is not zero, then the probability density function fiiix) . (x) of the particle being 

found in region II is not equal to zero. This result implies that there is a finite pro- 
bability that the incident particle will penetrate the potential barrier and exist in 
region II. The probability of a particle penetrating the potentiul burner is another 
difference between classical and quantum mechanics: The quantum mechanical pen- 
etration is classically not allowed. Although there is a finite probability that the par- 
ticle may penetrate the barrier, since the reflection coefficient in region I is unity, the 
particle in region II must eventually turn around and move back into region I. 


Objective 

To calculate the penetration depth of a panicle impinging on a potential barrier. 

Consider an incident electron that is traveling at a velocity of I x 10 5 m/s in region 1. 

Solution 

With V (x) = 0, the total energy is also equal to the kinetic energy so that 

E - T = -mv- = 4.56 x 1<T 21 J = 2.85 x UP 2 eV 
2 


EXAMPLE 2.4 
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Now, assume that the potential barrier at x = 0 is twice as large as the total energy of the inci- 
dent particle, or that Vo =2E. The wave function solution in region II is \fr 2 (x) = A 2 e~ K '- x , 
where the constant is given by K 2 — y/2m(Vo — E)/fi 2 . 

In this example, we want to determine the distance .r == d at which the wave function 
magnitude has decayed to e ~ 1 of its value at x = 0. Then, for this case, we have K 2 d = 1 or 


1 


= d 


2m (2 E - E ) 


h 2 



The distance is then given by 


d = 



1.054 x IQ" 34 

^2(9.11 x 10~ 3I )(4.56 x 10--') 


= 11.6 x 10“ 10 m 


or 

d = 1 1.6 A 


■ Comment 

This penetration distance corresponds to approximately two lattice constants of silicon. The 
numbers used in this example are rather arbitrary. We used a distance at which the wave func- 
tion decayed to e 1 of its initial value. We could have arbitrarily used e~ 2 . for example, but 
the results give an indication of the magnitude of penetration depth. 


The case when the total energy of a particle, which is incident on the potential 
barrier, is greater than the barrier height, or E > Vo, is left as an exercise at the end 
of the chapter. 


I TEST YOUR UNDERSTANDING 

E2.7 The probability of finding a panicle at a distanced in region II compared to that at 

x — 0 is given by exp (—2 K 2 d). Consider an electron traveling in region I at a veloc- 
ity of 10' m/s incident on a potential barrier whose height is 3 times the kinetic 
energy of the electron. Find the probability of finding the electron at a distance d 
compared to x — 0 where di s (a) 1 0 A and ( h ) 100 A into the potential barrier, 
[jimrad ,._oi x ££x(<?) luaarad ZL'8 (®) ' su Vl 


2.3.4 The Potential Barrier I 

We now want to consider the potential barrier function, which is shown in Figure 2.8. 
The more interesting problem, again, is in the case when the total energy of an incident 
particle is E < Vo. Again assume that we have a flux of incident particles originating 
on the negative x axis traveling in the +x direction. As before, we need to solve 
Schrodinger's time-independent wave equation in each of the three regions. The 






2.3 Applications ofSchrodinger’s Wave Equation 


V(x) 



solutionsof the wave equation in regions I, II, and III are given, respectively, as 

= A\e jK ' % +B\e~ iK ' x (2.59a) 

i/r 2 (x) - A 2 e K '- x B->e~ K - x (2.59b) 

i/ 3 {x) -- A 3 e> K ' x + B } e~ jKlX (2.59c) 

where 

l2mE 

Kx = \~h r a60a) 

and 

1 2m 

K 2=J-jp(V Q -E) (2.60b) 

The coefficient B 3 in Equation (2.59c) represents a negative traveling wave in 
region III. However, once a particle gets into region III, there are no potential changes 
to cause a reflection; therefore, the coefficient B 3 must be zero. We must keep both 
exponential terms in Equation (2.59b) since the potential barrier width is finite; that 
is, neither term will become unbounded. We have four boundary relations for the 
boundaries at x = 0 and x — a corresponding to the wave function and its first deriv- 
ative being continuous. We can solve for the four coefficients Bj , A; Bi, and Aj in 
terms of A[. The wave solutions in the three regions are shown in Figure 2.9. 

One particular parameter of interest is the transmission coefficient, in this case 
defined as the ratio of the transmitted flux in region III to the incident flux in region I. 
Then the transmission coefficient T is 

_ v, ■ A 3 ■ _ A 3 • 

~ v,-Ai-A* ~ A, ■ A* 


( 2 . 61 ) 



CHAPTER 2 Introduction to Quantum Mechanics 


EXAMPLE 2.5 



Figure 2.9 1 The wave functions through the potential barrier. 


where v, and V, are the velocities of the transmitted and incident particles, respec- 
tively. Since the potential V = 0 in both regions I and 111, the incident and transmit- 
ted velocities are equal. The transmission coefficient may be determined by solving 
the boundary condition equations. For the special case when E <5C Vq, we find that 


7 ' S=16 (^)( 1 ^^) exp( - 2 ^ ) ( 2 - 62 ) 


Equation (2.62)implies that there is a finite probability that a particle imping- 
ing a potential barrier will penetrate the barrier and will appear in region III. This 
phenomenon is called tunneling and it, roo, contradicts classical mechanics. We will 
see later how this quantum mechanical tunneling phenomenon can be applied to 
semiconductor device characteristics, such as in the tunnel diode. 

■■ Objective 

To calculate the probability of an electron tunneling through a potential harrier. 

Consider an electron with an energy of 2 cV impinging cn a potential barrier with Eo = 
20 eV and a width of3 A. 

■ Solution 

Equation (2.62) is die tunneling probability. The factor is 

x 10~ 31 )(20 — 2)( 1 .6 x 10- 19 ) 

(1.054 x ID- 34 ) 2 



or 


K 2 = 2.17 x 10 ,n nT 1 


Then 


and finally 


T = 16(0.1)0 — 0. 1) exp [—2(2. 17 x 10 ln )(3 x 10" lo )l 
7 - 3.17 x 1CT 6 



2.4 Extensions cf the Wave Theory to Atoms 


■ Comment 

The tunneling probability may appear to be a small value, but the value is nut zero. If a 
laige number of particles impinge on a potential barrier, a significant number can penetrate 
the barrier. 


TEST YOUR UNDERSTANDING 


E2.8 

E2.9 

E2.10 


Estimate the tunneling probability of an electron tunneling through a rectangular 
barrier with a barrier height of V 0 = 1 eV and a barrier width of 1 5 A. The electron 
energy is 0.20 eV. ( 9 -0I x 9 L'Z = 1 suy) 

For a rectangular potential barrier with a height of V u = 2 cV and an electron with 
an energy of 0.25 eV, plot the tunneling probability versus barrier width over die 
range 2 5 a < 20 A. Use a log scale for die tunneling probability. 

A certain semiconductor device requires a tunneling probability of T = 1 O '" 1 for an 
electron tunneling through a rectangular barrier widi a barrier height of IT, = 0,4 eV, 
The electron energy is 0.04 eV. Determine die maximum barrier width. 

(yt‘6I = w 'suv) 



Additional applications of Schrodinger's wave equation with various one- 
dimensional potential functions are found in problems at the end of the chapter. Sev- 
eral of these potential functions represent quantum well structures that are found in 
modem semiconductor devices. 


*2.4 I EXTENSIONS OF THE WAVE THEORY 
TO ATOMS 

So far in this chapter, we have considered several one-dimensional potential energy 
functions and solved Schrodinger's time-independent wave equation to obtain the 
probability function of finding a particle at various positions. Consider now the one- 
electron, or hydrogen. atom potential function. We will only briefly consider the math- 
ematical details and wave function solutions, but the results are extremely interesting 
and important. 

2.4.1 The One-Electron Atom 


The nucleus is a heavy, positively charged proton and the electron is a light, nega- 
tively charged particle that, in the classical Bohr theory, is revolving around the nu- 
cleus. The potential function is due to the coulomb attraction between the proton and 
electron and is given by 


V(r) 



4^ for 


(2.63) 


where e is the magnitude of the electronic charge and fo is the permittivity of free 
space. This potential function, although spherically symmetric, leads to a three- 
dimensional problem in spherical coordinates. 


^Indicates sections that can be skipped without loss of continuity, 





chapter 2 Introduction to Quantum Mechanics 


We may generalize the time-independent Schrodinger's wave equation to three 
dimensions by writing 

V 2 V/(r. 0, <t>) 4- ~{E - V(r)W(r, 0. 0) = 0 (2.64) 

where V 2 is the Laplacian operator and must be written in spherical coordinates for 
this case. The parameter mo is the rest mass of the electron.' In spherical coordinates, 
Schrodinger's wave equation may be written as 

1 d ( ■,dtp\ ) d 2 ilr — ( sin f? • — — 

(2.65) 

+ ^ (E- VI r))\(r = 0 


The solution to Equation (2.65) can be determined by the separation-of-variables 
technique. We will assume that the solution to the time-independent wave equation 
can be written in the form 


ijj (r,9,4>) — R(r) ■ S(8) ■ <P((p) (2.66) 

where R. O, and are functions only of r, H, and <p , respectively. Substituting this 
form of solution into Equation (2.65), we will obtain 


sin 2 0 d / 7 dR\ 1 3 2 0 sine 3 / 9©\ 

R dr { dr J <t> H(P 2 0 d6 \ 90 ) 


ry 2mn 

+ r~ sin 2 0 ■ ~(E~ K) =0 
n- 


(2.67) 


We may note that the second term in Equation (2.67) is a function of 4> only, 
while all the other terms are functions of either r or 0, We may then write that 


1 3 2 0 

< 1 > ' 'dtp 2 


—m 


( 2 . 68 ) 


where m is a separation of variables constant? The solution to Equation (2.68) is of 
the form 

<J> = e jm 0 (2.69) 


Since the wave function must be single-valued, we impose the condition that m is an 
integer, or 

m = 0, ±1,±2,±3, ... (2.70) 


'The mass should be the rest mass of the two-panicle system, hut since the proton mass is much greater 
than the electron mass, the equivalent mass reduces to that of the electron. 

4 Where m means the separation-of-variables constant developed historically. That meaning will be 
retained here even though there may be some confusion with the electron mass. In general, the mass 
parameter will be used in conjunction with a subscript. 



2.4 Extensions of the Wave Theory to Atoms 


Incorporating the separation-of-variables constant we can further separate the 
variables Band rand generate two additional separation-of-variablesconstants land n. 
Theseparation-of-variablesconstants n . ! . and m are known as quantum numbers and 
are related by 

n = 1,2,3,... 

l = n- l,fl-2,n-3,...,0 (2.71) 

\ m \ =1,1- 1,...,0 


Each set of quantum numbers corresponds to a quantum state which the electron may 
occupy. 

The electron energy may be written in the form 


-wpe 4 

(4jT€o) 2 2h 2 n 2 


(2.72) 


where n is the principal quantum number. The negative energy indicates that the elec- 
tron is bound to the nucleus and we again see that the energy of the bound electron is 
quantized, ff the energy were to become positive, then the electron would no longer he 
abound panicle and the total energy would no longer be quantized. Since the parame- 
tern in Equation (2.72) is an integer, the total energy of the electron can take on only 
discrete values. The quantized energy is again a result of the particle being bound in a 
finite region of space. 


TEST YOUR UNDERSTANDING | 

E2.ll Calculate the lowest energy (in electron volts) of an electron in a hydrogen atom 
(A39T1- = '3 - suV) 


The solution of the wave equation may be designated by t/r„/ m , where n , I , and 
mare again the various quantum numbers. For the lowest energy state, n — 1. 1 — 0, 
and m = 0, and the wave function is given by 

1 / 1 \ 3/2 

*ioo = - 7 = • ( - ) e -r/ “° (2.73) 

Jtt \a 0 J 

This function is spherically symmetric, and the parameter flo is given by 

co = 4 ^- = 0.529 A (2.74) 

m oe- 

and is equal to the Bohr radius. 

The radial probability density function, or the probability of finding the electron 
at a particular distance from the nucleus, is proportional to the product *100 • i/r^ 
and also to the differential volume of the shell around the nucleus. The probability 
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«o "o 

(a) (b) 

Figure 2.10 1 The radial probability density function for the one-electron atom in the 
(a) lowest energy state and (b) next- higher energy slate. 

(From Eisberg and Resnick 1 4j ,) 


density function for the lowest energy state is plotted in Figure 2. 10a. The most prob- 
able distance from the nucleus is at r = ao, which is the same as the Bohr theory. 
Considering this spherically symmetric probability function, we may now begin to 
conceive the concept of an electron cloud, or energy shell, surrounding the nucleus 
rather than a discrete particle orbiting around the nucleus. 

The radial probability density function for the next higher, spherically symmet- 
ric wave function, corresponding to n — 2,1 = 0. and m = 0, is shown in Fig- 
ure 2.10b. This figure shows the idea of the next-higher energy shell of the electron. 
The second energy shell is at a greater radius from the nucleus than the first energy 
shell. As indicated in the figure, though, there is still a small probability that the 
electron will exist at the smaller radius. For the case of n = 2 and 1=1. there are 
three possible states corresponding to the three allowed values of the quantum num- 
berm. These wave functions are no longer spherically symmetric. 

Although we have not gone into a great deal of mathematical detail for the one- 
electron atom, three results are important for the further analysis of semiconductor ma- 
terials. The first is the solution of Schrodinger's wave equation, which again yields 
electron probability functions, as it did for the simpler potential functions. In develop- 
ing the physics of semiconductor materials in later chapters, we will also be consider- 
ing electron probability functions. The second result is the quantization of allowed en- 
ergy levels for the hound electron. The third is the concept of quantum numbers and 
quantum states, which evolved from the separation-of-variables technique. We will 
consider this concept again in the next section and in later chapters when we deal with 
the semiconductor material physics. 

2.4.2 The Periodic Table 

The initial portion of the periodic table of elements may he determined by using the 
results of the one-electron atom plus two additional concepts. The tirst concept 
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needed is that of electron spin. The electron has an intrinsic angular momentum, or 
spin, which is quantized and may take on one of two possible values. The spin is 
designated by a quantum number s, which has a value of s = + 5 or .? = — 5 . We now 
have four basic quantum numbers: n, /, m, and s. 

The second concept needed is the Pauli exclusion principle. The Pauli exclusion 
principle states that, in any given system (an atom, molecule, or crystal), no two elec- 
trons may occupy the same quantum state. In an atom, the exclusion principle means 
that no two electrons may have the same set of quantum numbers. We will see that 
the exclusion principle is also an important factor in determining the distribution of 
electrons among available energy states in a crystal. 

Table 2.1 shows the first few elements of the periodic table. For the first element, 
hydrogen, we have one electron in the lowest energy state corresponding to n = 1 . 
From Equation (2.71) both quantum numbers / and m must be zero. However, the elec- 
tron can take on either spin factor + 2 or — For helium, two electrons may exist in the 
lowest energy state. For this case, / = m — 0, so now both electron spin states are oc- 
cupied and the lowest energy shell is full. The chemical activity of an element is deter- 
mined primarily by the valence, or outermost, electrons. Since the valence energy shell 
of helium is full, helium does not react with other elements and is an inert element. 

The third element, lithium, has three electrons. The third electron must go into 
the second energy shell corresponding to n = 2. When n = 2, the quantum number / 
may be 0 or 1 , and when / = 1 , the quantum number m may be — 1 , 0 , or + 1 . In each 
case, the electron spin factor may be or -2. Forn — 2, then, there are eight pos- 
sible quantum states. Neon has ten electrons. Two electrons are in the n — 1 energy 
shell and eight electrons are in the n — 2 energy shell. The second energy shell is 
now full, which means that neon is also an inert element. 

From the solution of Schrodinger's wave equation for the one electron atom, 
plus the concepts of electron spin and the Pauli exclusion principle, we can begin to 
build up the periodic table of elements. As the atomic numbers of the elements in- 
crease, electrons will begin to interact with each other, so that the buildup of the pe- 
riodic table will deviate somewhat from the simple method. 


Table 2.1 1 Initial portion of the periodic table 


Element 

Notation 

...... n 

1 

m 

"" v w ' s 14 

Hydrogen 

Is 1 

1 

0 

0 

+ 5 °r -2 

Helium 

\s 2 

1 

0 

0 

and — j 

Lithium 

ls 2 2s' 

2 

0 

0 

+jOr-2 

Beryllium 

ls 2 2s 2 

2 

0 

0 

+ 2 and —2 

Boron 

1 s 2 ls 2 2p' 

2 

! 



Carbon 

\s 2 2s 1 2p 1 

2 

1 



Nitrogen 

\s 2 ls 2 2p i 

2 

1 


m = 0 ,- 1, +1 

Oxygen 

\s 2 2s 2 2p 4 

2 

1 


v = +i _i 

*’ ' 2 ’ 2 

Fluorine 

\s 2 2s 2 2p 5 

2 

1 



Neon 

\s 2 2s l 2p h 

2 

1 
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2.5 I SUMMARY 


■ We considered some of the basic concepts of quantum mechanics, which can be used to 
describe the behavior of electrons under various potential functions. The understanding 
of electron behavior is crucial in understanding semiconductor physics. 

■ The wave-particle duality principle is an important element in quantum mechanics. 
Particles can have wave-like behavior and waves can have particle-like behavior. 

■ Schrodinger's wave equation forms the basis for describing and predicting the behavior 
of electrons. 

■ Man Born postulated that ]^r(jr)|“ is a probability density function. 

■ A result of applying Schrodinger's wave equation to a bound panicle is that the energy 
of the bound particle is quantized. 

■ A result of applying Schrodinger's wave equation to an electron incident on a potential 
barrier is that there is a finite probability of tunneling. 

■ The basic structure of the periodic table is predicted by applying Schrodinger's wave 
equation to the one-electron atom. 

GLOSSARY OF IMPORTANT TERMS 

de Bruglie wavelength The wavelength of a particle given as the ratio of Planck’s constant 
to momentum. 

Heisenberg uncertainty principle The principle that states that we cannot describe with 
absolute accuracy the relationship between sets of conjugate variables that describe the br- 
havior of particles, such as momentum and position. 

Pauii exclusion principle The principle that states that no two electrons can occupy the 
same quantum state. 

photon The particle-like packet of electromagnetic energy. 

quanta The particle-like packet of thermal radiation. 

quantized energies The allowed discrete energy levels that bound panicles may occupy. 

quantum numbers A set of numbers that describes the quantum state of a particle, such as 
an electron in an atom. 

quantum state A particular state of an electron that may he described, for example, by a set 
of quantum numbers. 

tunneling The quantum mechanical phenomenon by which a particle may penetrate through 
a thin potential barrier. 

wave-particle duality The characteristic by which electromagnetic waves sometimes ex- 
hibit particle-like behavior and particles sometimes exhibit wave-like behavior. 

CHECKPOINT 

After studying this chapter, the reader should have the ability to: 

® Discuss the principle of energy quanta, the wave-particle duality principle, and the 
uncertainty principle. 

B Apply Schrodinger's wave equation and boundary conditions to problems with various 
potential functions. 

B Determine quantized energy levels of bound particles. 

Determine the approximate tunneling probability of a particle incident on a potential 
barrier. 


REVIEW QUESTIONS 

1. State the wave-particleduality principle and state the relationship between momentum 
and wavelength. 

2. What is the physical meaning of Schrodinger's wave function? 

3. What is meant by a probability density function? 

4. List the boundary conditions for solutions to Schrodinger's wave equation. 

5. What is meant by quantized energy levels? 

6. Describe the concept of tunneling. 

7. List the quantum numbers of the one-electron atom and discuss how they were developed 


PROBLEMS 

2.1 The classical wave equation for a two-wire transmission line is given by 

d 2 V(x, t)/dx 2 = LC . 3 2 V(x, t)/8t 2 . One possible solution is given hy V(jc, t ) = 
(sin Kx) . (sin tur) where K = nit fa and co = K fsfLC . Sketch, on the same graph, 
the function V (x, t ) as a function of x for 0 < x < a and n — - 1 when (i) wr - 0, 

( ii ) cot = it f 2, (iii) wt = jt, (iv) tot = 3 ji/ 2, and (v) cat - 2ir. 

2.2 The function V(x. t) =■ cos {2k Kff- - on) is also a solution to the classical wave 
equation. Sketch on the same graph the function V (x , f ) as a function of X for 

0 < x < 3A. when: (i)cot = 0, (ii)cot = 0.2 5;r. (iii) a>t = 0.5^, (iv) cot — 0.75 n , and 
(v)tuf = 7 r. 

2.3 Repeat Problem 2.2 for the function V (i, t) = cos (2nx/k + wt). 

24 Determine the phase velocities of the traveling waves described in Problems 2.2 
and 2.3. 

Section 2.1 Principles of Quantum Mechanics 

2.5 The work function of a material refers to the minimum energy required to remove an 
electron from the material. Assume that the work function of gold is 4.90 eV and that 
of cesium is 1.90eV. Calculate the maximum wavelength of light for the photoelectric 
emission of electrons for gold and cesium. 

2.6 Calculate the de Broglie wavelength. A = h/p, for: (a) An electron with kinetic en- 
ergy of (i) 1 .0 eV, and (ii) 1 00 eV. (b) A proton with kinetic energy o i 1.0 e V. (c)A 
singly ionized tungsten atom with kinetic energy of 1 .0 eV. (rf) A 2000-kg truck trav- 
eling at 20 m/s. 

2.7 According to classical physics, the average energy of an electron in an electron gas at 
thermal equilibrium is 3 kT / 2. Determine, for T — 300 K, the average electron energy 
(in eV), average electron momentum, and the de Broglie wavelength. 

*2.8 An electron and a photon have the same energy. At what value of energy (in eV) will 
the wavelength of the photon he 10 rimes that of the electron? 

2.9 (a) An electron is moving with a velocity of 2 x lO 6 cm/s. Determine the electron en- 

ergy (in eV), momentum, and de Broglie wavelength (in A). ( b ) The dc Broglie wave- 
length of an electron is 125 A. Determine the electron energy (in eV), momentum, 
and velocity. 

210 It is desired to produce x-ray radiation with a wavelength of I A. (a /Through what 
potential voltagedifference must the electron be accelerated in vacuum so that it can. 
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upon colliding with a target, generate such a photon'! (Assume that all of the 
electron's energy is transferred to the photon.) (b) What is the de Broglie wavelength 
of the electron in part (a) just before it hits the target'! 

2.11 When the uncertainty principle is considered, it is not possible to locate a photon in 
space more precisely than about one wavelength. Consider a photon with wavelength 
A = 1 gm. What is the uncertainty in the photon's («) momentum and ( b ) energy? 

2.12 The uncertainty in position is 12 A for a particle of mass 5 x 10 -29 kg. Determine the 
minimum uncertainty in (a) the momentum of the panicle and (b) the kinetic energy 
of the particle. 

2.13 Repeat Problem 2. 12 for a particle of mass 5 x I0 _2 ° kg. 

2.14 An automobile has a mass of 1500 kg. What is the uncertainty in the velocity (in 
miles per hour) when its center of mass is located with an uncertainty no greater than 
1 cm'! 

2.15 (a) The uncertainty in the position of an electron is no greater than I A. Determine the 
minimum uncertainty in its momentum, (b ) The electron's energy is measured with an 
uncertainty no greater than 1 eV. Determine the minimum uncertainty in the time aver 
which the measurement is made. 

Section 2.2 Schrodinger's Wave Equation 

2.16 Assume that 'U | ( v, r) and 'iHjx , 1 ) are solutions of the one-dinjpnsional time- 
dependent Schrodinger's wave equation. (n)Show that T*, + ^s a solution. ( b ) Is 
1<] ■ ^ a solution of the Schrodinger’s equation in general'! Why or why not? 

2.17 Considerthe wave function tlt(x, t) — A(sin nx)e~ Jwt for — 1 5 x < +1. 
DetermineA so that |T'(x,Q| 2 c/x = 1 

2.18 Consider the wave function /) = A(sin nTCX)e~ 1 ' i ' forO < x < I. Determine 
A so that f ( ] 4<(x, r )| 2 d.x = I 

2.19 The solution to Schrodinger's wave equation for a particular situation is given by 

i>{x) -= V2/«o • , Determine the probability of finding the particle between the 

following limits: (a)0 < x < a a f 4, (b)a n f 4 < x < a n /2, and (c)0 < „t < a u . 


Section 2.3 Applications of Schrodinger's Wave Equation 

2.20 An electron in free space is described by a plane wave given by tp (x, t) = 
where k = 1.5 x 10 9 rrr l anda> = 1.5 x 10 M rad/s. (a) Determine the phase 
velocity of the plane wave, (b) Calculate the wavelength, momentum, and kinetic 
energy (in eV) of the electron. 

2.21 An electron is traveling in the negative x direction with a kinetic energy of 0.015 eV. 
Write the equation of a plane wave that describes thic particle. 

2.22 An electron is hound in a one-dimensional infinite potential well with a width of 
100 A. Determine the electron energy levels for n = 1.2. 3. 

2.23 A one-dimensional infinite potential well with a width of 1 2 A contains an electron, 
(a) Calculate the first two energy levels that the electron may occupy, (b) If an 
electron drops from the second energy level to the first, what is the wavelength of a 
photon that might be emitted" 

2.24 Consider a panicle with mass of ! 0 mg in an infinite potential well 1.0 cm wide, (a) If 
the energy of the particle is 10 mJ, calculate the value of n for that state, (b) What is 



V(X) ► oo V(X) co 



Figure 2.11 I Potential function Figure 2.12 I Potential 

forProblem 2.26. function for Problem 2.30 


the kinetic energy of the (« + I ) state? (c) Would quantum effects be observable for 
this particle? 

2.25 Calculate the lowest energy level for a neutron in a nucleus, by treating it as if it were 
in an infinite potential well of width equal to 10" 14 m. Compare this with the lowest 
energy level for an electron in the same infinite potential well. 

2.26 Consider the particle in the infinite potential well as shown in Figure 2. L 1 . Derive and 
sketch the wave functions corresponding to the four lowest energy levels. (Do not 
normalize the wave functions.) 

*2,27 Consider a three-dimensional infinite potential well. The potential function is given 
by V(x) = 0 for 0 < x < a. 0 < y < a. 0 < z < a , and Vi v l = oo elsewhere. Start 
with Schrodinger's wave equation, use the separation of variables technique, and 
show that the energy is quantized and is given by 




where n x = 1, 2, 3, . . . ,n y — 1, 2, 3 n. — 1 , 2, 3 

'228 Consider a free electron bound within a two-dimensional infinite potential well 
definedby V = 0 for 0 < x < 25 A, 0 < y < 50 A, and V = oo elsewhere. 

Determine the expression for the allowed electron energies. 

Describe any similarities and any differences to the results of the one-dimensional 
infinite potential well. 

2.29 Consider a proton in a one-dimensional inhnite potential well shown in Figure 2,5. 

(a (Derive the expression for the allowed energy states of the proton, (recalculate the 
energy difference (in units of eV) between the lowest possible energy and the next 
higher energy state fur (i )a — 4 A, and (ii) a — 0.5 cm. 

2.30 For the step potential function shown in Figure 2.12, assume that E > V 0 and that 
particles are incident from the +x direction traveling in the — x direction, (o) Write 
the wave solutions for each region. ( b ) Derive expressions for the transmission and 
reflection coefficients. 

2.31 Consider the penetration of a step potential function of height 2.4 eV by an electron 
whose energy is 2.1 eV. Determine the relative probability of finding the electron at 
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the distance (a) 12 A beyond the barrier, and (h )48 A beyond the barrier, compared to 
the probability of finding the incident panicle at the barrier edge. 

2.32 Evaluate the transmission coefficient for an electron of energy 2.2 eV impinging on a 
potential barrier of height 6.0 eV and thickness 10~ l(l m. Repeat the calculation for a 
barrier thickness of 10 -9 m. Assume that Equation (2.62) is valid. 

2.33 (a) Estimate the tunneling probability of a particle with an effective mass of 0.067 m t) 
(an electron in gallium arsenide), where mg is the mass of an electron, tunneling 
through a rectangular potential barrier of height Vg =0.8 eV and width 15 A. The 
panicle kinetic energy is 0.20 eV. ( b ) Repeat pan ( a j if the effective mass of the 
panicle is 1 .08 (an electron in silicon). 

2.34 A proton attempts to penetrate a rectangular potential barrier of height 10 MeV and 
thickness 10 14 m. The panicle has a total energy of 3 MeV. Calculate the probability 
that the particle will penetrate the potential barrier. Assume that Equation (2.62) is 
valid. 

*2.35 An electron with energy E is incident on a rectangular potential barrier as shown in 
Figure 2.8. The potential harrier is of width a and height Vp >> E . (a) Write the form 
of the wave function in each of the three regions, (b) For this geometry, determine 
what coefficient in the wave function solutions is zero. (r)Derive the expression for 
the transmission coefficient for the electron (tunneling probability), (d) Sketch the 
wave function for the electron in each region. 

*2.36 A potential function is shown in Figure 2.13 with incident particles coming from — oo 
with a total energy E > V3 ■ The constants k are defined as 

I 2m E flirt flirt ~" 

*'=Vi * r * 2 = V7P' (£_V|) * i = vV (£ - V2) 

Assume a special case for which — 2/177", n — 1, 2. 3, ... . Derive the expres- 
sion, in terms of the conslants, k \ , fci, and kj, for the transmission coefficient. The 
transmission coefficient is defined as the ratio of the flux of particles in region III to 
the incident flux in region 1. 

*2.37 Consider the one-dimensional potential function shown in Figure 2.14. Assume the 
tola! energy of an electron is E < Vg. (a)Write the wave solutions that apply in each 

V(jr) = 

A 
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Figure 2.13 1 Potential function for 
Problem 2.36. 


Figure 2.141 Potential function for 
Problem 2.37. 



region, (b) Write the set of equations that result from applying the boundary conditions, 
(c) Show explicitly why, or why not. the energy levels of theelectron are quantized. 


Section 2.4 Extensions of the Wave Theory to Atoms 

2.38 Calculate the energy of the electron in the hydrogen atom (in units of eV) for the first 
four allowed energy levels. 

2.39 Show that the most probable value of the radius r for the 1 s electron in a hydrogen 
atom is equal to the Bohr radius a,. 

2.40 Show that the wave function for \jj ^ given by Equation (2.73) is a solution to the 
differential equation given by Equation (2.64). 

2.41 What property do H. Li, Na, and K have in common? 
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Introduction to the Quantum 
Theory of Solids 


PREVIEW 


I n the last chapter, we applied quantum mechanics and Schrodinger's wave equa- 
tion to determine the behavior of electrons in the presence of various potential 
functions. We found that one important characteristic of an electron bound to an 
atom or bound within a finite space is that the electron can take on only discrete val- 
ues of energy; that is, the energies are quantized. We also discussed the Pauli exclu- 
sion principle, which stated that only one electron is allowed to occupy any given 
quantum state. In this chapter, we will generalize these concepts to the electron in a 
crystal lattice. 

One of our goals is to determine the electrical properties of a semiconductor ma- 
terial, which we will then use to develop the current-voltage characteristics of semi- 
conductor devices. Toward this end, we have two tasks in this chapter: to determine 
the properties of electrons in a crystal lattice, and to determine the statistical charac- 
teristics of the very large number of electrons in a crystal. 

To start, we will expand the concept of discrete allowed electron energies that 
occur in a single atom to a band of allowed electron energies in a single-crystal solid. 
First we will qualitatively discuss the feasibility of the allowed energy bands in a 
crystal and then we will develop a more rigorous mathematical derivation of this the- 
ory using Schrodinger's wave equation. This energy band theory is a basic principle 
of semiconductor material physics and can also be used to explain differences in 
electrical characteristics between metals, insulators, and semiconductors. 

Since current in a solid is due to the net flow of charge, it is important to deter- 
mine the response of an electron in the crystal to an applied external force, such as an 
electric field. The movement of an electron in a lattice is different than that of an elec- 
tron in free space. We will develop a concept allowing us to relate the quantum me- 
chanical behavior of electrons in a crystal to classical Newtonian mechanics. This 
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analysis leads to a parameter called the electron effective mass. As part of this devel- 
opment we will find that we can define a new particle in a semiconductor called a 
hole. The motion of both electrons and holes gives rise to currents in a semiconductor. 

Because the number of electrons in a semiconductor is very large, it is impossi- 
ble lo follow the motion of each individual particle. We will develop the statistical 
behavior of electrons in a crystal, noting that the Pauli exclusion principle is an im- 
portant factor in determining the statistical law the electrons must follow. The result- 
ing probability function will determine the distribution of electrons among the avail- 
able energy states. The energy band theory and the probability function will be used 
extensively in the next chapter, when we develop the theory of the semiconductor in 
equilibrium. ■ 


3.1 1 ALLOWED AND FORBIDDEN ENERGY BANDS 

In the last chapter, we treated the one-electron, or hydrogen, atom. That analysis 
showed that the energy of the bound electron is quantized: Only discrete values of 
electron energy are allowed. The radial probability density for the electron was also 
determined. This function gives the probability of finding the electron at a particular 
distance from the nucleus and shows that the electron is not localized at a given 
radius. Wfe can extrapolate these single-atom results to a crystal and qualitatively de- 
rive the concepts of allowed and forbidden energy bands. We can then apply quan- 
tum mechanics and Schrodinger's wave equation to the problem of an electron in a 
single crystal. We find that the electronic energy states occur in hands of allowed 
slates that are separated by forbidden energy bands. 


3.1.1 Formation of Energy Bands 

Figure 3.1a shows the radial probability density function for the lowest electron 
energy state of the single, noninteracting hydrogen atom, and Figure 3.1b shows the 
same probability curves for two atoms that are in close proximity to each other. The 
wave functionsof the two atom electrons overlap, which means that the two electrons 



Figure 3.1 I (a) Probability density function of an isolated hydrogen atom, (b) Overlapping probability density 
functionsof two adjacent hydrogen atoms, (c) The splitting of the n = 1 state. 



CHAPTER 3 Introduction to the Quantum Theory of Solids 


I 


will interact. This interaction or perturbation results in the discrete quantized energy 
level splitting into two discrete energy levels, schematically shown in Figure 3.1c. 
The splitting of the discrete state into two states is consistent with the Pauli exclusion 
principle. 

A simple analogy of the splitting of energy levels by interacting particles is the 
following. Two identical race cars and drivers are far apart on a race track. There is 
no interaction between the cars, so they both must provide the same power to 
achieve a given speed. However, if one car pulls up close behind the other car, there 
is an interaction called draft. The second car will be pulled to an extent by the lead 
car. The lead car will therefore require more power to achieve the same speed, since 
it is pulling the second car and the second car will require less power since it is 
being pulled by the lead car. So there is a "splitting" of power (energy) of the two 
interacting race cars. (Keep in mind not to take analogies too literally.) 

Now, if we somehow start with a regular periodic arrangement of hydrogen- 
type atoms that are initially very far apart, and begin pushing the atoms together, the 
initial quantized energy level will split into a band of discrete energy levels. This ef- 
fect is shown schematically in Figure 3.2, where the parameter tq represents the 
equilibrium interatomic distance in the crystal. At the equilibrium interatomic dis- 
tance, there is a band of allowed energies, but within the allowed band, the energies 
are at discrete levels. The Pauli exclusion principle states that the joining of atoms 
to form a system (crystal) does not alter the total number of quantum states regard- 
less of size. However, since no two electrons can have the same quantum number, 
the discrete energy must split into a band of energies in order that each electron can 
occupy a distinct quantum state. 

We have seen previously that, at any energy level, the number of allowed quan- 
tum states is relatively small. In order to accommodate all of the electrons in a crys- 
tal, then, we must have many energy levels within the allowed band. As an example, 
suppose that we have a system with |0 19 one-electron atoms and also suppose that, 
at the equilibrium interatomic distance, the width of the allowed energy band is I eV. 
For simplicity, we assume that each electron in the system occupies a different en- 
ergy level and, if the discrete energy states are equidistant, then the energy levels are 
separated by 1CT 19 eV. This energy difference is extremely small, so that for all prac- 
tical purposes, we have a quasi-continuous energy distribution through the allowed 



Figure 3.2 I The splitting of an energy 
state into a band of allowed energies. 
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energy band. The fact that 10 19 eV is a very small difference between two energy 
states can be seen from the following example. 


Objective j 

To calculate the change in kinetic energy of an electron when the velocity changes by a small 
value. 

Consider an electron traveling at a velocity of 1 0 7 cm/s. Assume the velocity increases by 
a value of 1 cm/s. The increase in kinetic energy is given by 

aj- 1 1 1 1 / 2 2 \ 

AE = -mv; - -mv; = -m (uj - of) 

Let m m + Ad. Then 

v\ = (d, + A")' = uj +2 l'| An + (Ad) 2 
But Ad D) , so we have that 

AE ^ -m(2v[ At>) = mv\ Ad 


I Solution 

Substituting the number into this equation, we obtain 

AE= (9.11 x HT 3 )(T0 s )( 0.O1) = 9.11 x 10“ 28 J 


which 


may be converted to units of electron volts ; 


A E = 


9.11 x 10“ 28 

1 A v 10-19 


= 5.7 x 10“ 9 eV 


■ Comment 

A change in velocity of I cm/s compared with 10 7 cm/s results in a change in energy of 
5.7 x 10“ 9 eV, which is orders of magnitude larger than the change in energy of 10“ 19 eV be- 
tween energy states in the allowed energy hand. This example serves to demonstrate that a dif- 
ference in adjacent energy states of 10“ 19 eV is indeed very small, so that the discrete energies 
within an allowed band may be treated as a quasi-continuous distribution. 


Consider again a regular periodic arrangement of atoms, in which each atom 
now contains more then one electron. Suppose the atom in this imaginary crystal 
contains electrons up through the n = 3 energy level. If the atoms are initially very 
farapart, the electrons in adjacent atoms will not interact and will occupy the discrete 
energy levels. If these atoms are brought closer together, the outermost electrons in 
the it = 3 energy shell will begin to interact initially, so that this discrete energy level 
will split into a band of allowed energies. If the atoms continue to move closer to- 
gether, the electrons in the n = 2 shell may begin to interact and will also split into a 
band of allowed energies. Finally, if the atoms become sufficiently close together, the 
innermost electrons in then = I level may interact, so that this energy level may also 
split into a band of allowed energies. The splitting of these discrete energy levels is 


EXAMPLE 3.1 
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Figure 3.3 1 Schematic showing the splitting of three energy states 
into allowed bands of energies. 


4N states 




Figure 3.4 | (a) Schematic of an isolated silicon atom, (b) The splitting of the 3s and 3p states of silicon into the 
allowed and forbidden energy bands. 

( From Shockley [5 ]. ) 


qualitatively shown in Figure 3.3. If the equilibrium interatomic distance is ro, then 
we have bands of allowed energies that the electrons may occupy separated by bands 
of forbidden energies. This energy-band splitting and the formation of allowed and 
forbidden bands is the energy-band theory of single-crystal materials. 

The actual hand splitting in a crystal is much more complicated than indicated 
in Figure 3.3. A schematic representation of an isolated silicon atom is shown in Fig- 
ure 3.4a. Ten of the fourteen silicon atom electrons occupy deep-lying energy levels 
close to the nucleus. The four remaining valence electrons are relatively weakly bound 
and are the electrons involved in chemical reactions. Figure 3.4b shows the hand split- 
ting of silicon. We need only consider the n = 3 level for the valence electrons, since 
the first two energy shells are completely full and are tightly bound to the nucleus. The 
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3s state corresponds to n = 3 and I = 0 and contains two quantum states per atom. 
This state will contain two electrons at T =0K. The 3p state corresponds to n — 3 
and I = 1 and contains six quantum states per atom. This state will contain the re- 
maining two electrons in the individual silicon atom. 

As the interatomic distance decreases, the 3s and 3p states interact and overlap. 
At the equilibrium interatomic distance, the bands have again split, hut now four 
quantum states per atom are in the lower band and four quantum states per atom are in 
the upper band. At absolute zero degrees, electrons are in the lowest energy state, so 
that all states in the lower band (the valence band) will he full and all states in the 
upper band (the conduction band) will be empty. The bandgap energy E g between the 
top cf the valence band and the bottom of the conduction hand is the width of the for- 
bidden energy band. 

We havediscussed qualitatively how and why bands of allowed and forbidden en- 
ergies are formed in a crystal. The formation of these energy bands is directly related 
to the electrical characteristics of the crystal, as we will see later in our discussion. 

*3.1.2 The Kronig-Penney Model 

In the previous section, we discussed qualitatively the spitting of allowed electron 
energies as atoms are hrought together to form a crystal. The concept of allowed and 
forbidden energy bands can be developed more rigorously by considering quantum 
mechanics and Schrodinger's wave equation. It may be easy for the reader to "get 
lost” in the following derivation, but the result forms the basis for the energy-band 
theory of semiconductors. 

The potential function of a single, noninteracting, one-electron atom is shown in 
Figure 3.5a. Also indicated on the figure are the discrete energy levels allowed for 
theelectron. Figure 3.5b shows the same type of potential function for the case when 
several atoms are in close proximity arranged in a one-dimensional array. The po- 
tential functions of adjacent atoms overlap, and the net potential function for this 
case is shown in Figure 3.5c. It is this potential function we would need to use in 
Schrodinger's wave equation to model a one-dimensional single-crystal material. 

The solution to Schrodinger's wave equation, for this one-dimensional single- 
crystal lattice, is made more tractable by considering a simpler potential function. 
Figure 3.6 is the one-dimensional Kronig-Penney model of the periodic potential 
function, which is used to represent a one-dimensional single-crystal lattice. We need 
to solve Schrodinger's wave equation in each region. As with previous quantum me- 
chanical problems, the more interesting solution occurs for the case when E < Vo, 
which corresponds to a particle being bound within the crystal. The electrons are 
contained in the potential wells, but we have the possibility of tunneling between 
wells. The Kronig-Penney model is an idealized periodic potential representing a 
one-dimensional single crystal, but the results will illustrate many of the important 
featuresof the quantum behavior of electrons in a periodic lattice. 

To obtain the solution to Schrodinger's wave equation, we make use of a math- 
ematical theorem by Bloch. The theorem states that all one-electron wave functions, 


’Indicates sections that can he skipped without loss of continuity 
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Figure 3.5 I (a) Potential function of a single isolated 
atom, (b) Overlapping potential functions of adjacent 
atoms, (c) Net potential function of a one-dimensional 
single crystal. 



Figure 3.6 I The one-dimensional periodic potential 
function of the Kronig-Penney model. 
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for problems involving periodically varying potential energy functions, must be of 
the form 

\j/(x) = u{x)eJ kx (3.1) 

The parameter k is called a constant of motion and will be considered in more de- 
tail as we develop the theory. The function u(x) is a periodic function with period 
(atb). 

We stated in Chapter 2 that the total solution to the wave equation is the product 
cf the time-independentsolution and the time-dependent solution, or 

^(jr, e) = f(x)(f>(t) = u(x)e jkx ■ (3.2) 

which may be written as 

vlr(.r, r) = u(x)ej (kx ~ (E ^ )l) (3.3) 

This traveling- wave solution represents the motion of an electron in a single-crystal 
material. The amplitude of the traveling wave is a periodic function and the parame- 
ter k is also referred to as a wave number. 

We can now begin to determine a relation between the parameter k, the total en- 
ergy E, and the potential Vq. If we consider region I in Figure 3.6 (0 < x < a) in 
which V(x) — 0, take the second derivative of Equation (3.1), and substitute this re- 
sult into the time-independent Schrodinger's wave equation given by Equation (2. 1 3). 
we obtain the relation 


d 2 u i(.r) 

dx 2 


+ 2 jk 


du\(x) 

d 7 x 


( k' ~ cr)ii\{x) = 0 


(3.4) 


The function U\(x) is the amplitude of the wave function in region I and the parame- 
ter a is defined as 


cr — 


2m E 


(3.5) 


Considernow a specific region II, —b < ,v < 0, in which V(,r) = Vq, and apply 
Schrodinger's wave equation. We obtain the relation 


d 2 u 2 (x) ... du 2 (x ) 

-isr^ 2lk ~ir 


k~ ~ a~ + 


2m Vq \ 


uj(x) = 0 


(3.6) 


where u 2 (x) is the amplitude of the wave function in region II. We may define 


2m 

If 


(E-V „) =« 2 


2m Vq , 

n 2 & 


(3.7) 


so that Equation (3.6) rmy be written as 
d 2 u 2 (x) du 2 (x) 

~^ +2jk ~^r 


(k 2 - f) 2 )u 2 {x) =0 


(3-8) 


NotethatfromEquation(3.7).if E > Vo. the parameter fi is real, whereas if E < Vo, 
then fi is imaginary. 
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The solution to Equation (3.4), forregion 1, is of the form 

u,(x) = Ae iia ~ k)x + Be-w™' f or (0 < A - < a) ( 3 . 9 ) 

and the solution to Equation (3.8), for region 11, is of the form 

u 2 {x) - Ce'^~ k)x -I De~ j(tl+k)x for (~b<x < 0) (3. 10) 

Since the potential function V(:t) is everywhere finite, both the wave function ij){x) 
and its first derivative di{f{x)/d x must be continuous. This continuity condition im- 
plies that the wave amplitude function u(x) and its first derivative du{x)/dx nust 
also he continuous. 

If we consider the boundary at x — 0 and apply the continuity condition to the 
wave amplitude, we have 


U\ (0) = «2(0) 

Substituting Equations (3.9) and (3. 10) into Equation (3.11), we obtain 

A+B — C — D=0 


Now applying the condition that 


du | 
dx 


,v=0 


we obtain 


du 2 
dx 


l.i=0 


(a — k)A ~ (a + k)B - (ft - k)C + (p + k)D = 0 


(3.11) 

(3.12) 


(3.13) 


(3.14) 


We have considered region I as 0 < x < a and region II as —b < x < 0. The 
periodicity and the continuity condition mean that the function //;. as a — >• a, is 
equal to the function u 2 , as x — b. This condition may be written as 


Ui(a) = u 2 (—b) 


(3.15) 


Applying the solutions for U\(x) and u 2 (x) to the boundary condition in Equa- 
tion (3.15) yields 

A e j(a-k)a h— g e -j^+k)a J f/S— * )A __ [) e HP+k)b __ Q n -JQ\ 

The last boundary condition is 


du ] 


dx 


lx=a 



(3.17) 


which gives 

(or - k)Ae Jia ~ k)a - (a + k)Be~ j(a+k) ° - (p - k)Ce^ n ^ t>b 


+ (P + k)De jtfl+k)h =0 (3.18) 

We now have four homogeneous equations, Equations (3. 12), (3.14), (3. 16). and 
(3.18), with four unknowns as a result of applying the four boundary conditions. In a 
set of simultaneous, linear, homogeneous equations, there is a nontrivial solution if, 



3.1 Allowed and Forbidden Energy Bands 


and only if, the determinant of the coefficients is zero. In our case, the coefficients in 
question are the coefficients of the parameters A, B, C, and D. 

The evaluation of this determinant is extremely laborious and will not he con- 
sidered in detail. The result is 

-(or 2 + /3 2 ) 

(sin am) (sin /lb) + (cos era) (cos pb) — cos k(a 4- b ) (3.19) 

2a/3 

Equation (3.19) relates the parameter k to the total energy E (through the parameter a ) 
and the potential function Vo (through the parameter ft). 

As we mentioned, the more interesting solutions occur for E < V 0 , which ap- 
plies lo theelectron bound within the crystal. From Equation (3.7), the parameter ji 
is then an imaginary quantity. We may define 

P = JY (3.20) 

where y is areal quantity. Equation (3.19) can he written in terms of y as 

2 1 

y — QT 

(sina«)(sinh yb) + (coscm)(cosh yb) = cos£(a + b) (3.21) 

lay 

Equation (3.21) does not lend itself to an analytical solution, but must be solved 
using numerical or graphical techniques to obtain the relation between k, E. and V 0 . 
Tire solution of Schrodinger's wave equation for a single bound particle resulted in 
discrete allowed energies. The solution of Equation (3.21) will result in a band of 
allowed energies. 

To obtain an equation that is more susceptible to a graphical solution and thus 
will illustrate the nature of the results, let the potential barrier width b — 0 and the 
barrier height Vo — > oo, but such that the product bVy remains finite. Equation (3.21) 
then reduces to 


/mVoba\ smua 

I — -r — 1- cos aa - coska 

\ rt- J act 


We may define a parameter P' as 


mV(\ba 

~eT 


(3.22) 


(3.23) 


Then, finally, we have the relation 

,sinao , 

P +cosao — cosku (3.24) 

aa 

Equation (3.24 ) again gives the relation between the parameter^, total energy E 
( through the parameter a), and the potential barrier bV q. Wfe may note that Equa- 
tion (3.24) is not a solution of Schrodinger’s wave equation but gives the conditions 
for which Schrodinger's wave equation will have a solution. If we assume the crystal 
is infinitely large, then k in Equation (3.24) can assume a continuum of values and 
must be real. 
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i 


3.1.3 The k-Space Diagram 

To begin to understand the nature of the solution, initially consider the special easel 
for which Vo = 0, In this case P' = 0, which corresponds to a free particle since] 
there are no potential barriers. From Equation (3.24). we have that 


cosaa = coska 


( 3 . 25 )| 


or 


a = k 


( 3 . 26 ) 


Since the potential is equal to zero, the total energy E is equal to the kinetic energy,] 
so that, from Equation (3.5), Equation (3.26) may be written as J 


a — 


fltn E 2m(jmv 2 ) 


f ) 2 


fr 


= P -=k 


( 3 . 27 ) 


where p is the particle momentum. The constant of the motion parameter k is related 
to the particle momentum for the free electron. The parameter k is also referred to as 
a wave number. 

We can also relate the energy and momentum as 


p 2 k 2 H 2 
2m 2m 


( 3 . 28 ) 


Figure 3.7 shows the parabolic relation of Equation (3.28) between the energy Eand 
momentum p for the free particle. Since the momentum and wave number are lin- ! 
early related. Figure 3.7 is also the E versus k curve for the free panicle. 

We now want to consider the relation between E and kfrom Equation (3.24) for 
the particle in the single-crystal lattice. As the parameter P' increases, the particle 
becomes more tightly bound to the potential well or atom. We may define the left side 
of Equation (3.24) to be a function f (aa), so that 

„,sincm „ 

f (aa) = P + cos cm (3.29) 

aa 



Figure 3.7 I The parabolic E versus k 
curve for the free electron. 
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Figure 3.8 I A plot of (a) the first term in Equation (3.29), (b) the second term in Equation 
(3.29), and (c) the entire f(aa) function. The shaded areas show the allowed values of 
(i aa ) coiresponding to real values of k. 


Figure 3.8a is a plot of the first term of Equation (3.29) versus aa . Figure 3.8b shows 
a plot of the cos au term and Figure 3.8c is the sum of the two terms, or f(aa). 

Now from Equation (3.24). we also have that 

/(aa) - coska (3.30) 

For Equation (3.30) to be valid, the allowed values of the f (aa) function must be 
bounded between tl and — 1. Figure 3.8c shows the allowed values off (aa) and 
the allowed values of aa in the shaded areas. Also shown on the figure are the values 
cf ka from the right side of Equation (3.30) which correspond to the allowed values 
off (aa). 

The parameter a is related to the total energy E of the particle through Equa- 
tion (3.5), which is a 2 = 2 mE/H 1 . A plot of the energy E of the particle as a function 
cf the wave number k can be generated from Figure 3.8c. Figure 3.9 shows this plot 
and shows the concept of allowed energy bands for the particle propagating in the 
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Figure 3.9 I The E versus k diagram generated from 
Figure 3.8. The allowed energy bands and forbidden 
energy bandgaps are indicated. 


crystal lattice. Since the energy E has discontinuities, we also have the concept of 
forbidden energies for the particles in the crystal. 


EXAMPLE 3.2 


f Objective 

To determine the lowest allowed energy bandwidth. 

Assume that the coefficient P' = 10 and that the potential width a = 5 A 


8 Solution 

To find the lowest allowed energy handwidth. we need to find the difference in aa values as 
ka changes from 0 to jt (see Figure 3.8c). For&« _ 0, Equation (3. 29) becomes 

sin aa 

1 = 10 + cos aa 

a a 


By trial and error, we findcfa = 2.628 rad. We see that forfca — n, aa = n. 
For art = tz, we have 



or 


E 2 = 


2 n 2 


2 ( 1.054 x 10- 34 ) 2 


2 ma 2 2(9.11 x 10- 3I )(5 x IO- 10 ) 2 


= 2.407 x IO' 11 * J = 1.50 eV 


For aa - 2.628. we find that £, = 1.68 x 10 19 J = 1.053 eV. The allowed energy band- 
width is thrn 


AE = E 2 - E. = 1.50 ■ 1.053 = 0.447 eV 
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■ Comment 

W: see 60 m Figure 3,8c that, as the energy increases, the widths of the allowed bands increase 
Item this Kronig-Penney model. 


TEST YOUR UNDERSTANDING 

E3,l Using the parameters given in Example 3.2, determine the width (in eV) of the 

forbidden energy band that exists at ka — n (see Figure 3.8c). (A 3 6 L'Z = TV 'suy) 


Consider again the right side of Equation (3.24), which is the function cos ka. 
The cosine function is periodic so that 

coska = cos (ka + 2mt) — cos (ka - 2 rur) (3.31) 

where ft is a positive integer. We may consider Figure 3.9 and displace portions of the 
curve by 2 n. Mathematically, Equation (3.24) is still satisfied. Figure 3.10 shows 
how various segments of the curve can be displaced by the 2 71 factor. Figure 3.1 1 
shows the case in which the entire E versus k plot is contained within — 71 j a < 
k < it / a. This plot is referred to as a reduced fc-space diagram, or a reduced-zero 
representation. 

We noted in Equation (3.27) that for a free electron, the particle momentum and 
the wave number k are related by p = Elk. Given the similarity between the free 



k 


Figure 3.101 The E versus k diagram showing 2 n 
displacements of several sections of allowed energy 
bands. 



Figure 3.11 1 The E versus k diagram 
in the reduced-zone representation. 




CHAPTER 3 Introduction to the Quantum Theory of Solids 


electron solution and the results of the single crystal shown in Figure 3.9, the para- 
meter hk in a single crystal is referred to as the crystal momentum. This parameter is 
not the actual momentum of the electron in the crystal, but is a constant of the mo- 
tion that includes the crystal interaction. 

We have been considering the Kronig-Penney model, which is a one- 
dimensional periodic potential function used to model a single-crystal lattice. Tlte 
principle result of this analysis, sofa,: is that electrons in the crystal occupy certain 
allowed energy bands and are excluded from the forbidden energy bands. For real 
three-dimensional single-crystal materials, a similar energy-band theory exists. We 
will obtain additional electron properties from the Kronig-Penney model in the next 
sections. 


3.2 I ELECTRICAL CONDUCTION IN SOLIDS 

Again, we are eventually interested in determining the current-voltage characteris- 
tics of semiconductor devices. We will need to consider electrical conduction in 
solids as it relates to the band theory we have just developed. Let us begin by con- 
sidering the motion of electrons in the various allowed energy hands. 

3.2.1 The Energy Band and the Bond Model 

In Chapter 1, we discussed the covalent bonding of silicon. Figure 3.12 shows a two- 
dimensional representation of the covalent bonding in a single-crystal silicon lattice. 
This figure represents silicon at T = 0 Kin which each silicon atom is surrounded by 
eight valence electrons that are in their lowest energy state and are directly involved 
in the covalent bonding. Figure 3.4b represented the splitting of the discrete silicon 
energy states into bands of allowed energies as the silicon crystal is formed. At 
T = 0 K, the 4N states in the lower band, the valence band, are tilled with the va- 
lence electrons. All of the valence electrons schematically shown in Figure 3.12 are 
in the valence band. The upper energy band, the conduction band, is completely 
empty at T - OK. 

n ii ii ii 

a n ii n 

ii n ii ii 

= s =o=o=o=o=== 

===o=o=o=o=== 
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II II II II 
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Figure 3.12 I Two-dimensional 
representation of the covalent bonding 
in a semiconductor at T =: 0 K. 
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As the temperature increases above 0 K, a few valence band electrons may gain 
enough thermal energy to break the covalent bond and jump into the conduction 
band. Figure 3.13a shows a two-dimensional representation of this bond-breaking 
effect and Figure 3.13b, a simple line representation of the energy-band model, 
shows the same effect. 

The semiconductor is neutrally charged. This means that, as the negatively 
charged electron breaks away from its covalent bonding position, a positively 
charged "empty state" is created in the original covalent bonding position in the va- 
lence band. As the temperature further increases, more covalent bonds are broken, 
mote electrons jump to the conduction hand, and more positive "empty states" are 
created in the valence band. 

We can also relate this hond breaking to the E versus k energy bands. 
Figure 3.14a shows the E versus k diagram of the conduction and valence bands at 
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Figure 3.13 1 (a) Two-dimensional representationof the breaking of a covalent bond, 
(b) Corresponding line representation of the energy band and the generation of a 
negative and positive charge with the breaking of a covalent bond. 



Figure 3.14 i The E versus k diagram of the conduction and valence bands of a 
semiconductor at (a) T —OK and (b) T > 0 K. 
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T — 0 K. The energy states in the valence band are completely full and the states in 
the conduction band are empty. Figure 3.14b shows these same bands for T > 0 K, 
in which some electrons have gained enough energy to jump to the conduction band 
and have left empty states in the valence hand. We are assuming at this point that no 
external forces are applied so the electron and "empty state" distributions are sym- 
metrical with k. 

1 

3.2.2 Drift Current 

Current is due to the net flow of charge. If we had a collection of positively charged 
ions with a volume density N (cm -3 ) and an average drift velocity vj (cm/s), then the 
drift current density would be 

J = qNv d A/cm 2 (3.32) 

If, instead of considering the average drift velocity, we considered the individual ion 
velocities, then we could write the drift current density as 

J Vi (3.33) 

i=i 

where t>; is the velocity of the ith ion. The summation in Equation (3.33) is taken over 1 
a unit volume so that the current density J is still in units of A/cm 2 . 

Since electrons are charged particles, a net drift of electrons in the conduction 
band will give rise to a current. The electron distribution in the conduction band, as 
shown in Figure 3. 1 4b, is an even function of k when no external force is applied. Re- 
call that k for a free electron is related to momentum so that, since there are as many 
electrons with a +|A| value as there are with a — 1£| value, the net drift current den- 
sity due to these electrons is zero. This result is certainly expected since there is no 
externally applied force. 

If aforce is applied to a particle and the particle moves, it must gain energy. This 
effect is expressed as 

dE — F dx = Fudt (3.34) 

where F is the applied force, dx is the differential distance the particle moves, v is the 
velocity, and dE is the increase in energy. If an external force is applied to the elec- 
trons in the conduction band, there are empty energy states into which the electrons 
can move: therefore, because of the external force, electrons can gain energy and a net 
momentum. The electron distribution in the conduction band may look like that 
shown in Figure 3.15, which implies that the electrons have gained a net momentum. 
We may write the drift current density due to the motion of electrons as 

n 

J = -e ]T Vi (3.35) 

(=! 

where e is the magnitude of the electronic charge and n is the number of electrons 
per unit volume in the conduction hand. Again, the summation is taken over a unit 
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Figure 3.15 I The asymmetric distribution 
of electrons in the E versus k diagram 
when an external force is applied. 


volume so the current density is A/cm 2 . We may note from Equation (3.35) that the 
current is directly related to the electron velocity; that is, the current is related to how 
well the electron can move in the crystal. 

3.2.3 Electron Effective Mass 

The movement of an electron in a lattice will, in general, be different from that of an 
electron in free space. In addition to an externally applied force, there are internal 
forces in the crystal due to positively charged ions or protons and negatively charged 
electrons, which will influence the motion of electrons in the lattice. We can write 

/hotai = E ex [ -f- Ej nl = tna (3.36) 

where Ftotah E:xt> and Fj nt are the total force, the externally applied force, and the in- 
ternal forces, respectively, acting on a particle in a crystal. The parameter a is the 
acceleration and m is the rest mass of the particle. 

Since it is difficult to take into account all of the internal forces, we will write the 
equation 

/-«. — m *a (1.37) 

where the acceleration a is now directly related to the external force. The parameter 
m*. called the effective mass, takes into account the panicle mass and also takes into 
account the effect of the internal forces. 

To use an analogy for the effective mass concept, consider the difference in mo- 
tion between a glass marble in a container filled with water and in a container filled 
with oil. In general, the marble will drop through the water at a faster rate than through 
the oil. The external force in this example is the gravitational force and the internal 
forces are related to the viscosity of the liquids. Because of the difference in motion 
cf the marble in these two cases, the mass of the marble would appear to be different 
in water than in oil. (As with any analogy, we must be careful not to be too literal.) 

We can also relate the effective mass of an electron in a crystal to the E versus k 
curves, such as was shown in Figure 3.1 1 . In a semiconductor material, we will be 
dealing with allowed energy bands that are almost empty of electrons and other 
energy bands that are almost full of electrons. 
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To begin, consider the case of a free electron whose E versus k curve was show* 
in Figure 3.7. Recalling Equation (1.28). the energy and momentum are related byl 
E = p 2 /2m = h 2 k 2 /2m r where m is the mass of the electron. The momentum and! 
wave number k are related by p = Rk. If we take the derivative of Equation (3.281 
with respect to k, we obtain 


dE h 2 k tip 
dk m m 


( 3 . 38 ) 


Relating momentum to velocity, Equation (3.38) can be written as 

UiE 

h dk m 



where v is the velocity of the particle. The first derivative of E with respect to kis rej 
lated to the velocity of the panicle. 

If we now take the second derivative of E with respect to k, we have 


d 2 E _ h 2 
dk 2 m 


( 3 . 40 ) 


We may rewrite Equation (3.40) as 


1 d 2 E _ 1 
ft 2 dk 2 m 


( 3 . 41 ) 


The second derivative of E with respect to k is inversely proportional to the mass d 
the particle. For the case of a free electron, the mass is a constant (nonrelativistic 
effect), so the second derivative function is a constant. We may also note from Fig- 
ure 3.7 that d 2 Ejdk 2 is a positive quantity, which implies that the mass of the elec- 
tron is also a positive quantily. 

If we apply an electric field to the free electron and use Newton's classical equa- 
tion of motion, we can write 


F = ma = — <?E 

where a is the acceleration, E is the applied electric field, and e 
the electronic charge. Solving for the acceleration, we have 

-eE 


( 3 . 42 ) 

is the magnitude of 


a — 


m 


( 3 . 43 ) 




The motion of the free electron is in the opposite direction to the applied electric field 
because of the negative charge. 

We may now apply the results to the electron in the bottom of an allowed energ 
band. Consider the allowed energy band in Figure 3. 16a. The energy near the bottom 0 f| 
this energy band may be approximated by a parabola, just as that of a free particle. )y e 
may write 

E = Cdk) 2 


( 3 . 44 ) 
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Figure 3.16 1 ( a) The conduction band in reduced k space, and the parabolic 
approximation, (b) The valence band in reduced k space, and the parabolic 
approximation. 


Theenergy E c is the energy at the bottom of the band. Since E > E c , the parameter 
C[ is a positive quantity. 

Taking the second derivative of E with respect to k from Equation (3.44), we 
obtain 


d 2 E 
dk 2 


= 2 C, 


(3.45) 


W; may put Equation (3.45) in the form 

* 1 d 2 E 2C\ 

V dk > ~ * (346) 

Comparing Equation (3.46) with Equation (3.41). we may equate fi 2 /2C[ to the mass 
of the particle. However, the curvature of the curve in Figure 3,16a will not, in gen- 
eral, be the same as the curvature of the free-particle curve. We may write 


1 _ 2C, _ 1 

ft 2 dk 2 fi? m* 


(3-47) 


wherem* is called the effective mass. Since C[ > 0, we have that m* > 0 also. 

The effective mass is a parameter that relates the quantum mechanical results to 
the classical force equations. In most instances, the electron in the bottom of the con- 
duction band can be thought of as a classical particle whose motion can be modeled 
by Newtonian mechanics, provided that the internal forces and quantum mechanical 
properties are taken into account through the effective mass. If we apply an electric 
field to the electron in the bottom of the allowed energy band, we may write the 
acceleration as 


—eE 



(3.48) 


where m* is the effective mass of the electron. The effective mass in* of the electron 
near the bottom of the conduction band is a constant. 
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3.2.4 Concept of the Hole 


In considering the two-dimensional representation of the covalent bonding shown in 
Figure 3.13a, a positively charged "empty state” was created when a valence electron 
was elevated into the conduction band. For T > 0 K, all valence electrons may gain 
thermal energy; if a valence electron gains a small amount of thermal energy, it may hep 
into the empty state. The movement of a valence electron into the empty state is equiv- 
alent to the movement of the positively charged empty state itself. Figure 3.17 shows the 
movement of valence electrons in the crystal alternately fillingone empty state and cre- 
ating a new empty state, a motion equivalent to a positive charge moving in the valence 
band. The crystal now has a second equally important charge carrier that can give rise to 
a current. This charge carrier is called a hole and, as we will see, can also be thought of 
as a classical particle whose motion can be modeled using Newtonian mechanics. 

The drift current density due to electrons in the valence band, such as shown in 
Figure 3.14b, can be written as 

J = -e l ’< (3.49) 

i (filled) 

where the summation extends over all filled states. This summation is inconvenient 
since it extends over a nearly full valence band and takes into account a very large 
number of states. We may rewrite Equation (3.49) in the form 


J — ~ e Vj + e Vi (3.50) 

/ (total) i (empty) 

If we consider a band that is totally full, all available states are occupied by elec- 
trons. The individual electrons can be thought of as moving with a velocity as given 
by Equation (3.39): 


v(E) = 



(3.39) 


The band is symmetric ink and each state is occupied so that, for every electron with 
a velocity i>[, there is acorrespondingelectron with avelocity — |u|. Since the band is 
full, the distribution of electrons with respect to k cannot he changed with at 
externally applied force. The net drift current density generated from a completely full 
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Figure 3.17 I Visualization of the movement of a hole in a semiconductor. 
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band, then, is zero, or 


-e Y, V = 0 

i (total) 


(3.51) 


We can now write the drift current density from Equation (3.50) for an almost 
full band as 

If J=+e Y2 v < (3.52) 

where the Vj in the summation is the 


u(E) = 



associated with the empty state. Equation (3.52) is entirely equivalent to placing a 
positively charged particle in the empty states and assuming all other states in the hand 
are empty, or neutrally charged. This concept is shown in Figure 3.18. Figure 3.18a 
shows the valence band with the conventional electron-filled states and empty states, 
while Figure 3.18b shows the new concept of positive charges occupying the original 
empty states. This concept is consistent with the discussion of the positively charged 
"empty state" in the valence band as shown in Figure 3.17. 

The it; in the summation of Equation (3.52) is related to how well this positively 
charged panicle moves in the semiconductor. Now consider an electron near the top of 
the allowedenergy band shown in Figure 3. 1 6b. The energy near the top of the allowed 
energy hand may again he approximated by a parabola so that we may write 

(E - £,) = -C 2 (k) 2 (3.53) 


The energy E v is the energy at the top of the energy hand. Since E < E v for electrons 
in this band, then the parameter C 2 must be a positive quantity. 

Taking the second derivative of E with respect to k from Equation (3.53). we 


obtain 



(3.54) 


W; may rearrange this equation so that 



-2 C 2 
fv 2 


(3.55) 



(a) 


(b) 


Figure 3.18 I (a) Valence band with conventional electron-filled states and empty 
states, (b) Concept of positive charges occupying the original empty states. 
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Comparing Equation (3.55) with Equation (3.41), we may write ■ 

1 d 2 E -2 C 2 1 >) 

h 2 dk 2 h 2 m* (3-^. 

where m* is again an effective mass. We have argued that is a positive quantity, 
which now implies that m* is a negative quantity. An electron moving near the topo 
an allowed energy hand behaves as if it has a negative mass. 

We must keep in mind that the effective mass parameter is used to relate quan- 
tum mechanics and classical mechanics. The attempt to relate these two theories 
leads to this strange result of a negative effective mass. However, we must recall that 
solutions to Schrodinger's wave equation also led to results that contradicted classi- 
cal mechanics. The negative effective mass is another such example. 

In discussing the concept of effective mass in the last section, we used an analogy 
of marbles moving through two liquids. Now consider placing an ice cube in the cen- 
ter of a container filled with water: the ice cube will move upward toward the surface 
in a direction opposite to the gravitational force. The ice cube appears to have a nega- 
tive effective mass since its acceleration is opposite to the external force. The effec- 
tive mass parameter takes into account all internal forces acting on the particle. 

If we again consider an electron near the top of an allowed energy band and use 
Newton's force equation for an applied electric field, we will have 

F = m*a = -eE (3.51) 


However, m* is now a negative quantity, so we may write 

— eE +eE 

a — — 

— |wi*| |m*| 


(3.58^ 


An electron moving near the top of an allowed energy band moves in the same di- 
rection as the applied electric field. 

The net motion of electrons in a nearly full hand can he described by consider- 
ing just the empty states, provided that a positive electronic charge is associated with 
each state and that the negative of m* from Equation (3.56) is associated with each 
state. We now can model this band as having particles with a positive electronic 
charge and a positive effective mass. The density of these panicles in the valence 
band is the same as the density of empty electronic energy states. This new panicle 
is the hole. The hole, then, has a positive effective mass denoted by m* and a posi- 
tive electronic charge, so it will move in the same direction as an applied field. 

3.2.5 Metals, Insulators, and Semiconductors ■ 

Each crystal has its own energy-band structure. We noted that the splitting of the en- 
ergy states in silicon, for example, to form the valence and conduction bands, was 
complex. Complex band splitting occurs in other crystals, leading to large variations 
in band structures between various solids and to a wide range of electrical character- 
istics observed in these various materials. We can qualitatively begin to understand 
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some basic differences in electrical characteristics caused by variations in band 
structure by considering some simplified energy bands. 

There are several possible energy-band conditions to consider. Figure 3.19a 
shows an allowed energy band that is completely empty of electrons. If an electric 
fieldisapplied, there are no particles to move, so there will be no current. Figure 3. 1 9b 
shows another allowed energy band whose energy states are completely full of elec- 
uons. We argued in the previous section that a completely full energy band will also 
not give rise to a current. A materia) that has energy bands either completely empty or 
completely full is an insulator. The resistivity of an insulator is very large or, con- 
versely,the conductivity of an insulator is very small. There are essentially no charged 
panicles that can contribute to a drift current. Figure 3. 1 9c shows a simplified energy- 
band diagram of an insulator. The bandgap energy E g of an insulator is usually on the 
orderof3.5to6eV or larger, so that at room temperature, there areessentially noelec- 
trons in the conduction band and the valence band remains completely full. There are 
vsy few thermally generated electrons and holes in an insulator. 

Figure 3.20a shows an energy band with relatively few electrons near the bottom 
of the band. Now, if an electric field is applied, the electrons can gain energy, move to 
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Figure 3.19 1 Allowed energy bands 
showing (a) an empty band, (b) a 
completely full band, and (c) the bandgap 
energy between the two allowed bands. 


Figure 3.20 I Allowed energy bands 
showing (a) an almost empty band, (b) an 
almost full band, and (c) the bandgap 
energy between the two allowed bands. 



chapter 3 Introduction to the QuantumTheory of Sods 


Partially 



(a) (b) 


Figure 3.21 1 Two possible energy bands of a metal showing (a) a partially filled band 
and (b) overlapping allowed energy bands. 

higher energy states, and move through the crystal. The net flow of charge is a current. 
Figure 3.20b shows an allowed energy band that is almost full of electrons, which 
means that we can consider the holes in this band. If an electric field is applied, the 
holes can move and give rise to a current. Figure 3.20c shows the simplified energy- 
band diagram for this case. The bandgap energy may be on the order of 1 eV. This 
energy-band diagram represents a semiconductor for T >0 K. The resistivity of a 
semiconductor, as we will see in the next chapter, can be controlled and varied over 
many orders of magnitude. 

The characteristics of a metal include a very low resistivity. The energy-band di- 
agram for a metal may be in one of two forms. Figure 3.21a shows the case of a par- 
tially full band in which there are many electrons available for conduction, so that the 
material can exhibit a large electrical conductivity. Figure 3.21b shows another pos- 
sible energy-band diagram of a metal. The band splitting into allowed and forbidden 
energy bands is a complex phenomenon and Figure 3.21b shows a case in which the 
conduction and valence bands overlap at the equilibrium interatomic distance. As in 
the case shown in Figure 3.21a, there are large numbers of electrons as well as large 
numbers of empty energy states into which the electrons can move, so this material 
can also exhibit a very high electrical conductivity. 

3.3 I EXTENSION TO THREE DIMENSIONS 

The basic concept of allowed and forbidden energy bands and the basic concept of 
effective mass have been developed in the last sections. In this section, we will ex- 
tend these concepts to three dimensions and to real crystals. We will qualitatively 
consider particular characteristics of the three-dimensional crystal in terms of the E 
versus k plots, bandgap energy, and effective mass. We must emphasize that we will 
only briefly touch on the basic three-dimensional concepts; therefore, many details 
will not be considered. 

One problem encountered in extending the potential function to a three- 
dimensional crystal is that the distance between atoms varies as the direction through 
the crystal changes. Figure 3.22 shows a face-centered cubic structure with the [100] 
and [110] directions indicated. Electrons traveling in different directions encounter 
different potential patterns and therefore different k-space boundaries. The E versus 
k diagrams are in general a function of the k-space direction in a crystal. 
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Figure 3.22 I The (100) plane of a 
face-centered cubic crystal showing 
the [1001 and [110] directions. 


33.1 The k-Space Diagrams of Si and GaAs 

Figure 3.23 shows an E versus k diagram of gallium arsenide and of silicon. These 
simplified diagrams show the basic properties considered in this text, but do not 
show many of the details more appropriate for advanced-level courses. 

Note that in place of the usual positive and negative k axes, we now show two 
different crystal directions. The E versus k diagram for the one-dimensional model 



Figure 3.23 1 Energy band structures of (a) GaAs and (b) Si 
(From Sze {11}.) 






chapter 3 Introduction to the Quantum Theory of S o d s 


was symmetric ink so that no new information is obtained by displaying the negative 
axis. It is normal practice to plot the [ 100] direction along the normal +k axis and to 
plot the [III] portion of the diagram so the +k points to the left. In the case of dia- 
mond or zincblende lattices, the maxima in the valence band energy and minima in 
the conduction band energy occur at k = 0 or along one of these two direction*. 

Figure 3.23a shows the E versus k diagram for GaAs. The valence band maxi- 
mum and the conduction hand minimum both occur at k = 0. The electrons in the 
conduction band tend to settle at the minimum conduction band energy which is at 
k = 0. Similarly, holes in the valence band tend to congregate at the uppermost 
valence band energy. In GaAs, the minimum conduction band energy and maximum 
valence band energy occur at the same k value. A semiconductor with this property is 
said to be a direct bandgap semiconductor; transitions between the two allowed bands 
can take place with no change in crystal momentum. This direct nature has significant 
effect on the optical properties of the material. GaAs and other direct bandgap mate- 
rials are ideally suited for use in semiconductor lasers and other optical devices. 

The E versus k diagram for silicon is shown in Figure 3.23b. The maximum in 
the valence band energy occurs at k = 0 as before. The minimum in the conduction 
band energy occurs not at k = 0, hut along the [100] direction. The difference be- 
tween the minimum conduction band energy and the maximum valence band energy 
is still defined as the bandgap energy E g . A semiconductor whose maximum valence 
band energy and minimum conduction band energy do not occur at the same k value 
is called an indirect bandgap semiconductor. When electrons make a transition be- 
tween the conduction and valence bands, we must invoke the law of conservation of 
momentum. A transition in an indirect bandgap material must necessarily include m 
interaction with the crystal so that crystal momentum is conserved. 

Germanium is also an indirect bandgap material, whose valence band maximum 
occurs at k = 0 and whose conduction band minimum occurs along the [ 111 ] direc- 
tion. GaAs is a direct bandgap semiconductor, but other compound semiconductors,] 
such as GaP and AlAs, have indirect bandgaps. 

3.3.2 Additional Effective Mass Concepts 

j 

The curvature of the E versus k diagrams near the minimum of the conduction bana 
energy is related to the effective mass of the electron. We may note from Figure 3.2J 
that the curvature of the conduction band at its minimum value for GaAs is largel 
than that of silicon, so the effective mass of an electron in the conduction hand of 
GaAs will be smaller than that in silicon. 

For the one-dimensional E versus k diagram, the eftective mass was defined by 
Equation (3.41) as 1/m* — I /& . d 2 E/dk 2 . A complication occurs in the effechg' 
mass concept in a real crystal. A three-dimensional crystal can be described by t I 
k vectors. The curvature of the E versus kdiagram at the conduction band minimum nfl 
not be the same in the three k directions. We will not consider the details of the varifl 
effective mass parameters here. In later sections and chapters, the effective mass param- 1 
eters used in calculations will be a kind of statistical average that is adequate for most 
device calculations. 
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3.4 I DENSITY OF STATES FUNCTION 

As we have stated, we eventually wish to describe the current-voltage characteris- 
tics of semiconductor devices. Since current is due to the flow of charge, an im- 
portant step in the process is to determine the number of electrons and holes in the 
semiconductor that will he available for conduction. The number of carriers that 
can contribute to the conduction process is a function of the number of available 
energy or quantum states since, by the Pauli exclusion principle, only one electron 
can occupy a given quantum state. When we discussed the splitting of energy lev- 
els into bands of allowed and forbidden energies, we indicated that the band of al- 
lowed energies was actually made up of discrete energy levels. We must determine 
the density of these allowed energy states as a function of energy in order to calcu- 
late the electron and hole concentrations. 


3.4.1 Mathematical Derivation 

To determine the density of allowed quantum states as a function of energy, we need 
to consider an appropriate mathematical model. Electrons are allowed to move rela- 
tively freely in the conduction band of a semiconductor, but are confined to the crys- 
tal. As a first step, we will consider a free electron confined to a three-dimensional 
infinite potential well, where the potential well represents the crystal. The potential 
cf the infinite potential well is defined as 

V(.v,y,z) = 0 forO<x<;rt (3.59) 

0 < v < a 

0 < z < a 

V (x, v,z) ~oo elsewhere 

where the crystal is assumed to be a cube with length a. Schrodinger's wave equation 
in three dimensions can be solved using the separation of variables technique. 
Extrapolating the results from the one-dimensional infinite potential well, we can 
show (see Problem 3.21) that 


2m E 


= / '< 2 


= k; + k; + k] 


(«?+«* + »!) ( 


(3.60) 


where n x , n r , and n- are positive integers. (Negative values of n x ,n v , and n yield 
the same wave function, except for the sign, as the positive integer values, resulting 
in tire same probability function and energy, so the negative integers do not represent 
a different quantum state.) 

We can schematically plot the allowed quantum states in k space. Figure 3.24a 
shows a two-dimensional plot as a function of k x and k, . Each point represents an 
allowed quantum state corresponding to various integral values of n , and n - . Positive 
and negative values of k x , k y , or k- have the same energy and represent the same 
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(a) (b) 

Figure 3.24 I (a)A two-dimensional array of allowed quantum stales in 
k space, (b) The positive one-eighth of the spherical k space. 


energy state. Since negative values of k„ k , , or k 7 do not represent additional quan- 
tum states, the density of quantum states will be determined by considering only the 
positive one-eighth of the spherical k space as shown in Figure 3.24b. 

The distance between two quantum states in the k x direction, for example, is 
given by 


kx+] ~ k x — (n x + « ~ 


Generalizing this result to three dimensions, the volume Vjt of a single quantum state is 




We can now determine the density of quantum states in k space. A differential vol- 
ume in k space is shown in Figure 3.24b and is given hy 4nk 2 dk, so the differential 
density of quantum states in k space can he written as 


g T (k)dk = 2 


4 7i k~ dk 


The first factor, 2, takes into account the two spin states allowed for each quantu 
stale; the next factor, takes into account that we are considering only the quantu 
states for positive values of k x ,k,, and k,. The factor 4nk 2 dk is again the diffeten 
tial volume and the factor (:r/<?) 3 is the volume of one quantum state. Equation (3.63 
may be simplified to 


gr(k)dk = 


nk 1 dk 
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Equation (3.64)gives the density of quantum states as a function of momentum, 
through the parameter k. We can now determine the density of quantum states as a 
function of energy E. For a free electron, the parameters E and k are related by 


or 


, , 2m E 


(3.65a) 



V2 niE 


(3.65b) 


The differential dk is 



— dE 
2 E 


(3.66) 


Then, substituting the expressions for k 2 and dk into Equation (3.64). the number of 
energy states between E and E + dE is given by 




Tta' f'2mE\ 1 j m 

sAE)dE = ^{ir)-nh dE 


(3.67) 


Since fi - hj2n. Equation (3.67) becomes 


£t <E)dB = ■ (2m) 3/<2 • s/EdE 


(3.68) 


Equation (3.68)gives the total number of quantum states between the energy E and 
E t dE in the crystal space volume of u 3 . If we divide by the volume a 3 , then we will 
obtain the density of quantum states per unit volume of the crystal. Equation (3.68) 
then becomes 


g{E)^ 


Ait {2m) 3 / 2 yg 


(3.69) 


The density of quantum states is a function of energy E. As the energy of this free 
electron becomes small, the number of available quantum states decreases. This den- 
sity function is really a double density, in that the units are given in terms of states 
per unit energy per unit volume. 


Objective ' 

To calculate the density of states per unit volume over a particular energy range. 

Consider the density of states for a free electron given by Equation (3.69). Calculate the 
density of states per unit volume with energies between 0 and I eV. 


EXAMPLE 3.3 
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■ Solution 

The volume density of quantum states, from Equation (3.69), is 




g(E)dE = 


4jr(2m) 3/2 

A 3 


f 


sfEdE 


or 

4jr(2m) 3/2 2 


The density of states is now 

4* [2(9. II x 10 3I )] 3/2 


N = 


(6.625 x 10-’ 4 ) 1 


- • (1.6 x 10 


— ‘9)3/2 _ 4 5 x 1q 27 m — 3 


or 


N — 4.5 x 10 21 states/cm 3 


1 


■ Comment 

The density of quantum states is typically a large number. An effective density of states in a 
semiconductor, as we will see in the following sections and in the next chapter, is also a large 
number, but is usually less than the density of atoms in the semiconductorcrystal. 


3.4.2 Extension to Semiconductors 




In the last section, we derived a general expression for the density of allowed ele< 
tron quantum states using the model of a free electron with mass m bounded in a 
three-dimensional infinite potential well. We can extend this same general model to 
a semiconductor to determine the density of quantum states in the conduction band 
and the density of quantum states in the valence band. Electrons and holes are con- 
fined within the semiconductorcrystal so we will again use the basic model of the in- 
finite potential well. 

The parabolic relationship between energy and momentum of a free electron 
was given in Equation (3.28) as E = p 2 /2m — fi 2 k 2 /2m. Figure 3.16a showed the 
conduction energy band in the reduced k space. The E versus k curve near k = Oat 
the bottom of the conduction band can be approximated as a parabola, so we may 
write 


2k2 


E = E c + 


h l k 


2m* 


(3.7Q 


where E c is the bottom edge of the conduction hand and m* is the electron effectii 
mass. Equation (3.70) may be rewritten to give 
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The general form of the E versus k relation for an electron in the bottom of a con- 
duction band is the same as the free electron, except the mass is replaced by the effec- 
tivemass. We can then think of the electron in the bottom of the conduction band as 
being a "free" electron with its own particular mass. The right side of Equation (3.71) 
is of the same form a . the right side of Equation (3.28), which was used in the deriva- 
tion of the density of states function. Because of this similarity, which yields the 
"free" conduction electron model, we may generalize the free electron results of 
Equation (3.69) and write the density of allowed electronic energy states in the con- 
duction hand as 



(3.72) 


Equation (3. 72) is valid for E ^ E c . As the energy of the electron in the conduction 
band decreases, the number of available quantum states also decreases. 

The density of quantum states in the valence band can be obtained by using the 
same infinite potential well model, since the hole is also confined in the semicon- 
ductor crystal and can he treated as a "free" particle. The effective mass of the hole 
is m*. Figure 3.16b showed the valence energy band in the reduced k space. We 
may also approximate the E versus k curve near k = 0 by a parabola for a "free" 
hole, so that 


E - E v - 


n 2 k 2 

2m; 


Equation (3.73 ) may he rewritten to give 


E v — E = 


2m* 


(3.73) 


(3.74) 


Again, the right side of Equation (3.74) is of the same form used in the general 
derivation of the density of states function. We may then generalize the density of 
states function from Equation (3.69) to apply to the valence band, so that 



Equation (3. 75) is valid for E < E v . 

We have argued that quantum states do not exist within the forbidden energy 
band, so g(E) — 0 for E v < E < E,. Figure 3.25 shows the plot of the density of 
quantum states as a function of energy. If the electron and hole effective masses were 
equal, then the functions g c (E) and g v (E) would be symmetrical about the energy 
midway between E c and E v , or the midgap energy. Emjdgap- 
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Figure 3.25 I The density of energy 
states in the conduction band and the 
density of energy states in the valence 
band as a function of energy. 


L 


J TEST YOUR UNDERSTANDING 

E3.2 Determine the total number of energy states i n silicon between E, and E, + k T at 
T = 300 K. „|0l x ZIT S «V) 

E3.3 Determine the total number of energy states in silicon between E , and E, - k T at 
T = 300 K. ( £ -UW Sl 0l x 36'i ' SU V) 


3.5 I STATISTICAL MECHANICS 

In dealing with large numbers of particles, we are interested only in the statistical be- 
havior of the group as a whole rather than in the behavior of each individual particle. 
For example, gas within a container will exert an average pressure on the walls of the 
vessel. The pressure is actually due to the collisions of the individual gas molecules 
with the walls, but we do not follow each individual molecule as it collides with the 
wall. Likewise in a crystal, the electrical characteristics will be determined hy the 
statistical behavior of a large number of electrons. 

3.5.1 Statistical Laws 

In determining the statistical behavior of particles, we must consider the laws that the 
particles obey. There are three distribution laws determining the distribution of par- 
ticles among available energy states. 
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One distribution law is the Maxwell-Boltzmann probability function. In this case, 
the panicles are considered to be distinguishable by being numbered, for example, from 
I to N. with no limit to the number of particles allowed in each energy state. The 
behavior of gas molecules in a container at fairly low pressure is an example of this 
distribution. 

Asecond distribution law is the Bose-Einstein function. The panicles in this case 
are indistinguishable and, again, there is no limit to the number of particles permitted 
in each quantum state. The behavior of photons, or black body radiation, is an exam- 
ple of this law. 

The third distribution law is the Fermi-Dirac probability function. In this case, 
the particles are again indistinguishable, but now only one particle is permitted in 
each quantum state. Electrons in a crystal obey this law. In each case, the particles are 
assumed to be noninteracting. 


3.5.2 The F ermi-Dirac Probability F unction 

Figure 3.26 shows the ith energy level with g, quantum states. A maximum of one 
particle is allowed in each quantum state by the Pauli exclusion principle. There are 
g, ways of choosing where to place the first panicle, (g; — 1 ) ways of choosing 
where to place the second particle, (g; — 2) ways of choosing where to place the 
third particle, and so on. Then the total number of ways of arranging A'; particles in 
the ith energy level (where N ) < g,) is 

(gi)(gi - 1) • • • {gi - W - D) = 7— —777 (3.76) 

(gi - W;)! 

This expression includes all permutations of the N, particles among themselves. 

However, since the particles are indistinguishable, the N t ! number of permuta- 
tions that the particles have among themselves in any given arrangement do not 
count as separate arrangements. The interchange of any two electrons, for example, 
does not produce a new arrangement. Therefore, the actual number of independent 
ways of realizing a distribution of IV,- particles in the ith level is 



W, = 


gi '■ 

N-Mg, ~ N t )\ 


(3.77) 


ith energy 
level 



Quantum states 


Figure 3261 The ith energy level wrth g. 
quantum states. 
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1 


example 3.4 | Objective fl| 

To deteimine the possible number of ways of realizing a particular distribution. H 

Let y,—N-— 10. Then (g ; — AQ! = 1 . I 

I Solution ■ 

Equation (3.77) becomes H 

Wig, -Ni)l = TO! = 1 1 

■ Comment H 

If we have 1 0 particles to be arranged in 1 0 quantum states, there is only one possible arrange! 
ment. Each quantum state contains one particle. 1 


EXAMPLE 3.5 | Objective ” 

To again determine the possible number of ways of realizing a particular distribution. 
Let g. = 10 and jV, = 9. In this case g ( — N t = 1 so that (g, — A',)! = 1 . 

■ Solution 

Equation ( 3. 77)becomes 


&■! _ 101 = ( 1 0 ) ( 9 ! ) 

N,\( gi -N,)\ (9!)(1) 9! 


■ Comment 

In this case, if we have 10 quantum states and 9 particles, there is one empty quantum state. 
There are 1 0 possible anangements, or positions, for the one empty state. 


Equation (3.77) gives the number of independent ways of realizing a distribution 
of N, particles in the ith level. The total number of ways of arranging (N x , A' 2 , N 3 , . . . , 
N ) indistinguishable particles among n energy levels is the product of all distribu- 
tions, or 


W = 


n 


sr- 


NiUg, -Ni)\ 


(3.78) 


The parameter W is the total number of ways in which Nelectrons can be arranged in 
this system, where N — V”_| N, is the total number of electrons in the system. We 
want to find the most probable distribution, which means that we want to find the 
maximum W. The maximum W is found by varying Nj among the £,- levels, which 
vanes the distribution, but at the same time, we will keep the total number of parti- 
cles and total energy constant. 
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We may write the most probable distribution function as 

(3.79) 


where E F is called the Fermi energy. The number density N(E) is the number of 
particles per unit volume per unit energy and the function g(E) is the number of 
quantum states per unit volume per unit energy. The function f F (E) is called the 
Fermi-Dirac distribution or probability function and gives the probability that a 
quantum state at the energy E will be occupied by an electron. Another interpretation 
of the distribution function is that f F {E) is the ratio of filled to total quantum states 
at any energy E. 

3.5.3 The Distribution Function and the Fermi Energy 

To begin to understand the meaning of the distribution function and the Fermi 
energy, we can plot the distribution function versus energy. Initially, let T = 0 K and 
consider the case when E < Ef- The exponential term in Equation (1.79) becomes 
exp[(E - Ef)jkT\ — »■ exp (— oo) = 0. The resulting distribution function is 
fr(E < Ef) = 1. Again let T = 0 K and consider the case when E > E F ■ The 
exponential term in the distribution function becomes exp [{E — E F )/kT] — ► 
exp (-poo) — t +oo. The resulting Fermi-Dirac distribution function now becomes 
f F (E>E F ) = 0. 

The Fermi-Dirac distribution function for T = 0 K is plotted in Figure 3.27. This 
result shows that, for T — 0 K, the electrons are in their lowest possible energy states. 
The probability of a quantum state being occupied is unity for E < E F and the proba- 
bility of a state being occupied is zero for £ > E F . All electrons have energies below 
the Fermi energy at T — OK. 

Figure 3.28 shows discrete energy levels of a particular system as well as the 
number of available quantum states at each energy. If we assume, for this case, that 




Figure 3.27 I The Fermi probability 
functionversus energy for T = 0 K. 



Figure 3.28 I Discrete energy states 
and quantum states for a particular 
system at T = 0K. 
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the system contains 1 3 electrons, then Figure 3.28 shows how these electrons are dis- 
tributed among the various quantum states at T = 0 K. The electrons will he in the 
lowest possible energy state, so the probability of a quantum state being occupied in 
energy levels E[ through £4 is unity, and the probability of a quantum state being oc- 
cupied in energy level £5 is zero. The Fermi energy, for this case, must be above £4 
but less than £5. The Fermi energy determines the statistical distribution of electrons 
and does not have to correspond to an allowed energy level. 

Now consider a case in which the density of quantum states g(E) is a continu- 
ous function of energy as shown in Figure 3.29. If we have Nq electrons in this sys- 
tem, then the distribution of these electrons among the quantum states at T = 0 K is 
shown by the dashed line. The electrons are in the lowest possible energy state so that 
all states below Ef are tilled and all states above Ef are empty. If g(E) and N$ ate 
known for this particular system, then the Fermi energy Ef can be determined. 

Consider the situation when the temperature increases above T = 0 K. Elec- 
trons gain a certain amount of thermal energy so that some electrons can jump to 
higher energy levels, which means that the distribution of electrons among the avail- 
able energy states will change. Figure 3.30 shows the same discrete energy levels and 
quantum states as in Figure 3.28. The distribution of electrons among the quantum 
states has changed from the T = 0 K case. Two electrons from the £4 level have 
gained enough energy to jump to £5, and one electron from £^ has jumped to £4. As 
the temperature changes, the distribution of electrons versus energy changes. 

The change in the electron distribution among energy levels for T > 0 K can be 
seen by plotting the Fermi-Dirac distribution function. If we let £ — E F and T > OK, 
then Equation (3.79) becomes 


ff(E 


Ef) - 


1 

1 + exp (0) 


1 1 
1 + 1 ~ 2 


The probability of a state being occupied at E = Ef is Figure 3.31 shows the 
Fermi-Dirac distribution function plotted for several temperatures, assuming the 
Fermi energy is independent of temperature. 
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Figure 3.29 1 Density of quantum states and electrons in a 
continuous energy system at T = 0 K. 


Figure 3.30 1 Discrete energy states and 
quantum states for the same system 
shown in Figure 3.28 for T > 0 K. 
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Figure 3.31 1 The Fermi probability function versus energy 

for different temperatures. 

We can see that for temperatures above absolute zero, there is a nonzero proba- 
bility that some energy states above Ef will be occupied by electrons and some 
energy states below Ef will be empty. This result again means that some electrons 
have jumped to higher energy levels with increasing thermal energy. 



Objective [ 

To calculate the probability that an energy state above E F is uccupied by an electron. 

Let T = 300 K. Determine the probability that an energy level 3kT above the Fermi en- 
ergy is occupied by an electron. 

■ Solution 

From Equation (3.79), we can write 


./>(£) = 


I + exp 


E - E f 
kT 


1 + exp 


m 


which becomes 


/>(£> = 


1 


1 + 20.09 


= 0.0474 = 4.74% 


■ Comment 

At energies above E F , the probability of a state being occupied by an electron can become sig- 
nificantly less than unity, or the ratio of electrons to available quantum states can he quite 
small. 


TEST YOUR UNDERSTANDING | 

E3.4 Assume the Fermi energy level is 0.30 eV below the conduction band energy. 

(a) Determine the probability of a stale being occupied by an eiectron at E c . 

( h jRepeat part ( a )for an energy state at £ t + k T . Assume T = 300 K. 

U-01 x £f£ (?) ‘ 9 01 * Z £'6 (o) ’suy] 


EXAMPLE 3.6 
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EXAMPLE 3.7 


E3.5 Assume the Fermi energy level is 0.35 eV above the valence band energy. 

(a) Determine the probability of a state being empty of an electron at E,. ( b ) Repeat J 
pan ( a jfor an energy state at E v - kT. Assume 7 = 300 K. 

L-oi x 86't 7 (<?) V oi x ee i (»)' su v] 


We can see from Figure 3.31 that the probability of an energy above Ef beinj 
occupied increases as the temperature increases and the probability of a state beltffl 
Ef being empty increases as the temperature increases. 


J Objective 

To determine the temperature at which there is a 1 percent probability that an energy state i| 
empty. 

Assume that the Fermi energy level for a particular material is 6.25 eV and that the elec- 
trons in this material follow the Fermi-Dirac distribution function. Calculate the temperatun 
at which there is a I percent probability that a slate 0.30 eV below the Fermi energy level wil 
not contain an electron. 


■ Solution 

The probability that a state is empty is 


Then 


-./>(£) = ! — 




1 + 


0.01 = I - 


/ 5.95 - 6.25 \ 
+ eXP ( kT ) 


Solving for AT, we find kT = 0.06529 eV, so that the temperature is 7 = 756 K 

■ Comment 

The Fermi probability function is a strong function of temperature 


TEST YOUR UNDERSTANDING 

E3.6 Repeat Exercise E3.4 for 7 = 400 K. [j-OI x OZ’9 (<?) V0I x 691 (d) ’suy] 

E3.7 Repeat Exercise E3.5for T = 400 K. U-0I x w\ (<D 01 x Y6E (") suyl 

We may note that the probability of a state a distance dE above Ef beinj 
occupied is the same as the probability of a srate a distance dE below Ef beinj 
empty. The function f \ ( E ) is symmetrical with the function 1 — fr(E) about till 
Fermi energy, Ef. This symmetry effect is shown in Figure 3.32 and will be use! 
in the next chapter. 
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Figure 3.32 1 The probability of a slate being occupied. 
/>(£). and the probability of a state heing empty, l — ./> (£) 



Figure 3.33 1 The Fermi-Dirac probability function and the 
Maxwell-Boltrmann approximation. 


Consider the case when E — Ef kT . where the exponential term in the de- 
nominator of Equation (3.79) is much greater than unity. We may neglect the 1 in the 
denominator, so the Fermi-Dirac distribution function becomes 


./>(£ ) =» exp 


(3.80) 


Equation (3.80) is known as the Maxwell-Boltzmann approximation, or simply the 
Boltzmann approximation, to the Fermi-Dirac distribution function. Figure 3.33 shows 
the Fermi-Dirac probability function and the Boltzmann approximation. This figure 
gives an indication of the range of energies over which the approximation is valid. 


Objective [ 

To determine the energy at which the Boltzmann approximation may be considered valid. 

Calculate the energy, in terms of kT and E F , at which the difference between the 
Boltzmann approximation and the Fermi-Dirac function is 5 percent of the Fermi function. 


EXAMPLE 3.8 
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■ Solution 

We can write 


exp 


-(E-Erf 1 
kT 


L + exp 


(^) 


= 0.05 


1 -Pexp 


(E - E f \ 
XP ( kT ) 


If we multiply both numerator and denominator by the 1 + exp ( } function, we have 
f -(E-Erf' 


exp 


kT 


1 + exp 


E-E r 

kT 


- 1 = 0.05 


which becomes 


exp 


'-(E-Erf 

kT 


0.05 


(E - Erf = kT ln( — ) % 3 kT 
Q0.05 J 

w Comment 

As seen in this example and in Figure 3.33. the E — E h » kT notation is somewhat mislead- 
ing. The Maxwell-Boltzmann and Fermi-Dirac functions are within 5 percent of each other 
when E-E F ^3kT. 


The actual Boltzmann approximation is valid when exp[(£” — Ey)/kT\ >> 1 
However, it is still common practice to use the E — E F 3> kT notation when apply- 
ing the Boltzmann approximation. We will use this Boltzmann approximation in our 
discussion of semiconductors in the next chapter. 


3.6 I SUMMARY 

Discrete allowed electron energies split into a band of allowed energies as atoms are 
brought together to form a crystal. 

■ The concept of allowed and forbidden energy bands was developed more rigorously j 
by considering quantum mechanics and Schrodinger's wave equation using the 
Kronig-Penney model representing the potential function of a single crystal material. 
This result forms the basis of the energy band theory of semiconductors. 

■ The concept of effective mass was developed. Effective mass relates the motion of a 
particle in a crystal to an externally applied force and takes into account the effect of the 
crystal lattice on the motion of the particle, 

■ Two charged particles exist in a semiconductor An electron is a negatively charged 
panicle with a positive effective mass existing at the bottom of an allowed energy band. 
A hole is a positively charged particle with a positive effective mass existing at the top 
of an allowed energy band. 



g The E versus kdiagram of silicon and gallium arsenide were given and the concept of 
direct and indirect bandgap semiconductors was discussed. 

Energies within an allowed energy band are actually at discrete levels and each contains 
a finite number of quantum states. The density per unit energy of quantum states was 
determined by using the three-dimensional infinite potential well as a model. 

■ In dealing with large numbers of electrons and holes, we must consider the statistical 
behavior of these particles. The Fermi-Dirac probability function was developed, which 
gives the probability of a quantum state at an energy E of being occupied by an electron. 
The Fermi energy was defined. 


GLOSSARY OF IMPORTANT TERMS 


allowed energy band A band or range of energy levels that an electron in a crystal is al- 
lowed to occupy based on quantum mechanics. 

density of states function The density of available quantum states as a functiun of energy, 
given in units of number per unit energy per unit volume. 

electron effective mass The parameter that relates the acceleration of an electron in the con- 
duction band of a crystal to an external force: a parameter that takes into account the effect 
of internal forces in the crystal. 

Fermi-Dirae probability function The function describing the statistical distribution of 
electrons among available energy states and the probability that an allowed energy state is 
occupied by an electron. 

fermi energy s i m pl est definition, the energy below which all states are filled with 

electrons and above which all states are empty at T = 0 K. 

forbidden energy band A hand or range of energy levels that an electron in a crystal is not 
allowed to occupy based on quantum mechanics. 

hole The positively charged "particle” associated with an empty state in the top of the va- 
lence band. 


hole effective mass The P arameter that relates the acceleration of a hole in the valence band 
of a crystal to an applied external force (a positive quantity); a parameter that takes into ac- 
count the effect of internal forces in a crystal. 

ft-Space diagram The plot of electron energy in a crystal versus k, where k is the momentum- 
related constant of the motion that incorporates the crystal interaction. 

Kronig-Penney model The mathematical model of a periodic potential function represent- 
ing a one-dimensional single-crystill lattice by a series of periodic step functions. 


Maxwell-Boltzmann approximation The condition in which the energy is several kT 
above the Fermi energy or several kT below the Fermi energy so that the Fermi-Dirac 
probability function can be approximated by a simple exponential function. 

Pauli exclusion principle The principle which states that no two electrons can occupy the 
same quantum state. 


CHECKPOINT 

After studying this chapter, the reader should have the ability to: 

| Discuss the concept of allowed and forbidden energy bands in a single crystal both 
qualitatively and more rigorously from the results of using the Kronig-Penney model 
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■ Discuss the splitting of energy bands in silicon. 

State the definition of effective mass from the E versus k diagram and discuss its 
meaning in terms of the movement of a particle in a crystal. 

Discuss the concept of a hole. 

Qualitatively, in terms of energy hands, discuss the difference between a metal, 
insulator, and semiconductor 

■ Discuss the effective density of states function. 

■ Understand the meaning of the Fermi-Dirac distribution function and the Fenni energy. 


REVIEW QUESTIONS 

1. What is the Kronig-Penney model'? 

2. State two results of using the Kronig-Penney model with Schrodinger's wave equation. 

3. What is effective mass? 

4. What is a direct bandgap semiconductor? What is an indirect bandgap semiconductor? 

5. What is the meaning of the density of states function'! 

6. What was the mathematical model used in deriving the density of states function? 

7. In general, what is the relation between density of states and energy? 

8 . What is the meaning of the Fermi-Dirac probability function? 

9. What is the Fermi energy? 


PROBLEMS 


Section 3.1 Allowed and Forbidden Energy Bands 



3.1 


3.2 


3.3 


3.4 


3.5 

p 



3.6 

P 



3.7 


3.8 


Consider Figure 3.4b, which shows the energy-band splitting of silicon. If the 
equilibrium lattice spacing were to change by a small amount, discuss how you would 
expect the electrical properties of silicon to change. Determine at what point the 
material would behave like an insulator or like a metal. 

Show that Equations (3.4) and (3.6) are derived from Schrodinger's wave equation, 
using the form of solution given by Equation (3.3). 

Show that Equations (3.9) and (3.10) are solutions of the differential equations given 
by Equations (3.4) and (3.8), respectively. 

Show that Equations (3.12), (3.14), (3.16), and (3.18) result from the boundary condi- 
tions in the Kronig-Penney model. 

Plot the function f(cea) = 9 sin aajaa + cosaa for 0 < aa < (>7l. Also, given the 
function / (aa) - cosku, indicate the allowed values of aa which will satisfy this 
equation 

Repeat Problem 3.5 for the function 

f(aa) = 6 sin aajaa + cos era = coska 

Using Equation (3.24), show that dE/dk = 0 at k = nn/a, where n =0, 1, 2 

Using the parameters in Problem 3.5 and letting a — 5 A, determine the width (in eV) 
of the forbidden energy bands that exist at (fl) ka = n. (b) ka = 2tz, (c) ka = 3jt, and 
(d) ka = 4n. Refer to Figure 3.8c. 



3.9 Using the parameters in Problem 3.5 and letting a = 5 A, determine the width (in eV) 

of the allowed energy bands that exist for (a) 0 < ka < tt, (h) 7r < ka < 2 n, 

(c) 2 jt < ko < 3jt, and (d) 3jt < ka < 4jt. 

3.10 Repeat Problem 3.8 using the parameters in Problem 3 . 6 . 

3.11 Repeat Problem 3.9 using the parameters in Problem 3 . 6 . 

3.12 The bandgap energy in a semiconductor is usually a slight function of temperature 
In some cases, the bandgap energy versus temperature can be modeled by 


E s = Eg (0) - 


aT 2 
(P + T) 


where E g (0) is the value of the bandgap energy at T = 0 K. For silicon, the parameter 
values are E g (0) - 1.170eV, or =4.73 x 10" 4 eV/K and p — 636 K. Plot E, versus 
Tover the range 0 < T < 600 K. In particular, note the value at T — 300 K. 


Section 3.2 Electrical Conduction in Solids 

3.13 Two possible conduction bands are shown in the E versus k diagram given in 
Figure 3.34. State which hand will result in the heavier electron effective mass; 
state why. 

3.14 Two possible valence bands are shown in the E versus k diagram given in Figure 3.35. 
State which band will result in the heavier hole effective mass; state why. 

3.15 The E versus k diagram for a panicular allowed energy band is shown in Figure 3.36. 
Determine (a) the sign of the effective mass and (h) the direction of velocity for a 
particle at each of the four positions shown. 

3.16 Figure 3.37 shows the parabolic E versus k relationship in the conduction band for 
an electron in two particular semiconductor materials. Determine the effective mass 
(in units of the free electron mass) of the two electrons. 

3.17 Figure 3.38 shows the parabolic E versus k relationship in the valence band for a hole 
in two particular semiconductor materials. Determine the effective mass (in units of 
the free electron mass) of the two holes. 

3.18 The forbidden energy band of GaAs is 1.42 eV. (a) Determine the minimum frequency 
of an incident photon that can interact with a valence electron and elevate the electron 
to the conduction band, (b) What is the corresponding wavelength? 

3.19 The E versus k diagrams for a free electron (curve A) and for an electron in a 
semiconductor (curve B) are shown in Figure 3.39. Sketch (a) dEjdk versus k and 



Figure 3.34 I Conduction 
bands for Problem 3.13. 



Figure 3.35 I Valence bands 
for Problem 3.14. 
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a 


Figure 336 1 Figure for Problem 3.15 



Figure 337 I Figure for Problem 3.16. 




a a 


k 

Figure 3.39 I Figure for Problem 3.19. 


( h )d 2 E/dk 2 versus k for each curve, (c) What conclusion can you make concerning a 
comparison in effective masses for the two cases? 

Section 3.3 Extension to Three Dimensions 

3.20 The energy band diagram for silicon is shown in Figure 3.23b. The minimum energy 
in the conduction band is in the [100] direction. The energy in this one-dimensional 
direction near the minimum value can be approximated by 

E = E 0 — E | cos a(k - k 0 ) 

where is the value of /cat the minimum energy. Determine the effective mass of the 
particle at k = kn in terms of the equation parameters. 

Section 3.4 Density of States Function 

3.21 Starting with the three-dimensional infinite potential well function given by Equa- 
tion (3.59) and using the separation of variables technique, derive Equation (3.60). 

3.22 Show that Equation (3.69) can be derived from Equation (3.64). 

3.23 Determine the total number nf energy states in GaAs between E, and E, + kT at 
T = 300 K. 


3.24 Determine the total number of energy states in GaAs between E t . and E t - kT at 
T = 300 K. 

3.25 (a) Plot the density of states in the conduction band for silicon over the range 

E c < E < E c + 0.2 eV. (i?) Repeat pan (a) for the density of states in the valence 
band overthe range E v - 0.2eV < E < £,. 

3.26 Find the ratio of the effective density of states in the conduction band at E.. + kT to 
theeffective density of states in the valence band at E v — kT. 

Section 3.5 Statistical Mechanics 

3.27 Plot the Fermi-Dirac probability function, given by Equation (3.79), over the range 
-0.2 < (E - E f ) I 0.2 eV for (a) T - 200 K, ( b ) T = 300 K, and (c) T = 400 K. 

3.28 Repeat Example 3.4for the case when g, — 10 and N, = 8. 

3.29 (a) If E F — E, , find the probability of a state being occupied at E = + kT. ( b ) If 

E F = find the probability of a state being empty at E = E u - kT. 

330 Determine the probability that an energy level is occupied by an electron if the state is 
above the Fermi level by (a) kT. (b) 5kT. and (c) 10/: T. 

331 Determine the probability that an energy level is empty of an electron if the state is 
below the Fermi level by ( a )kT, (b) 5kT. and (c) IQkT. 

3.32 The Fermi energy in silicon is 0.25 eV below the conduction band energy E. (a) Plot 
the probability of a state being occupied by an electron over the range 
£' L . < E 5 E. + 2kT. Assume T — 300 K. ( b ) Repeat part (a) for T = 400 K. 

333 Four electrons exist in a one-dimensional infinite potential well of width a = 10 A. 
Assuming the free electron mass, what is the Fermi energy at T = 0K. 

334 (a)Five electrons exist in a three-dimensional infinite potential well with all three 
widths equal to a = 1 0 A. Assuming the free electron mass, what is the Fermi energy 
at T = 0 K. (b) Repeat pan ( a ) for 13 electrons. 

3.35 Show that the probability of an energy state being occupied A E above the Fermi 
energy is the same as the probability of a state being empty AE below the Fermi level. 

3.36 (a) Determine for what energy above £/. (in terms of kT) the Fermi-Dirac probabil- 
ity function is within I percent of the Boltzmann approximation. ( b ) Give the value of 
the probability function at this energy. 

3.37 The Fermi energy level for a particular material at T = 300 K is 6.25 eV. The elec- 
trons in this material follow the Fermi-Dirac distribution function, (a) Find the 
probability of an energy level at 6.50 eV being occupied by an electron. ( b ) Repeat 
pan (a) if the temperature is increased to T = 950 K. (Assume that E F is a constant.) 
(c) Calculate the temperature at which there is a 1 percent probability that a state 
0.30 eV below the Fermi level will be empty of an electron. 

338 The Fermi energy for copper at T = 300 K is 7.0 eV. The electrons in copper follow 
the Fermi-Dirac distribution function, (a) Find the probability of an energy level at 
7.15eV being occupied by an electron. ( b ) Repeat part (a) for T = 1000 K. (Assume 
that Ef is a constant.) (c) Repeat part (n) for E = 6.85 eV and T = 300 K. ( d ) De- 
termine the probability of the energy state at E = Ef being occupied at T = 300 K 
and at T = 1000 K. 

3.39 Consider the energy levels shown in Figure 3.40. Let T = 300 K. (a) If E\ - Ef = 
0.30 eV, determine the probability that an energy state at E = E\ is occupied by an 
electron and the probability that an energy state at E = E 2 is empty. ( b ) Repeat pan 
(a) if E F - E 2 = 0.40 eV. 
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1 .12 eV 


■ Ei 


Figure 3.40 I Energy levels for 
Problem 3.39. 


3.40 Repeat problem 3.39 for the case when E\ - Ei — 1.42 eV. 1 

3.41 Determine the derivative with respect to energy of the Fernti-Dirac distribution 
function. Plot the derivative with respect to energy for (a) T — 0 K, (6) T = 300 K, 
and (c)T =500 K. 

3.42 Assume the Fermi energy level is exactly in the center of the bandgap energy of a 
semiconductor at T = 300 K. (a) Calculate the probability that an energy state in the 
bottom of the conduction band is occupied by an electron for Si, Ge. and GaAs. 

( b ) Calculate the probability that an energy state in the top of the valence hand is 
empty for Si, Ge, and GaAs, 

3.43 Calculate the temperature at which there is a 10- ’ * robability that an energy state 
0.55 eV above the Fermi energy level is occupied by an electron. 

3.44 Calculate the energy range (in eV) between f/. ( E ) — 0.95 and //. (£) = 0.05 for 
Ef = 7.0 cV and for (a )T = 300 K and (b) T - 500 K. 
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The Semiconductor 
in Equilibrium 


PREVIEW 


S o far, we have been considering a general crystal and applying to it the con- 
cepts of quantum mechanics in order to determine a few of the characteristics 
ofelectrons in a single-crystal lattice. In this chapter, we will apply these con- 
cepts specifically to a semiconductor material. In particular, we will use the density 
of quantum states in the conduction band and the density of quantum states in the va- 
lence band along with the Fermi-Dirac probability function to determine the con- 
centration of electrons and holes in the conduction and valence bands, respectively. 
We will also apply the concept of the Fermi energy to the semiconductor material. 

This chapter deals with the semiconductor in equilibrium. Equilibrium, or ther- 
mal equilibrium, implies that no external forces such as voltages, electric fields, mag- 
netic fields, or temperature gradients are acting on the semiconductor. All properties 
of the semiconductor will be independent of time in this case. Equilibrium is our 
starting point for developing the physics of the semiconductor. We will then be able 
to determine the characteristics that result when deviations from equilibrium occur, 
such as when a voltage is applied to a semiconductor device. 

We will initially consider the properties of an intrinsic semiconductor, that is, a 
pure crystal with no impurity atoms or defects. We will see that the electrical proper- 
ties of a semiconductor can be altered in desirable ways by adding controlled amounts 
of specific impurity atoms, called dopant atoms, to the crystal. Depending upon the 
type of dopant atom added, the dominant charge carrier in the semiconductor will be 
either electrons in the conduction band or holes in the valence band. Adding dopant 
atoms changes the distribution of electrons among the available energy states, so the 
Fermi energy becomes a function of the type and concentration of impurity atoms. 

Finally, as part of this discussion, we will attempt to add more insight into the 
significance of the Fermi energy. ■ 
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4.1 I CHARGE CARRIERS IN SEMICONDUCTORS ■ 

Current is the rate at which charge flows. In a semiconductor, two types of charge 
carrier, the electron and the hole, can contribute to a current. Since the current in a 
semiconductor is determined largely by the number of electrons in the conduction 
band and the number of holes in the valence hand, an important characteristic of the 
semiconductor is the density of these charge carriers. The density of electrons and 
holes is related to the density of states function and the Fermi distribution function, 
both of which we have considered. Aqualitative discussion of these relationships will • 
be followed by a more rigorous mathematical derivation of the thermal-equilibrium , 
concentration of electrons and holes. 1 

4.1.1 Equilibrium Distribution of Electrons and Holes 

The distribution (with respect to energy) of electrons in the conduction band is given j 
by the density of allowed quantum states times the probability that a state is occupied j 
by an electron. This statement is written in equation form as 1 

n{E) = g c (E)ff(E) ( 4 . 1)1 

where (E) is the Fermi-Dirac probability function and g c (E) is the density of quan- j 
turn states in the conduction band. The total electron concentration per unit volume 
in the conduction band is then found by integrating Equation (4.1) over the entire 
conduction-band energy. 

Similarly, the distribution (with respect to energy) of holes in the valence bend 
is the density of allowed quantum states in the valence hand multiplied by the prob- 
ability that a state is nor occupied by an electron. We may express this as 

p(E) = g v (E)[\ - ME)] (4.2) 

The total hole concentration per unit volume is found by integrating this function 
over the entire valcncc-band energy. 

To find the thermal-equilibrium electron and hole concentrations, we need to 
determine the position of the Fermi energy E r with respect to the bottom of the 
conduction-band energy £< and the top of the valence-band energy £;,.To address 
this question, we will initially consider an intrinsic semiconductor. An ideal intrinsic 
semiconductor is a pure semiconductor with no impurity atoms and no lattice defects 
in the crystal (e.g., pure silicon). We have argued in the previous chapter that, for at 
intrinsic semiconductor at T = 0 K, all energy states in the valence band are filled 
with electrons and all energy states in the conduction band are empty of electrons. 
The Fermi energy must, therefore, be somewhere between E f and E,..(The Fermi 
energy does not need to correspond to an allowed energy.) 

As the temperature begins to increase above 0 K, the valence electrons will gain 
thermal energy. A few electrons in the valence band may gain sufficient energy to 
jump to the conduction band. As an electron jumps from the valence band to the con- 
duction band, an empty state, or hole, is created in the valence band. In an intrinsic 
semiconductor, then, electrons and holes are created in pairs by the thermal energy so 
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Figure 4.1 I (a) Density of states functions, Fermi-Dirac probability function, and areas representing electron and hole 
concentrations for the case when E f is near the midgap energy; (b) expanded view near the conduction band energy; 
and fc) expanded view near the valence band energy. 


that the number of electrons in the conduction band is equal to the number of holes 
in the valence band. 

Figure 4. la shows a plot of the density of states function in the conduction band 
&•(£), the density of states function in the valence band g v ( E) , and the Fermi-Dirac 
probability function for T > 0 K when Ep is approximately halfway between E c and 
E,. If we assume, for the moment, that the electron and hole effective masses are 
equal , then g c (E ) and g v (E) are symmetrical functions about the midgapenergy (the 
energy midway between E, and E v ). We noted previously that the function /f(E) 
forE > Ep is symmetrical to the function 1 — fr(E) for E < Ep about the energy 
E = Ep. This also means that the function / p(E ) for E — Ep + dE is equal to the 
function 1 — fp(E) for E = Ep - dE. 
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Figure 4.1b is an expanded view of the plot in Figure 4.1a showing ff(E) and 
gc(E) above the conduction band energy E, . The product of g c (E) and ff(E) is the 
distribution of electrons n(E) in the conduction band given by Equation (4.1). This 
product is plotted in Figure 4,1a. Figure 4,1c is an expanded view of the plot in Fig: 
ure 4,1a showing [1 — f F (E)] and g v (E) below the valence band energy E v . Th< 
product of g u (ii) and [1 - /f(E)] is the distribution of holes p(E) in the valenct 
band given by Equation (4.2). This product is also plotted in Figure 4.1a. The area 
under these curves are then the total density of electrons in the conduction band ad 
the total density of holes in the valence band. From this we see that if g c (E) ad 
g^E) are symmetrical, the Fermi energy must be at the midgap energy in order td 
obtain equal electron and hole concentrations. If the effective masses of the electron 
and hole are not exactly equal, then the effective density of states functions g t .(£) 
and g v (E) will not be exactly symmetrical about the midgap energy. The Fermi level 
for the intrinsic semiconductor will then shift slightly from the midgap energy n 
order to obtain equal electron and hole concentrations. 

i 

4.1.2 The no and pa Equations 1 

We have argued that the Fermi energy for an intrinsic semiconductor is near midgap 
In deriving the equations for the thermal-equilibrium concentration of electrons «( 
and the thermal-equilibrium concentration of holes po, we will not be quite sore, 
strictive. We will see later that, in particular situations, the Fermi energy can deviate 
from this midgap euergy. We will assume initially, however, that the Fermi leve 
remains within the bandgap energy. 

The equation for the thermal-equilibrium concentration of electrons may bt 
found by integrating Equation (4.1) over the conduction band energy, or 

«o = j gc(E)f F (E) dE (4.3 


The lower limit of integration is £ t . and the upper limit of integration should be tht 
top of the allowed conduction band energy. However, since the Fermi probabilit) 
function rapidly approaches zero with increasing energy as indicated in Figure 4.1a 
we can take the upper limit of integration to be infinity. 

We are assuming that the Fermi energy is within the forbidden-energy bandgap 
For electrons in the conduction hand, we have E > E,. If (£ t . - E F ) » kT, thei 
(E — Ef)^kT, so that the Fermi probability function reduces to the Boltzmant 
approximation,' which is . 


/f(E) 


1 


+ exp 


(E - E f ) 


exp 


l~(E - E f ) J 


kT 


(4.4 


kT 


'The Maxweil-Boltzmann and Fertni-Dirac distribution functions are within 5 percent of each other 
when E — Ef as 3kT (see Figure 3.33). The 5S> notation is then somewhat misleading to indicate when 
the Boltzmann approximation is valid, although it is commonly used. 


■ 
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Applying the Boltzmann approximation to Equation (4.3), the thermal-equilibrium 
density of electrons in the conduction band is found from 




-I 


* 47r(2m r n ) 3/2 

V 3 


E — E c exp 


-( E-E r ) 
kT 


dE 


(4.5) 


The integral of Equation (4.5) may be solved more easily by making a change of 
variable. If we let 

E-E c 

r 1 = ( 4 - 6 ) 


then Equation (4.5) becomes 
4n(2m*kT) 3/2 


no = 


h 3 


exp 


kT 


-(£■ ~ E f ) 
kT 


roc 

/ t ] 1/2 exp (- 
J 0 


The integral is the gamma function, with a value of 

f x o 1 

/ tj 1/2 exp (— rj) drj ~ 

Jo 2 

Then Equation (4.7) becomes 

~-(E c -E, r) 


rj)di] (4.7) 


(4.8) 


. f 2nm*kT \ i/2 
,i(1 ~ 2 \ h 2 ) eXP 


kT 


We may define a parameter N c as 

N, 




(4.9) 


(4.10) 


so that the thermal-equilibrium electron concentration in the conduction band can be 
written as 


«0 — exp 


~(E C -E F ) 

kT 


( 4 . 11 ) 


The parameter N c is called the effective density of states function in the conduc- 
tkn band. If we were to assume that m* — mo, then the value of the effective density 
of states function at T = 300 K is N c = 2.5 x 10 19 cm -3 , which is the order of 
magnitude of N ( . for most semiconductors. If the effective mass of the electron is 
larger or smaller than mo, then the value of the effective density of states function 
changes accordingly, but is still of the same order of magnitude. 


Objective ) 

Calculate the probability that a state in the conduction band is occupied by an electron and cal- 
culate the thermal equilibrium electron concentration in silicon at T = 100 K. 

Assume the Fermi energy is 0.25 eV below the conduction band. The value of A for sil- 
icon at T = 100 K is W = 2.8 x 10 19 enfo 3 . 


EXAMPLE 4.1 
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■ Solution 

The probability that an energy state at E = E r is occupied by an electron is given by 


or 


fr(E c ) = 


1 + exp 


( £c Ef Z 

V kT 1 


If(E c ) = exp 


V.0.0259 ) 


exp 


- E t -) 

kT 


6.43 x 1CT 5 


The electron concentration is given by 


n 0 - !\ c exp 



= (2.8 x 10 15 ) exp 



or 


n 0 = 1.8 x lO'-'cnr 3 1 

■ Comment 1 

The probability of a state being occupied can be quite small, but the fact that there are a larga 
number of states means that the electron concentration is a reasonable value. 


The thermal-equilibrium concentration of holes in the valence band is found b; 
integrating Equation (4.2) over the valence band energy, or 


We may note that 


Po = fgviE)[l - f F (£)] dE 


1 - ME) 


1 


1 + exp 



(4.12 


(4.13a)" 


For energy states in the valence band, E < E v . If (Ep - E v ) » kT (the Fermi func- 
tion is still assumed to be within the bandgap), then we have a slightly different form 
of the Boltzmann approximation. Equation (4.13a) may be written as 


1 - ME) = 


1 


1 + exp- 


E F - E 
kT 


exp 


r -(£,-£ )] 

kT 


(4.! 3b) ' 


Applying the Boltzmann approximation of Equation (4.13b) to Equation (4.12), we 
find the thermal-equilibrium concentration of holes in the valence band is 


P o 




\ Eli v El CAp 


/t 3 


~{E f — E) 


kT 


dE 


(4.14) 
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where the lower limit of integration is taken as minus infinity instead of the bottom 
of the valence band. The exponential term decays fast enough so that this approxi- 
mation is valid. 

Equation (4. 14) may be solved more easily by again making a change of vari- 
able. If we let 


v' = 


£, - E 
kT 


(4.15) 


then Equation (4.14) becomes 
-An(2m*kT) 3/2 

P« = tj - - eX P 


~(E F 

kT 


f w: 

J+ao 


) ' 2 exp dr}' (4.16) 


where the negative sign comes from the differential dE = —kTdr)'. Note that the 
lower limit of rj' becomes 4-oo when E = — oo. If we change the order of integration, 
we introduce another minus sign. From Equation (4.8). Equation (4.16) becomes 


Pi) ~ 2 


/2nm*kT\ 


3/2 


h 2 


exp 


r -(Ef - £») 

kT 


(4.17) 


We may define a parameter N v as 

N v = 2 


(l 


27rm*kT ^ 


3/2 


(4.18) 


which is called the effective density of states Junction in the valence band . The 
thermal-equilibrium concentration of holes in the valence band may now be written as 


Po = N v exp 


—(Ef — E v ) 

kT 


(4.19) 


Tire magnitude of N v is also on the order of 10 19 cm 3 at T — 300 K for most semi- 
conductors. 


Objective [ 

Calculate the thermal equilibrium hole concentration in silicon at T = 400 K. 

Assume that the Fermi energy is 0.27 eV above the valence hand energy. The value of N v 
for silicon at T = 300 K is /V v = 1.04 x lO'^cm -3 . 


■ Solution 

The parameter values at T = 400 K are found as: 


if \ / 400 \ _ . cr , , n 19 -3 


JV„ = (1.04x 10 > ^5oo ) =L60x10 cm 


/ 400 \ 

kT = (0.0259) ( ~ j = 0.03453 eV 


EXAMPLE 4,2 
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The hole concentration is then 


= JV t , exp 


-(£/■ - £„) 


kT 


= (1.60 x 10 19 ) exp 


/ -0.27 
V 0.03453 


Pn = 6.43 x 10 ls cm 


■ Comment ^ 

The parameter values at any temperature can easily he found hy using the 300 K values and' 
the temperaturedependence. 


The effective density of states functions, N t and N v , are constant for a given- 
semiconductor material at a fixed temperature. Table 4.1 gives the values of the deiil 
sity of states function and of the effective masses for silicon, gallium arsenide, and' 
germanium. Note that the value of N, for gallium arsenide is smaller than the typical 
10 19 cm -3 value. This difference is due to the small electron effective mass in galliumj 
arsenide. 

The thermal equilibrium concentrations of electrons in the conduction band* 
of holes in the valence band are directly related to the effective density of states con- 
stants and to the Fermi energy level. 


liumfl 

,4 

on- 

4 


TEST YOUR UNDERSTANDING 


E4.1 


E4.2 


Calculate the thermal equilibrium electron and hole concentration in silicon at 
T = 300 K for the case when the Fermi energy level is 0.22 eV below the conduction 
hand energy U . The value of is given in Appendix B.4. 

(f-tu° [01 x £F8 = nd e-Uio SI oi x £ L -g = »u 'suy) 

Determine the thermal equilibrium electron and hole concentration in GaAs at 
T = 300 K for the case when the Fermi energy level is 0.30 eV above the valence 
band energy E v . The value of E s is given in Appendix B.4. j 

(f-W3 £( 0l X ££'9 = \--Uio 6ZX0'O = ° M - suv) jfl 


4.1.3 The Intrinsic Carrier Concentration 


For an intrinsic semiconductor, the concentration of electrons in the conduction ba 
is equal to the concentration of holes in the valence band. We may denote n, and pj 


ban^j 


Table 4.1 1 Effectivedensity of states function and effective mass values 



N e (cm 1 ) 

A', (cm" 3 ) 

m*J m « 

m‘ p /m 9 

Silicon 

2.8 x 10 19 

1.04 x 10 19 


0.56 

Gallium arsenide 

4.7 x 10 17 

7.0 x 10 18 


0.48 

Germanium 

1.04 x 10 19 

6.0 x 10 18 

0.55 
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as the electron and hole concentrations, respectively, in the intrinsic semiconductor. 
These parameters are usually referred to as the intrinsic electron concentration and 
intrinsic hole concentration. However, n : — p,, so normally we simply use the para- 
meter n ; as the intrinsic carrier concentration, which refers to either the intrinsic elec- 
tion or hole concentration. 

The Fermi energy level for the intrinsic semiconductor is called the intrinsic 
Fermi energy, or Ef ~ Ep t . If we apply Equations (4.11) and (4.19) to the intrinsic 
semiconductor, then we can write 


«o = = N c ex P 


-(£,- E Fi y 
kT 


(4.20) 


Po - P, = = N v exp 


<E Fi - E v y 
kT 


If we take the product of Equation.; (4.20) and (4.21). we obtain 

r -\e f , - e v ) 


n~ — NcN v cxp 


exp 


kT 


(4.21) 


(4.22) 


n] = N c N r exp 

--{E c -E,r 

kT 

— N, N t , exp 

\~E g ] 

kT \ 


where E g is the bandgap energy. For a given semiconductor material at a constant 
temperature, the value of n, is a constant, and independent of the Fermi energy. 

The intrinsic carrier concentration for silicon at T = 300 K may be calculated 
by using the effective density of states function values from Table 4.1. The value of 
Hi calculated from Equation (4.23)for E g = 1.12 eV is — 6.95 x I0 9 cm -3 . The 
commonly accepted value' of rij for silicon at T = 300 K is approximately 
1.5 x 10 10 cm~ 3 . This discrepancy may arise from several sources. First, the values 
of the effective masses are determined at a low temperature where the cyclotron res- 
onance experiments are performed. Since the effective mass is an experimentally 
determined parameter, and since the effective mass is a measure of how well a parti- 
cle moves in a crystal, this parameter may be a slight function of temperature. Next, 
the density of states function for a semiconductor was obtained by generalizing the 
model of an electron in a three-dimensional infinite potential well. This theoretical 
function may also not agree exactly with experiment. However, the difference be- 
tween the theoretical value and the experimental value of n, is approximately a factor 


’Various references may list slightly different values of the intrinsic silicon concentration at room 
temperature. In general, they are all between I x 10 1 and 1.5 x 10 in cm . This difference is, in most 
carer, not significant. 
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EXAMPLE 4.3 


Table 4.2 | Commonly accepted values of n, 
at T = 300 K 


Silicon 

ii, = 1.5 x 10" 1 cm -3 

Gallium arsenide 

n, — 1.8 x 10 6 cm -3 

Germanium 

n, - 2.4 x 10 13 cm -5 


of 2, which, in many cases, is not significant. Table 4.2 lists the commonly accepted 
values of rij for silicon, gallium arsenide, and germanium at T — 300 K. 

The intrinsic carrier concentration is a very strong function ot temperature. 


Objective 


To calculate the intrinsic carrier concentraiion in gallium arsenide at T = 300 K and at 
T = 450 K. 

The values of N r and N, at 300 K for gallium arsenide are 4.7 x lO’^ cni 1 and 
7.0 x 10 18 cm -3 , respectively. Both >Y, and N, vary as T 3 ' 2 . Assume the bandgap energy of 
gallium arsenide is 1.42eV and does not vary with temperature over this range. The value of 
k T at 450 K is 

kT = (0.0259) ( “ ) = 0.03885 eV 


Solution 

Using Equation (4.23). we findfor T = 300 K. 

nj = (4.7 x 10 17 )(7 .0 x 10 18 ) exp =5.09 x 10 12 


so tliat 


Tif = 2.26 x 10 c cm -3 

At T = 450 K, we find 

n] = (4.7 x 10 17 )(7.0 x 10 18 ) ) exp f— ^ ) = 1.48 x 10 2 ’ 

‘ V3007 y \ 0.03885 / 

so that 

ti; - 3.85 x 10 1U cm -3 


1 


Comment 

We may note from this example that the intrinsic carrier concentration increased by over 4 or- 
ders of magnitude as the temperature increased by 150°C. 


Figure 4.2 is a plot of n, from Equation (4.23) for silicon, gallium arsenide, and 
germanium as a function of temperature. As seen in the figure, the value of n, fa 
these semiconductors may easily vary over several orders of magnitude as the tem- 
perature changes over a reasonable range. 
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Figure 4,2 1 The intrinsic carrier 
concentration of Ce, Si, and GaAs as a 
function of temperature. 

(From Szell 31.) 
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the intrinsic Fermi-level position. Since the electron and hole concentrations are 
equal, setting Equations (4.20) and (4.21) equal to each other, we have 


N c exp 


~(E c -E Fi ) 

kr 


= N v exp 


-(En ~E v y 
kT 


( 4 . 24 ) 


If we take the natural log of both sides of this equation and solve for En, we obtain 

E f , = \{E C + E v ) + l kT In ( ^ (4.25) 

From the delinitions for N c and N, given by Equations (4.10) and (4.18), respec- 
tively, Equation (4.25) may be written as 

1 3 (m’\ 

En = ^ (E c + E v ) + - kT In ^ J (4.26a) 

The first term, \(E L + E v ), is the energy exactly midway between E, and E,. or the 
midgap energy. We can define 


-(£)- + E r ) 


E 


midgap 


so that 



(4.26b) 


If the electron and hole effective masses are equal so that m* = m *, then the intrin- 
sic Fermi level is exactly in the center of the bandgap. If m* > m*. the intrinsic 
Fermi level is slightly above the center, and if w* < m*. it is slightly below the cen- 
ter of the bandgap. The density of states function is directly related to the carrier ef- 
fective mass: thus a larger effective mass means a larger density of states function. 
The intrinsic Fermi level must shift away from the band with the larger density of 
states in order to maintain equal numbers of electrons and holes. 


EXAMPLE 4.4 | Objective ~ 

To calculate the position of the intrinsic Fermi level with respect to the center of the bandgap 
in silicon at T = 300 K. 

The density of states effective carrier masses in silicon are m* - 1.08h?o and 
m* = 0.56mo- 

■ Solution H 

The intrinsic Fermi level with respect to the center of the bandgap is B 


3 (K\ 3 , / 0.56\ 

En ~ £mid gilp = ^ kTln J - — (0.0259) In j 
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or 

E t -, — £ m iu g ap — —0.0128 eV = —12.8 meV 

■ Comment 

The intrinsic Fermi level in silicon is 12.8 meV below the midgap energy. If we compare 
12.8 meV to 560 meV, which is one-half of the bandgap energy of silicon, we can, in many ap- 
plications, simply approximate the intrinsic Fermi level to be in the center of the bandgap. 


TEST YOUR UNDERSTANDING 

E5.6 Determine the position of the intrinsic Fermi level with respect to the center of the 
bandgap in GaAs at T - 300 K. (A^m C8E- S“V) 


4.2 I DOPANT ATOMS AND ENERGY LEVELS 

The intrinsic semiconductor may be an interesting material, but the real power of 
semiconductors is realized by adding small, controlled amounts of specific dopant, or 
impurity, atoms. This doping process, described briefly in Chapter I , can greatly alter 
the electrical characteristics of the semiconductor. The doped semiconductor, called 
an extrinsic material, is the primary reason we can fabricate the various semiconduc- 
tor devices that we will consider in later chapters. 

4,2.1 Qualitative Description 

In Chapter 3, we discussed the covalent bonding of silicon and considered the sim- 
ple two-dimensional representation of the single-crystal silicon lattice as shown in 
Figure 4.3. Now consider adding a group V element, such as phosphorus, as a sub- 
stitutional impurity. The group V element has five valence electrons. Four of these 
will contribute to the covalent bonding with the silicon atoms, leaving the fifth more 
loosely hound to the phosphorus atom. This effect is schematically shown in 
Figure 4.4. We refer to the fifth valence electron as a donor electron. 
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Figure 4.4 I Two-dimsnsional 

Figure 4.3 I Two-dimensional representation of the silicon lattice doped 

representation of the intrinsic silicon lattice. with a phosphorus atom. 




chapter 4 The Semiconductors Equilibrium 


The phosphorus atom without the donor electron is positively charged. At vert' 
low temperatures, the donor electron is bound to the phosphorus atom. However, by 
intuition, it should seem clear that the energy required to elevate the donor electron 
into the conduction band is considerably less than that for the electrons involved in 
the covalent bonding. Figure 4.5 shows the energy-hand diagram that we would ex- 
pect. The energy level, Ej, is the energy state of the donor electron. 

If a small amount of energy, such as thermal energy, is added to the donor elec- 
tron, it can be elevated into the conduction band, leaving behind a positively charged 
phosphorus ion. The electron in the conduction band can now move through the crys- 
tal generating a current, while the positively charged ion is fixed in the crystal. This 
type of impurity atom donates an electron to the conduction band and so is called a 
donor impurity atom. The donor impurity atoms add electrons to the conduction band 
without creating holes in the valence band. The resulting material is referred to as an 
n-type semiconductor {n for the negatively charged electron). 

Now consider adding a group III element, such as boron, as a substitutional im- 
purity to silicon. The group III element has three valence electrons, which are all 
taken up in the covalent bonding. As shown in Figure 4.6a, one covalent bonding po- 
sition appears to he empty. If an electron were to occupy this "empty" position, its 
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Figure 45 I The energy-hand diagram showing (a) the discrete donor energy state 
and (b) the effect of a donor state being ionized. 


\ 



(a) (b) 

Figure 4.6 I Two-dimensional representation of a silicon lattice (a) doped with a boron atom 
and (b) showing the ionization of the boron atom resulting in a hole. 
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Figure 4.7 I The energy-band diagram showing (a) the discrete acceptor energy state 
and (b) the effect of an acceptor state being ionized. 


energy would have to be greater than that of the valence electrons, since the net charge 
state of the boron atom would now be negative. However, the electron occupying this 
"empty" position does not have sufficient energy to he in the conduction band, so its 
energy is far smaller than the conduction-band energy. Figure 4.6b shows how va- 
lence electrons may gain a small amount of thermal energy and move about in the 
crystal. The "empty" position associated with the boron atom becomes occupied, and 
other valence electron positions become vacated. These other vacated electron posi- 
tions can he thought of as holes in the semiconductor material. 

Figure 4.7 shows the expected energy state of the "empty" position and also the 
formation of a hole in the valence hand. The hole can move through the crystal gen- 
erating a current, while the negatively charged boron atom is fixed in the crystal. The 
group III atom accepts an electron from the valence band and so is referred to as an 
acceptor impurity atom. The acceptor atom can generate holes in the valence hand 
without generating electrons in the conduction band. This type of semiconductor ma- 
terial is referred to as a p-type material (p for the positively charged hole). 

The pure single-crystal semiconductor material is called an intrinsic material. 
Adding controlled amounts of dopant atoms, either donors or acceptors, creates a 
material called an extrinsic semiconductor. An extrinsic semiconductor will have ei- 
ther a preponderance of electrons (n type) or a preponderance of holes (p type). 

42.2 Ionization Energy 

W; can calculate the approximate distance of the donor electron from the donor im- 
purity ion, and also the approximate energy required to elevate the donor electron 
into the conduction band. This energy is referred to as the ionization energy. We will 
use the Bohr model of the atom for these calculations. The justification for using this 
model is that the most probable distance of an electron from the nucleus in a hydro- 
gen atom, determined from quantum mechanics, is the same as the Bohr radius. The 
energy levels in the hydrogen atom determined from quantum mechanics are also the 
same as obtained from the Bohr theory. 

In the case of the donor impurity atom, we may visualize the donor electron or- 
biting the donor ion, which is embedded in the semiconductor material. We will need 
to use the permittivity of the semiconductor material in the calculations rather than 
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the permittivity of free space as is used in the case of the hydrogen atom. We will al 
use the effective mass of the electron in the calculations. 

The analysis begins by setting the coulomb force of attraction between the ek 
tron and ion equal to the centripetal force of the orbiting electron. This condition w 
give a steady orbit. We have 


m*v 2 


An er}. 


where v is the magnitude of the velocity and r„ is the radius of the orbit. If we assui 
the angular momentum is also quantized, then we can write ^ 

m*r„v = nfi (4.2 


where n is a positive integer. Solving for v from Equation (4.28), substituting it 
Equation (4.27), and solving for the radius, we obtain ^ 

n 2 fi 2 Ane 


r„ = 


The assumption of the angular momentum being quantized leads to the radius: 
being quantized. 


The Bohr radius is defined as 


Anenfr 

a 0 = V = 0.53 A 


m nc- 


We can normalize the radius of the donor orbital to that of the Bohr radius, which gh 


n 

«o 


n 2 ( 

-=«€r 

>0 V 


m* ) 


where is the relative dielectric constant of the semiconductor material, mo is I 
rest mass of an electron, and m* is the conductivity effective mass of the electron 
the semiconductor. 

If we consider the lowest energy state in which n = 1 , and if we consider silic 
in which e r — 11.7 and the conductivity effective mass is m* jm^ = 0.26. then' 
have that 


— = 45 


a 0 


or r\ —23.9 -This radius corresponds to approximately four lattice constants 
silicon. Recall that one unit cell in silicon effectively contains eight atoms, so the 
dius of the orbiting donor electron encompasses many silicon atoms. The donor elf 
tron is not tightly bound to the donor atom. 

The total energy of the orbiting electron is given by | 

(4.: 


E — T + V 
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where T is the kinetic energy and V is the potential energy of the electron. The kinetic 
energy is 


T = 


1 * 2 
-m v L 


(4.34) 


Using the velocity v from Equation (4.28) and the radius r„ from Equation (4.29), the 
kinetic energy becomes 


* 

The potential energy is 


T = 


m*e A 


2(nhy (An €) 2 


V = 


—e 


-m*e 4 


4ner,, (nh) 2 (A7T€) 2 


(4.35) 


(4.36) 


The total energy is the sum of the kinetic and potential energies, so that 


E ~ T A- V ~ 


2(«fi) 2 (4jre) 2 


(4.37) 


For the hydrogen atom, m* — m o and e = The ionization energy of the hydrogen 
atom in the lowest energy state is then E = - 13.6 eV. If we consider silicon, the ion- 
ization energy is E — —25.8 meV, much less than the bandgap energy of silicon. 
This energy is the approximate ionization energy of the donor atom, or the energy re- 
quired to elevate the donor electron into the conduction band. 

For ordinary donor impurities such as phosphorus or arsenic in silicon or ger- 
manium, this hydrogenic model works quite well and gives some indication of the 
magnitudes of the ionization energies involved. Table 4.3 lists the actual experimen- 
tally measured ionization energies for a few impurities in silicon and germanium. 
Germanium and silicon have different relative dielectric constants and effective 
masses; thus we expect the ionization energies to differ. 


4.2.3 Group III-V Semiconductors 

In the previous sections, we have been discussing the donor and acceptor impurities 
in a group IV semiconductor, such as silicon. The situation in the group III-V 


Table 4.3 t Impurity ionization energies in silicon 
and germanium 


Ionization energy (eV) 


Impurity 

Si 

Ge 

Donors 

Phosphoms 

0.045 

0.012 

Arsenic 

0.05 

0.0127 

Acceptors 

Boron 

0.045 

0.0104 

Aluminum 

0.06 

0.0102 
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Table 4.4 I Impurity ionization energies 
in gallium arsenide 


Impurity 

Ionization energy (eV) 

Donors 

Selenium 

0.0059 

Tellurium 

0.0058 

Silicon 

0.0058 

Germanium 

0.0061 

Acceptors 

Beryllium 

0.028 

Zinc 

0.0307 

Cadmium 

0.0347 

Silicon 

0.0345 

Germanium 

0.0404 


I 


compound semiconductors, such as gallium arsenide, is more complicated. Group 5 
elements, such as beryllium, zinc, and cadmium, can enter the lattice as subsi 
tional impurities, replacing the group III gallium element to become acceptor impu- 
rities. Similarly, group VI elements, such as selenium and tellurium, can enter the 
lattice substitutionally, replacing the group V arsenic element to become donor im- 
purities. The corresponding ionization energies for these impurities are smaller than 
for the impurities in silicon. The ionization energies for the donors in gallium ar- 
senide are also smaller than the ionization energies for the acceptors, because of the 
smaller effective mass of the electron compared to that of the hole. 

Group IV elements, such as silicon and germanium, can also be impurity atoms 
in gallium arsenide. If a silicon atom replaces a gallium atom, the silicon impurity 
will act as a donor, but if the silicon atom replaces an arsenic atom, then the silicon 
impurity will act as an acceptor. The same is true for germanium as an impurity atom 
Such impurities are called amplioreric. Experimentally in gallium arsenide, it is 
found that germanium is predominantly an acceptor and silicon is predominantly a 
donor. Table 4.4 lists the ionization energies for the various impurity atoms in gallium 
arsenide. 

j TEST YOUR UNDERSTANDING ~ ' 

E4.7 Calculate the radius (normalized to a Bohr radius) of a donor electron in its lowest 
energy state in GaAs. (£'£6I SU V) 


4.3 I THE EXTRINSIC SEMICONDUCTOR 1 

We defined an intrinsic semiconductor as a material with no impurity atoms prese 
in the crystal. An extrinsic semiconductor is defined as a semiconductor in whii 
controlled amounts of specific dopant or impurity atoms have been added so that tl 
thermal-equilibrium electron and hole concentrations are different from the intrins 
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canier concentration. One type of carrier will predominate in an extrinsic semicon- 
ductor. 

4.3.1 Equilibrium Distribution of Electrons and Holes 

Adding donor or acceptor impurity atoms to a semiconductor will change the distrib- 
ution of electrons and holes in the material. Since the Fermi energy is related to the 
distributionfunction, the Fermi energy will change as dopant atoms are added. If the 
Fermi energy changes from near the midgap value, the density of electrons in the con- 
duction band and the density of holes in the valence band will change. These effects 
are shown in Figures 4.8 and 4.9. Figure 4.8 shows the case for Ef. > Efj and 
Figure 4.9 shows the case for Ef < Ef,. When Ef > Epj, the electron concentra- 
tion is larger than the hole concentration, and when Ef < Efj , the hole concentration 



Figure 4.81 Density of states functions. Fermi-Dirac 
probability function, and areas representing electron 
and hole concentrations for the case when Ef is above 
the intrinsic Fermi energy. 
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Figure 4.9 I Density of states functions,Fermi-Dirac 
probability function, and areas representing electron and 
hole concentrations for the case when E , is below the 
intrinsic Fermi energy. 

is larger than the electron concentration. When the density of electrons is greater than 
the density of holes, the semiconductor is n type; donor impurity atoms have been 
added. When the density of holes is greater than the density of electrons, the semi- 
conductor is p type; acceptor impurity atoms have been added. The Fermi energy 
level in a semiconductor changes as the electron and hole concentrations change and, 
again, the Fermi energy changes as donor or acceptor impurities are added. The 
change in the Fermi level as a function of impurity concentrations will be considered 
in Section 4.6. j 

The expressions previously derived for the thermal-equilibrium concentrationol 
electrons and holes, given by Equations (4.1 1) and (4.19) are general equations fa 
n o and p$ in terms of the Fermi energy. These equations are again given as j 

— (£<■ — £»T 


n o — N, exp 


kT 
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t 

and ^ 

As We just discussed, the Fermi energy may vary through the bandgap energy, which 
will then change the values of Ho and po. 


Objective ! 

To calculate the thermal equilibrium concentrations of electrons and holes for a given Fermi 
energy. 

Consider silicon at T = 300 K so that N, =2.8 x 10 19 cm - - 1 and N. = 1.04 x 
10 19 cnT 3 . Assume that the Fermi energy is 0.25 eV below the conduction hand. If we assume 
that the bandgap energy of silicon is 1.12 eV, then the Fermi energy will be 0.87 eV above the 
valence band. 

■ Solution 

Using Equation (4.11), we have 

j|| n 0 = (2-8 x I0 19 ) exp ^-- ^59 ) = 18 x 10 ' 5 cm -3 

From Equation (4. 1 9), we can write 

Po = d-04 x 10 ,9 )exp ( = 2.7 x 10 4 cm- 3 

■ Comment 

The change in the Fermi level is actually a function of the donor or acceptor impurity concen- 
trations that are added to the semiconductor. However, this example shows that electron and 
hole concentrations change by orders of magnitude from the intrinsic carrier concentration as 
the Fermi energy changes by a few tenths of an electron-volt. 



In this example, since no > po, the semiconductor is tl type. In an n-type semi- 
conductor, electrons are referred to as the majority carrier and holes as the minority 
carrier. By comparing the relative values of rty and po in the example, it is easy to 
see how this designation came about. Similarly, in a p-type semiconductor where 
po > no, holes are the majority carrier and electrons are the minority carrier. 

We may derive another form of the equations for the thermal-equilibrium con- 
centrations of electrons and holes. If we add and subtract an intrinsic Fermi energy in 
the exponent of Equation (4. 11), we can write 


or 



«0 


— N c - exp - 


-(E t -E Fi ) + (E r - E 


kT 


Ff) j 


no ~ Aj. exp 


(E( -En) 
kT 


exp 


(£ f -£ fl -) ' 

kT 


(4.38a) 


EXAMPLE 4.5 


(4.38b) 
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The intrinsic carrier concentration is given by Equation (4.20) as 


n, = N c exp 


~ -(£, - E n ) 
kT 


so that the thermal-equilibrium electron concentration can be written as 


I 


no = h,- exp 


Ef — E Fi 


kT 


( 4 . 39 ) 


Similarly, if we add and subtract an intrinsic Fermi energy in the exponent of Eqi 
tion (4.19), we will obtain 




Po = exp 


<E f ~ E hl ) 


kT 


( 4 . 40 ) 


As we will see, the Fermi level changes when donors and acceptors are added, 
hut Equations (4.39) and (4.40) show that, as the Fermi level changes from the intrin- 
sic Fermi level, «o and po change from then; value. If Ef > Ef,, then we will have 
> n, and po < n,. One characteristic of an n-type semiconductor is that ; > £ f( 
so that /io > po- Similarly, in a p-type semiconductor, E / < Ept so that po > n, aid 
no < n,;thus po > no. 

We can see the functional dependence of no and po with Ef in Figures 4.8 and 
4.9. As Ef moves above or below Ef\, the overlapping probability function with the 
density of states functions in the conduction band and valence band changes. As Ef. 
moves above E , the probability function in the conduction band increases, while' 
the probability, 1 - //(/(), of an empty state (hole) in the valence band decreases. 
As Ef moves below Epi , the opposite occurs. 


4.3.2 The «o Pa Product 

We may take the product of the general expressions for no and po as given in Equa- 
tions (4.11) and (4.19). respectively. The result is 


nopo — N c N , exp 
which may be written as 


r-(£ t -£/■)' 


■-(£,-£„)' 

kT 

exp 

kT 




, = N C N V exp 

. 

'-V 

kT . 



( 4 . 41 ) 


( 4 . 42 ) 


As Equation (4.42) was derived for a general value of Fermi energy, the values 
of n o and po are not necessarily equal. However, Equation (4.42) is exactly the same 
as Equation (4.23), which we derived for the case of an intrinsic semiconductor. We 
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then have that, for the semiconductor in thermal equilibrium. 


= n] 


(4.43) 


Equation (4.43) states that the product of «o and po is always a constant for a 
given semiconductor material at a given temperature. Although this equation seems 
very simple, it is one of the fundamental principles of semiconductors in thermal 
equilibrium. The significance of this relation will become more apparent in the chap- 
ters that follow. It is important to keep in mind that Equation (4.43) was derived 
using the Boltrmann approximation. If the Boltzmann approximation is not valid, 
then likewise. Equation (4.43) is not valid. 

An extrinsic semiconductor in thermal equilibrium does not, strictly speaking, 
contain an intrinsic carrier concentration, although some thermally generated carri- 
ers are present. The intrinsic electron and hole carrier concentrations are modified by 
the donor or acceptor impurities. However, we may think of the intrinsic concentra- 
tion ft,- in Equation (4.41) simply as a parameter of the semiconductor material. 


*4.33 The Fermi-Dirac Integral 

In the derivation of the Equations (4.1 1 ) and (4.19) for the thermal equilibrium elec- 
tron and hole concentrations, we assumed that the Boltzmann approximation was 
valid. If the Boltrmann approximation does not hold, the thermal equilibrium elec- 
tron concentration is written from Equation (4.3) as 


4?r *sV2 

«o = 


j; 


( E - E c )' /2 dE 
l+exp( £_£f 


kT 


ff we again make a change of variable and let 

E - E c 


T) ~ 


kT 


and also define 


Vf - 


E f - E c 
kT 


then we can rewrite Equation (4.44) as 


«o 


= A J 2 <tL\ P ri ' ,2d>1 

V h 2 ) Jo 1 + exp - 


r)F) 


The integral is defined as 


El/2(*)F ) 


-L 


*> >jl/2 


l) > L dr) 


1 + exp (r} - rj r ) 


(4.44) 


(4.45a) 


(4.45b) 


(4.46) 


(4.47) 




CHAPTER 4 The Semiconductor in Equilibrium 


EXAMPLE 4.6 



(E f - E,)/kT = rjf. 


Figure 4.10 I The Fermi-Dirac integral F t /2 as a function 
of the Fermi energy. 

I From Sze / !3j ,) 

This function, called the Fermi- Dirac integral, is a tabulated function of the variabl 
r/f. . Figure 4.10 is a plot of the Fermi-Dirac integral. Note that if rjf > 0. the 
Ef > £(,; thus the Fermi energy is actually in the conduction band. 

j Objective 

To calculate the electron concentration using the Fermi-Dirac integral. , 

Let rjf = 2 so that the Fermi energy is above the conduction hand by approximatel 
52 meV at T = 300 K. 

■ Solution 

Equation (4.46)can he written as 

”() = —7=N f F\I2(i)f) 

7T 

For silicon at 300 K, F. = 2.8 x 10 19 cm 1 and. from Figure 4.10, the Fermi-Dirac integc 
has a value of £ 1 / 2 ( 2 ) = 2.3. Then 

n () = -t=( 2.8 x 10 l9 )(2.3) = 7.27 x 10 19 cm' 5 

Vrr ^ 



i 
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■ Comment 

Ncte that if we had used Equation (4.1 1). the thermal equilibrium value of would be n a = 
2.08 x 10 20 cm -3 , which is incorrect since the Boltzmann approximation is not valid for this 
case. 


W; may use the same general method to calculate the thermal equilibrium con 
centration of holes. We obtain 


where 



P o ~ 4?r 


/2m^£y /2 



(n’) x,2 d n ' 
1 4- exp ( t }' — 


/ 

T] - 


E v - E 
' kT 


(4.48) 


(4,49a) 


v'f 



(4.49b) 


The integral in Equation (4.48) is the same Fermi-Dirac integral defined hy Equa- 
tion (4.47), although the variables have slightly different definitions. We may note 
that if i)' F > 0, then the Fermi level is in the valence hand. 


” TEST YOUR UNDERSTANDING [ 

E4.8 Calculate the thermal equilibrium electron concentration in silicon for the case when 
E F = E, andr= 300 K. ( c _uio 6I oi *6l' su V) 


4.3.4 Degenerate and Nondegenerate Semiconductors 

In our discussion of adding dopant atoms to a semiconductor, we have implicitly as- 
sumed that the concentration of dopant atoms added is small when compared to the 
density of host or semiconductor atoms. The small number of impurity atoms are 
spread far enough apart so that there is no interaction between donor electrons, for 
example, in an n-type material. We have assumed that the impurities introduce dis- 
crete, noninteracting donor energy states in the n-type semiconductor and discrete, 
noninteracting acceptor states in the p-type semiconductor. These types of semicon- 
ductors are referred to as nondegenerate semiconductors. 

If the impurity concentration increases, the distance between the impurity atoms 
decreases and a point will he reached when donor electrons, for example, will begin 
to interact with each other When this occurs, the single discrete donor energy will 
split into a band of energies. As the donor concentration further increases, the band 
of donor states widens and may overlap the bottom of the conduction band. This 
overlap occurs when the donor concentration becomes comparable with the effective 
density of states. When the concentration of electrons in the conduction band exceeds 
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(a) (b) 1 

Figure 4,11 I Simplifiedenergy-band diagrams for degenerately doped (a) n-type and 
(b) p-type semiconductors. 

the density of states N t , the Fermi energy lies within the conduction band. Thistyp 
of semiconductor is called a degenerate n-type semiconductor. 

In a similar way, as the acceptor doping concentration increases in a p-typ 
semiconductor, the discrete acceptor energy states will split into a band of energie 
and may overlap the top of the valence band. The Fermi energy will lie in the valeno 
band when the concentration of holes exceeds the density of states N,..This type a 
semiconductor is called a degenerate p-type semiconductor. 

Schematic models of the energy-band diagrams for a degenerate n-type and de 
generate p-type semiconductor are shown in Figure 4.1 1 . The energy states below E, 


are mostly filled with electrons and the energy states above E p are mostly empty. I 
the degenerate n-type semiconductor, the states between E p and E c are mostly filte 
with electrons; thus, the electron concentration in the conduction band is very Iargi 
Similarly, in the degenerate p-type semiconductor, the energy states between E, an 
Ep are mostly empty; thus, the hole concentration in the valence band is very largi 


4.4 I STATISTICS OF DONORS AND ACCEPTORS I 

In the last chapter, we discussed the Fermi-Dirac distribution function, which gi e] 
the probability that a particular energy state will be occupied by an electron. We neea 
to reconsider this function and apply the probability statistics to the donor and ac- 
ceptor energy states. 


4.4.1 Probability Function 

One postulate used in the derivation of the Fermi-Dirac probability function was the 
Pauli exclusion principle, which states that only one particle is permitted in eaa 
quantum state. The Pauli exclusion principle also applies to the donor and accqpw 
states. * 


Suppose we have A'i electrons and g, quantum states, where the subscript i indi- 
cates the ith energy level. There are gj ways of choosing where to put the first pani- 
cle. Each donor level has two possible spin orientations for the donor electron; th 
each donor level has two quantum states. The insertion of an electron into one qu 
turn state, however, precludes putting an electron into the second quantum state. 
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adding one electron, the vacancy requirement of the atom is satisfied, and the addi- 
tion of a second electron in the donor level is not possible. The distribution function 
of donor electrons in the donor energy states is then slightly different than the 
Fermi-Dirac function. 

The probability function of electrons occupying the donor state is 




A h 


1 

1 + -exp 



(4.50) 


where n d is the density of electrons occupying the donor level and Ej is the energy 
of the donor level. The factor \ in this equation is a direct result of the spin factorjust 
mentioned. The 5 factor is sometimes written as 1 /g, where g is called a degeneracy 
factor. 

Equation (4.50) can also be written in the form 

n d = N d -N+ (4.51) 

where is the concentration of ionized donors. In many applications, we will be 
interested more in the concentration of ionized donors than in the concentration of 
electrons remaining in the donor states. 

If we do the same type of analysis for acceptor atoms, we obtain the expression 


Pa = 


1 


N„ 


1 

+ - exp 
8 



= N a ~ N~ 


(4.52) 


where N a is the concentration of acceptor atoms. E a is the acceptor energy level, p , 
is the concentration of holes in the acceptor states, and N~ is the concentration of 
ionized acceptors. A hole in an acceptor state corresponds to an acceptor atom that is 
neutrally charged and still has an "empty" bonding position as we discussed in Sec- 
tion 4.2. 1 . The parameter g is, again, a degeneracy factor. The ground state degener- 
acy factory is normally taken as four for the acceptor level in silicon and gallium 
arsenide because of the detailed band structure. 


4.4.2 Complete Ionization and Freeze-Out 


The probability function for electrons in the donor energy state was just given by 
Equation (4.50). If we assume that (E d — Ef) i$> kT, then 



n d 


Nd 


exp - 


/ Ed — Ep 


— 2 N ( i exp 


~{E d - E f ) 


kT 


kT 


( 4 . 53 ) 


If {Ed - Ef. ) » kT, then the Boltzmann approximation is also valid for the elec- 
trons in the conduction band so that, from Equation (4.11), 


-(E c -E f )1 


n 0 — N ( exp 


kT 
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EXAMPLE 4.7 


We can determine the relative number of electrons in the donor state compa 
with the total number of electrons; therefore we can consider the ratio of electrons 
the donor state to the total number of electrons in the conduction band plus dot 
state. Using the expressions of Equations (4.53) and (4.1 1), we write 




n d + «0 


2N d exp 

r-(E d - E f )1 

L ^ J 


2N d exp 

' -(Ej - Eh)' 

+ N r exp 

'-(E r -E F y 

kT 

kT 


(4,1 


The Fermi energy cancels out of this expression. Dividing by the numerator term,' 
obtain 


n d 


n<i+n 0 , , K 

1 + ttt ex P 

2 N d 


-(E c - Ej) 
kT 


(4.5 


The factor (£ { — E d ) is just the ionization energy of the donor electrons. 


i Objective 

To determine the fraction of total electmns still in the donor states at T - 300 K. 

Consider phosphorus doping in silicon, for T = 300 K, at a concentration of N# 
10 16 era -3 . 

8 Solution 

Using Equation (4.55), we find 


n<j 

/*0 + 


1 

” XsTur /-0.045T 
+ 2(I0 16 ) exp \ 0.0259 j 


= 0.0041 =0.41% 


■ Comment 

This example shows that there are very few electmns in the donor state compared with th 
conduction band. Essentially all of the electrons from the donor states are in the conductio 
band and. since only about 0.4 percent of the donor states contain electrons, the donor state 
are said to be completely ionized. 


At room temperature, then, the donor states are essentially completely ionize< 
and, fora typical doping of 10 16 cm" ! , almost all donor impurity atoms have donate 
an electron to the conduction band. 

At room temperature, there is also essentially complete ionization of the accep 
tor atoms. This means that each acceptor atom has accepted an electron from the va- 
lence band so that p a is zero. At typical acceptor doping concentrations, a hole is cre- 
ated in the valence hand for each acceptor atom. This ionization effect and the 
creation of electrons and holes in the conduction band and valence band, respec- 
tively, are shown in Figure 4.12. 
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Figure 4.12 I Energy-hand diagrams showing complete ionization of (a ) donor states 
and (b) acceptor states. 
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Figure 4.13 I Energy-band diagram at T = 0 K. for (a) n-type and (b) p-type 
semiconductors. 


The opposite of complete ionization occurs at T — 0 K . At absolute zero de- 
grees, all electrons are in their lowest possible energy state; that is, for an n-type 
semiconductor, each donor state must contain an electron, therefore nj — Nj or 
Nj = 0. We must have, then, from Equation (4.50)that exp [(£d — E h -)/kT] — 0. 
Since T = 0 K, this will occur for exp (— oo) = 0, which means that Ef > l:j . The 
Fermi energy level must he above the donor energy level at absolute zero. In the case 
of a p-type semiconductor at absolute zero temperature, the impurity atoms will not 
contain any electrons, so that the Fermi energy level must be below the acceptor en- 
ergy state. The distribution of electrons among the various energy states, and hence 
the Fermi energy, is a function of temperature. 

Adetailed analysis, not given in this text, shows that at T — OK, the Fermi en- 
ergy is halfway between E. and Ej for the n-type material and halfway between E a 
and E„ for the p-type material. Figure 4.13 shows these effects. No electrons from 
the donor state are thermally elevated into the conduction band; this effect is called 
freeze-our. Similarly, when no electrons from the valance band are elevated into the 
acceptor states, the effect is also called freeze-out. 
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Between T — 0 K. freeze-out, and T = 300 K, complete ionization, we hav< 
partial ionization of donor or acceptor atoms. 


EXAMPLE 4.8 | Objective ] 

To determine the temperature at which 90 percent of acceptor atoms are ionized. I 

Consider p-type silicon doped with boron at a concentration of N„ - 10"' citt 3 . | 

I Solution 

Find the ratio of holes in the acceptor state to the total number of holes in the valence band pi 
acceptor state. Taking into account the Boltzmann approximation and assuming the degener 
acy factor is g — 4, we write _ 


Pa 


Pa + Pa 


For 90 percent ionization. 


Pa 
Pa + Pa 


= 0.10 = 


. N v 

1 exp i 

4 N a F | 

^ 1 

to 


i 


(1.04 x 10 19 ) 


1 4 - 




4( 10 16 ) 


■ exp 


-0.045 


. 0 025, (so) 


Using trial and error, wc find that T = 193 K. 

I Comment 

This example shows that at approximately 100 C below room temperature, we still hav^ 
Y0 percent of the acceptor atoms ionized; in other words. 90 percent of the acceptor aton 
have "donated" a hole to the valence band. 


TEST YOUR UNDERSTANDING 



E4.9 Determine the fraction of total holes still in the acceptor states in silicon at T = 

300 Kfor a boron impurity concentration of N u — 10 17 cm -3 . (6Z.T0 ' SU V) 

E4.10 Consider silicon with a phosphorus impurity concentration of Nj = 5 x 10 13 cm -3 . 
Plot the percent of ionized impurity atoms versus temperature over the range 
100 < T < 400 K. 


4.5 I CHARGE NEUTRALITY 


i 


In thermal equilibrium, the semiconductor crystal is electrically neutral. The el' 
trons are distributed among the various energy states, creating negative and positive 
charges, but the net charge density is zero. This charge-neutrality condition is used tq 
determine the thermal-equilibrium electron and hole concentrations as a function ol 
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the impurity doping concentration. We will define a compensated semiconductor and 
then determine the electron and hole concentrations as a function of the donor and 
acceptor concentrations. 

4.5.1 compensated Semiconductors 

ft compensated semiconductor is one that contains both donor and acceptor impurity 
atoms in the same region. A compensated semiconductor can he formed, for exam- 
ple, by diffusing acceptor impurities into an n-type material, or by diffusing donor 
impurities into a p-type material. An n-type compensated semiconductor occurs 
when Nj > N a , and a p-type compensated semiconductor occurs when N a > Nj. 
f N a = Nd, we have a completely compensated semiconductor that has. as we will 
show, the characteristics of an intrinsic material. Compensated semiconductors are 
created quite naturally during device fabrication as we will see later. 

4.5.2 Equilibrium Electron and Hole Concentrations 

Figure 4.14 shows the energy-hand diagram of a semiconductor when both donor 
and acceptor impurity atoms are added to the same region to form a compensated 
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Figure 4.14 I Energy-band diagram of a campenrated 
semiconductor showing ionized and un-ionized donors 
and acceptors. 
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semiconductor. The figure shows how the electrons and holes can be distributed 
among the various states. 

The charge neutrality condition is expressed by equating the density of negative 
charges to the density of positive charges. We then have 

n 0 + N~ = Po + (4.5f 

or ; 

Ho + (N a - p a ) = Pn + (Nti - n d ) (4.57 

where no and po are the thermal-equilibrium concentrations of electrons and holes^ 
the conduction band and valence band, respectively. The parameter nj is the conce. 
tration of electrons in the donor energy states, so Nf — Nd - is the concentrati 
of positively charged donor states. Similarly, p , is the concentration of holes in t| 
acceptor states, so N~ = N„ - p, is the concentration of negatively charged accep- 
tor states. We have expressions for «o- Po- n d ■ an( i Pa i 11 terms of the Fermi energy 
and temperature. 

If we assume complete ionization, n,t and p a are both zero, and Equation (4.57) 
becomes i 

ho + N a = ptj + N d (4.58) 

If we express po as h ; 2 /«u, then Equation (4.58) can be written as 

nj 

ho + N a = + N d (4.59a) 

HO 

which in turn can be written as 

Hq ~(Nd — N a )n 0 -nj = 0 (4.59b) 

The electron concentration no can be determined using the quadratic formula, or 


(Nd-N a ) , / 



ho - 2 + y 

V 2 ) + ' 


The positive sign in the quadratic formula must be used, since, in the limit of an in- 
trinsic semiconductor when N u = Nj = 0. the electron concentration must he a pos- 
itive quantity, or no = n, . 

Equation (4.60) is used to calculate the electron concentration in an n-type semi- 
conductor, or when N d > N a . Although Equation (4.60) was derived for a compen- 
sated semiconductor, the equation is also valid for N„ — 0. 

EXAMPLE 4.9 | Objective — — ________ ___ “ 

To determine the thermal equilibrium electron and hole concentrations fur a given doping 
concentration. 

Consider an n-type silicon semiconductor at T = 300 K in which N d — 10 lf ’ cm * and 
N a = 0. The intrinsic carrier concentration is assumed to be = 1.5 x 10 10 cnr 1 
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■ Solution 

From Equation (4.60), the majority carrier electron concentration is 

no = -y- + + (1.5 x 10">) 2 = 10 16 cm" 3 

The minority carrier hole concentration is found as 



(1.5 x 10 10 ) 2 
1 x 10 [f > 


= 2.25 x 10 4 cm’ 3 


■ Comment 

h this example. Nj » n, . so that the thermal-equilibrium majority carrier electron concen- 
tration is essentially equal to the donor impurity concentration. The thermal-equilibrium ma- 
jority and minority carrier concentrations can differ by many orders of magnitude. 


We have argued in our discussion and we may note from the results of Exam- 
ple4.9 that the concentration of electrons in the conduction band increases above the 
intrinsic carrier concentration as we add donor impurity atoms. At the same time, the 
minority carrier hole concentration decreases below the intrinsic carrier concentra- 
tion as we add donor atoms. We must keep in mind that as we add donor impurity 
atoms and the corresponding donor electrons, there is a redistribution of electrons 
among available energy states. Figure 4.15 shows a schematic of this physical redis- 
tribution. A few of the donor electrons will fall into the empty states in the valence 


Intrinsic 

electrons 



Figure 4.15 [ Energy-band diagram showing the 
redistribution of electrons when donors are added. 
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EXAMPLE 4.10 




band and, in doing so, will annihilate some of the intrinsic holes. The minority car- 
rier hole concentration will therefore decrease as we have seen in Example 4.9. At 
the same time, because of this redistribution, the net electron concentration in ihe 
conduction band is not simply equal to the donor concentration plus the intrin^jg 
electron concentration. 


Objective 


To calculate the thermal-equilibriumelectron and hole concentrations in a germanium samp 
for a given doping density. 

Consider a germanium sample at T = 300 Kin which N d = 5 x 10 13 cur ’ and N a - 
Assume that n, - 2.4 x 1 0 1 3 cm -1 '. 

■ Solution 

Again, from Equation (4.60). the majority carrier electron concentration is 


5 x 10 13 

n o — ; E 


[77Z io'-v 


« r 


The minority carrier hole concentration is 



(2.4 x 10 13 ) 2 
1.97 x 10 13 


= 9.65 x I0 12 cm -3 


Comment 

If the donor impurity concentration is not too different in magnitude from the intrinsic carrier 
concentratiun. then the thermal-equilibrium majority carrier electron concentration is influ- 
enced by the intrinsic concentration. 


We have seen that the intrinsic carrier concentration is a very strong function 
of temperature. As the temperature increases, additional electron-hole pairs are ther- 
mally generated so that the nj term in Equation (4.60) may begin to dominate. The 
semiconductor will eventually lose its extrinsic characteristics. Figure 4.16 shows 
the electron concentration versus temperature in silicon doped with 5 x 10 14 donors 
per cm 3 . As the temperature increases, we can see where the intrinsic concentration 
begins to dominate. Also shown is the partial ionization, or the onset of freeze-out, at 
the low temperature. 

If we reconsider Equation (4.58) and express n o as nj/pu, then we have 

n? 

— + N a = p 0 + N d (4.61a 

Pa ; 

which we can write as 


Pa ~ (N a - Nj)p 0 - nj = 0 


(4.611 


4.5 Charge Neutrality 



Figure 4. 16 I Electron concentration versus temperature 
showing the three regions: partial ionization, extrinsic, and 
intrinsic. 


I 

Using the quadratic formula, the hole concentration is given by 



(4.62) 


where the positive sign, again, must he used. Equation (4.62) is used to calculate the 
thermal-equilibrium majority carrier hole concentration in a p-type semiconductor, 
or when N a > Nj. This equation also applies for N 4 ~ 0. 


Obj ective 

To calculate the thermal-equilibrium electron and hole concentrations in a compensated p-type 
semiconductor. 

Consider a silicon semiconductor at T = 300 K in which N„ = 10 16 cm -3 and Nj — 
3x 10 13 cm -'.Assume?!, = 1.5 x 10 10 cm -3 . 

■ Solution 

Since N a > N d , the compensated semiconductor is p-type and the thermal-equilibrium ma- 
jority carrier hole concentration is given by Equation (4.62) as 


10 lf> - 3 x 10 15 

Po = t + 


{( 


l() 16 - 3 x 10 1: 


+ (1.5 x 10 10 ) 2 


so that 


EXAMPLE 4.11 


Po 7 x 10 13 cm 3 
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DESIGN 
EXAMPLE 4.12 



The minority carrier electron concentration is 

(1.5 x 10 m ) 2 


I 


«o = — = 


Po 


7 x 10 15 


==3 21 x 10 4 cm~ 3 


I 


■ Comment 

If we assume complete ionization and if (N a - Nj ) S> n„ then the majority carrier hole con 
centration is, to a very good approximation, just the difference between the acceptor and donq 


concentrations. 




We may note that, for a compensated p-type semiconductor, the minority cami 
electron concentration is determined from 


no = — = 


Po (N a - N d ) 


| Objective 


To determine the required impurity doping concentration in a semiconductor material. 

A silicon device with n-type material is to be operated at T = 550 K. At this temperaturej 
the intrinsic carrier concentration must contribute no more than 5 percent of the total electro! 
concentration. Determine the minimum donor concentration required to meet this specification 


■ Solution 

At T = 550 K, the intrinsic carrier concentration is found from Equation (4.23) as 


N C N V exp 



= (2.8 x 1 0 19 )( 1 .04 x i0 19 ) 



or 

n] = 1.02 x 10 29 

so that 

n i ~ 3.20 x 10 u cm' 3 

For the intrinsic carrier concentration to contribute no more than 5 percent of the total electro! 
concentration, we set no = 1.05 N d . 

From Equation (4.60), we have 
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which yields 


N,i - 1.39 x !0 15 cm-’ 


■ Comment 

If tbe temperature remains less than T = 550 K, then the intrinsic carrier concentration will 
contribute less than 5 percent of the total electron concentration for this donor impurity 
concentration. 


Equations (4.60) and (4.62) are used to calculate the majority carrier electron 
concentration in an n-type semiconductor and majority carrier hole concentration in 
a p-type semiconductor, respectively. The minority carrier hole concentration in an 
n-type semiconductor could, theoretically, be calculated from Equation (4.62). How- 
ever, we would be subtracting two numbers on the order of 10 16 cm -3 , for example, 
to obtain a number on the order of 1 0 4 cm -3 , which from a practical point of view is 
not possible. The minority carrier concentrations are calculated from no pa = nf once 
the majority carrier concentration has been determined. 


P TEST YOUR UNDERSTANDING 

E4.U Consider a compensated GaAs semiconductor at T = 300 K doped at Nj = 

5 x (O' 5 cm - ’ and N„ = 2 x I0 16 cm—’. Calculate the thermal equilibrium electron 
and hole concentrations. ( u.ir> r _oi x 91 'Z = °u • ( uin 9| qj x sq = <Jf/ 'suy) 

E4.12 Silicon is doped at N d = 1 0 15 cm' 3 and N a - 0. (n ) Plot the concentration of 

electrons versus temperature over the range 300 <I< 600 K. (b) Calculate the 
temperature at which the electron concentration is equal to 1 , 1 x 10 15 cm— 3 . 
OrZSSw 1 SU V) 



4.6 I POSITION OF FERMI ENERGY LEVEL 

We discussed qualitatively in Section 4.3.1 how the electron and hole concentrations 
change as the Fermi energy level moves through the bandgap energy. Then, in Sec- 
tion 4.5, we calculated the electron and hole concentrations as a function of donor 
and acceptor impurity concentrations. We can now determine the position of the 
Fermi energy level as a function of the doping concentrations and as a function of 
temperature. The relevance of the Fermi energy level will be further discussed after 
the mathematical derivations. 

4.6.1 Mathematical Derivation 

The position of the Fermi energy level within the bandgap can be determined by 
using the equations already developed for the thermal-equilibrium electron and hole 
concentrations. If we assume the Boltzmann approximation to be valid, then from 
Equation (4.11) we have /to = V exp [—(£ c ~ Ef)/kT], We can solve for E ( . - £> 





140 


CHAPTER 4 The Semiconductor in Equilibrium 


DESIGN 
EXAMPLE 4.13 



from this equation and obtain 


E c — Ep — kT In 



(4.6 


where iiq is given by Equation (4.60). If we consider an n-type semiconductor A 
which Nrf ^ rti, then Hu ~ A’’./, so that 

E c -E h =kT\n^^J (4.64) 

The distance between the bottom of the conduction band and the Fermi energy 
is a logarithmic function of the donor concentration. As the donor concentration in- 
creases, the Fermi level moves closer to the conduction band. Conversely, if the 
Fermi level moves closer to the conduction band, then the electron concentration in 
the conduction band is increasing. We may note that if we have a compensated semi- 
conductor. then the Nj term in Equation (4.64) is simply replaced by N d — N a , or the 
net effective donor concentration. 


I Objective 

To determine the required donor impurity concentration to ohtain a specified Fermi energy 
Silicon at T = 300 K contains an acceptor impurity concentration of N a — 10 16 cm '. 
Determine the concentration of donor impurity atoms that must be added so that the silicon is 
n type and the Fermi energy is 0.20 eV below the conduction band edge. 

■ Solution J 

From Equation (4.64). we have 3|j 

which can be rewritten as J J 


Then 


or 


Nj — N, = N t exp 


(E,-E t y 

kT 


N/t - N, = 2.8 x 10 19 exp 


- 0.20 
L 0.0259 J 


= 1.24 x 10 lh cm" 1 


N d = 1.24 x 10 16 + N a = 2.24 x lO 1 " cm -3 


■ Comment 

A compensated semiconductor can be fabricated to provide a specific Fermi energy level. 




4 . 6 Position of Fermi Energy Level 


We may develop a slightly different expression for the position of the Fermi 
level. We had from Equation (4.39) that = n, exp[(£> — E Fj )/kT], We can 
solve for Ep - Ef t as 



(4.65) 


Equation (4.65) can be used specifically for an n-type semiconductor, where n o is 
given by Equation (4.60), to find the difference between the Fermi level and the in- 
trinsic Fermi level as a function of the donor concentration. We may note that, if the 
net effective donor concentration is zero, that is, N d — N a ~ 0, then hq = n, and 
Ef = Efi- A completely compensated semiconductor has the characteristics of an 
intrinsic material in terms of carrier concentration and Fenni level position. 

We can derive the same types of equations for a p-type semiconductor. From 
Equation (4.19), we have po - N v exp [— (£> - E v )jkT], so that 



(4.66) 


If we assume that N a » n,, then Equation (4.66) can be written as 

ijt'. E f -E v =kT In [ ^ (4.67) 

The distance between the Fermi level and the top of the valence-band energy for 
a p-type semiconductor is a logarithmic function of the acceptor concentration: as the 
acceptor concentration increases, the Fermi level moves closer to the valence band. 
Equation (4.67) still assumes that the Boltzmann approximation is valid. Again, if we 
have a compensated p-type semiconductor, then the N a term in Equation (4.67) is re- 
placed by N a - Nj, or the net effective acceptor concentration. 

We can also derive an expression for the relationship between the Fermi level 
and the intrinsic Fermi level in terms of the hole concentration. We have from Equa- 
tion (4.40) that po = n, exp [—(E F — E Fl )/kT], which yields 



Equation (4.68) can be used to find the difference between the intrinsic Fermi level 
and the Fermi energy in terms of the acceptor concentration. The hole concentration 
Pa in Equation (4.68) is given by Equation (4.62). 

We may again note from Equation (4.65) that, for an n-type semiconductor, 
> n j and Ef > E F j. The Fermi level for an n-type semiconductor is above E Fl . 
Fct a p-type semiconductor, po > n, , and from Equation (4.68) we see that 





142 


chapter 4 The Semiconductor in Equilibrium 


w 


- 

- 

- Eh 



(a) 



Figure 4.17 I Position of Fermi level for an (a) n-type (N„ > N„) and (b) p-type 
(Nj > NJ semiconductor. 


Er, > Ep. The Fenni level for a p-type semiconductor is below /.’/ ,■ - These result 
are shown in Figure 4.17. 

4.6.2 Variation of Ep with Doping Concentration 
and Temperature 

We may plot the position of the Fermi energy level as a function of the doping con 
centration. Figure 4.18 shows the Fermi energy level as a function of donor concen 
tration (n type) and as a function of acceptor concentration (p type) for silicon a 
T = 300 K. As the doping levels increase, the Fermi energy level moves closer to thl 
conduction band for the n-type material and closer to the valence band for the p-typ 
material. Keep in mind that the equations for the Fermi energy level that we havede 
rived assume that the Boltzmann approximation is valid. 


N d ( cm 3 ) 

10 12 10 J3 10 14 10 15 I0 16 I0 17 10 IS 



Figure 4.18 I Position of Fermi level as a function of donor 
concentration (n type) and acceptor concentration (p type). 
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~ " " ~ Objective [ 

To determine the Fermi-level position and the maximum doping at which the Boltzmann 
approximation is still valid. 

Consider p-type silicon, at T = 300 K, doped with boron. We may assume that the limit 
of the Boltzmann approximation occurs when Ef ~ E a ~ 3kT. (See Section 4. 1 .2.) 

■ Solution 

Firm Table 4.3, we find the ionization energy is E a - E v = 0.045 eV for boron in silicon. If 
we assume that £/., ~ £ mi(i g ap , then from Equation (4.68), the position of the Fermi level at 
the maximum doping is given by 

E„ ( N a \ 

E fi ~ E f = -j- - (E„ - E,) - (Ef - E„) = kT In (-M 


0.56 - 0.045 - 3(0.0259) = 0.437 = (0.0259) In j — 


W: can then solve for the doping as 


N„ =ni exp 



= 3.2 x 10 i7 c m ' 


■ Comment 

If the acceptor (or donor) concentration in silicon is greater than approximately 3 x 1 0 1 7 cm - 3 , 
then the Boltzmann approximation of the distribution function becomes less valid and the 
equations for the Fermi-level position are no longer quite as accurate. 


TEST YOUR UNDERSTANDING [ 

E4.13 Determine the position of the Fermi level with respect to the valence band energy in 
p type GaAs at T = 300 K. The doping concentrations are N a = 5 x 10 16 cm' 3 and 
N( = 4x 10 15 cm" 5 . (A 3 0£F0 = a 3 — ' 3 ‘suy) 

E4.14 Calculate the position of the Fermi energy level in n-type silicon at T = 300 K with 
respect to the intrinsic Fermi energy level. The doping concentrations are N d = 2 x 
10 17 cm' 3 and x 10 16 cm' 3 . (A^ltT'O^ ' J 3 - d 3 ' SU V> 


The intrinsic carrier concentration ti, . in Equations (4.65) and (4.68), is a strong 
function of temperature, so that Ef is a function of temperature also. Figure 4.19 
shows the variation of the Fermi energy level in silicon with temperature for several 
donor and acceptor concentrations. As the temperature increases, n , increases, and 
Ef moves closer to the intrinsic Fermi level. At high temperature, the semiconduc- 
tor material begins to lose its extrinsic characteristics and begins to behave more like 
an intrinsic semiconductor. At the very low temperature, freeze-out occurs; the 
Boltzmann approximation is no longer valid and the equations we derived for the 


EXAMPLE 4.14 
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Figure 4.19 I Position of Fermi level as a function of 
temperature for various doping concentrations. 

(FmmSif'f/Ty.J 


I 


I 


Fermi-level position no longer apply. At the low temperature where freeze-out oc- 
curs, the Fermi level goes above E j for the n-type material and below E , for the 
p-type material. At absolute zero degrees, all energy states below E/ . are full and all 
energy states above E/. are empty. ^ 

4.6.3 Relevance of the Fermi Energy 

We have been calculating the position of the Fermi energy level as a function of dop 
ing concentrations and temperature. This analysis may seem somewhat arbitrary and 
fictitious. However, these relations do become significant later in our discussion of 
pn junctions and the other semiconductor devices we consider. An important point is 
that, in thermal equilibrium, the Fermi energy level is a constant throughout a sys- 
tem. We will not prove this statement, but we can intuitively see its validity by con- 
sidering the following example. 

Suppose we have a particular material. A, whose electrons are distributed in tie 
energy states of an allowed band as shown in Figure 4.20a. Most of the energy states 
below Ef A contain electrons and most of the energy states above E[? A are empty cf 
electrons. Consider another material, B, whose electrons are distributed in the enjl 
ergy states of an allowed band as shown in Figure 4.20b. The energy states below 
Efb are mostly full and the energy states above £V W are mostly empty. If these two 
materials are brought into intimate contact, the electrons in the entire system wiBj 
tend to seek the lowest possible energy. Electrons from material A will flow into the 
lower energy states of material B, as indicated in Figure 4.20c, until thermal equi- 
librium is reached. Thermal equilibrium occurs when the distribution of electrons,^; 
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Figure 4.20 i The Fermi energy of (a) material A in thermal equilibrium, (b) material B 
in thermal equilibrium, (c) materials A and B at the instant they are placed in contact, 
md (d) materials A and B in contact at thermal equilibrium. 


a function of energy, is the same in the two materials. This equilibrium state occurs 
when the Fermi energy is the same in the two materials as shown in Figure 4.20d. 
The Fermi energy, important in the physics of the semiconductor, also provides a 
good pictorial representation of the characteristics of the semiconductor materials 
and devices. 


4.7 I SUMMARY 


■ The concentration of electrons in the conduction band is the integral over the conduction 
band energy of the product of the density of states function in the conduction hand and 
the Fermi-Dirac probability function. 

■ The concentration of holes in the valence band is the integral over the valence bend 
energy of the product of the density of states function in the valence band and the 
probability of a state being empty, which is [I - f F (£)]. 

■ Using the Mux well- Boltzmann approximation, the thermal equilibrium concentration 
cf electrons in the conduction band is given by 



no = N, exp 


- £»' 
kT 


where N L is the effective density of states in the conduction band 
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Using the Maxwell-Boltzmann approximation, the thermal equilibrium concentrate 
of holes in the valence band is given by 


Pa = N, exp 


~(E f - £„) 


kT 


1 


where N v is the effective density of states in the valence hand 
The intrinsic carrier concentration is found from 


nj = N c /V, exp 


-£,1 


kT 


The concept of doping the semiconductor with donor (group V elements) impurities 
and acceptor (group III elements) impurities to form n-type and p-type extrinsic 
semiconductors was discussed. 

The fundamental relationship of n Q p n = nj was derived. 

Using the concepts of complete ionization and charge neutrality, equations for the 
electron and hole concentrations as a function of impurity doping concentrations were^ 
derived. 

The position of the Fermi energy level as a function of impurity doping concentratio 
was derived. 

The relevance of the Fermi energy was discussed. The Fermi energy is a constant 
throughout a semiconductor that is in thermal equilibrium. 


GLOSSARY OF IMPORTANT TERMS 


acceptor atoms Impurity atoms added to a semiconductor to create a p-type material 
charge carrier The electron and/or hole that moves inside the semiconductor and gives rise 
to electrical currents. 

compensated semiconductor A semiconductor that contains both donors and acceptors! 
the same semiconductor region. 

complete ionization The condition when all donor atoms are positively charged by givil 
up their donor electrons and all acceptor atoms arc negatively charged by accepting electroi 
degenerate semiconductor A semiconductor whose electron concentration or hole conce 
tration is greater than the effective density of states, so that the Fermi level is in the condu 
tion band (n type) or in the valence band (p type). ' 

donor atoms Impurity atoms added to a semiconductor to create an n-type material, 
effective density of states The parameter N c . which results from integrating the dens'tj 
quantum states g, (E) times the Fermi function f). ( E ) over the conduotion-band energy, a 
the parameter N,. which results from integrating the density of quantum states g, (E) tin 
LI - ff \ E)\ over the valence-band energy. 

extrinsic semiconductor A semiconductor in which controlled amounts of donors and 
acceptors have been added so that the electron and hole concentrations change from th • t 
trinsic carrier concentration and a preponderance of cither electrons (n type) or holes (p typ 
is created. t 

freeze-out The condition that occurs in a semiconductor when the temperature is lower 
and the donors and acceptors become neutrally charged. The electron and hole concentratk 
become very small. 


intrinsic carrier concentration The electron concentration in the conduction hand and 
die hole concentration in the valence band (equal values) in an intrinsic semiconductor, 
intrinsic Fermi level Ep; The position of the Fermi level in an intrinsic semiconductor, 
intrinsic semiconductor A pure semiconductor material with no impurity atoms and no lat- 
tice defects in the crystal. 

nondegenerate semiconductor A semiconductor in which a relatively small number of 
donors and/or acceptors have been added so that discrete, nonintcracting donor states and/or 
discrete, noninteracting acceptor states are introduced. 


CHECKPOINT 

After studying this chapter, the reader should have the ability to: 

Derive the equations for the thermal equilibrium concentrations of electrons and holes 
in terms of the Fermi energy. 

Derive the equation for the intrinsic carrier concentration. 

■ State the value of the intrinsic carrier concentration for silicon at T = 300 K. 

Derive the expression for rhe intrinsic Fermi level. 

■ Describe the effect of adding donor and acceptor impurity atoms to a semiconductor. 

I Understand the concept of complete ionization. 

■ Understand the derivation of the fundamental relationship n^po = n? 

■ Describe the meaning of degenerate and nondegenerate semiconductors. 

■ Discuss the concept of charge neutrality. 

■ Derive the equations for n o and in terms of impurity doping concentrations. 

■ Discuss the variation of the Fermi energy with doping concentration and temperature. 


REVIEW QUESTIONS 

1. Write the equation for n(E) as a function of the density of states and the Fermi proba- 
bility function. Repeat for the function p(E). 

2. In deriving the equation for « u in terms of the Fermi function, the upper limit of the 
integral should be the energy at the top of the conduction hand. Justify using infinity 
instead. 

3. Assuming the Boltzmann approximation applies, write the equations for »o and po in 
terms of the Fermi energy. 

4. What is the value of the intrinsic carrier concentration in silicon at T = 300 K? 

5. Under what condition would the intrinsic Fermi level be at the midgap energy? 

6. What is a donor impurity'! What is an acceptor impurity? 

7. What is meant by complete ionization? What is meant by freeze-out? 

8. What is the product of tig and po equal to? 

9. Write the equation for charge neutrality for the condition of complete ionization. 

10. Sketch a graph of «o versus temperature for an n-type material. 

11. Sketch graphs of the Fenni energy versus donor impurity concentration and versus 
temperature. 
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PROBLEMS 

Section 4.1 Charge Carriers in Semiconductors 



4.1 Calculate the intrinsic carrier concentration, n,. at T = 200, 400, and 600 K for 
(n) silicon, (b) germanium, and (r) gallium arsenide. 

4.2 The intrinsic carrier concentration in silicon is to be no greater than n r =1 x 

10 12 cm -2 . Assume E g = 1.12 eV. Determine the maximum temperature allowedfc 
the silicon. 

4.3 Plot the intrinsic carrier concentration, n , , for a temperature range of 200 < T < 
600 K for ( a (silicon, (b) germanium, and (c) gallium arsenide. (Use a log scale 
for n, .) 

4.4 In a particular semiconductor material, the effective density of states functions are 

given hy /V t — (T) 3,2 and N? - IV c q(T) 332 where N c o and N, : q are consrantsim 

dependent of temperature. The experimentally determined intrinsic carrier concentf! 
tions as a function of temperature are given in Table 4.5. Determine the product 
N c t)N v o and the bandgap energy E s - (Assume E g is independent of temperature.) 

4.5 (a) The magnitude of the product gc(E)fr{E) in the conduction band is a function 
energy as shown in Figure 4.1 . Assume the Boltrmann approximation is valid. Detei 
mine the energy with respect to E ( at which the maximum occurs. (£>) Repeat pan (c 
for the magnitude of the product gy{E) [I - //.(£)] in the valence band. 

4.6 Assume the Boltzmann approximation in a semiconductor is valid. Determine the 
ratio of n(E) = g c(E)/f(E) at E = E t T 4 kT to that at E = E c + k T/2. 

4.7 Assume that E, — E F = 0.20 eV in silicon. Plot n(E) = gc(E)fr(E) over the ran] 
E c <E<E t + 0.W eV for(a) T = 200 K and (b) T = 400 K. 

4.8 Two semiconductor materials have exactly the same properties except that material 
has a bandgap energy of ) .0 eV and material B has a bandgap energy of 1 ,2 eV. Deii 
mine the ratio of n, of material A to that of material B for T = 300 K. 

4.9 {a) Consider silicon at T — 300 K. Plot the thermal equilibrium electron concentra- 
tion rip (on a log scale) over the energy range 0.2 < E L - Ef < 0.4 eV, (b) Repeat 
part (u) lor the hole concentration over the range 0.2 < E F — E, < 0.4 eV. 

4.10 Given the effective messes of electrons and holes in silicon, germanium, and galliur 
arsenide, calculate the position of the intrinsic Fermi energy level with respect to th. ; 
center of the bandgap for each semiconductor at T = 300 K. 

4.11 (a)The carrier effective masses in a semiconductor are m* = 0.62mo andmj, = 1.4t 
Determine the oosition of the intrinsic Fermi level with resnect to the center of the 
bandgapatT =■ 300K. ('Z>)Repeatpan(rt)ifi l w* = 1.10m (! andm’ = 0.25m<|. J 


Table 4.5 I Intrinsic concentration as a 
function of temperature 


r(K) 

n/ (cm 3 ) 

200 

1 82 x 10 2 

300 

5.83 x 10 7 

400 

3.74 x 10'° 

500 

1.95 x iO’ 2 



Problems 


4.12 Calculate Er, with respect to the center of the bandgap in silicon for T — 200. 400, 
and 600 K. 

4.13 Plot the intrinsic Fermi energy E n with respect to the center of the bandgap in silicon 
for 200 S f < 600 K. 

4.14 If the density of states function in the conduction band of a particular semiconductor 
is a constant equal to K, derive the expression for the thermal-equilibrium concentra- 
tion of electrons in the conduction hand, assuming Fermi-Dirac statistics and assum- 
ing the Boltzmann approximation is valid. 

4.15 Repeat Problem 4.14 if the density of states function is given by g c (E) ~ C[ (E — E,) 
for E > E c where C[ is aconstant. 


Section 4.2 Dopant Atoms and Energy Levels 

4.16 Calculate the ionization energy and radius of the donor electron in germanium using 
the Bohr theory. (Use the density of states effective mass as a first approximation.) 

4.17 Repeat Problem 4.16 for gallium arsenide. 

Section 4.3 The Extrinsic Semiconductor 

4.18 Theelectron concentration in silicon at T = 300 K i s n o = 5 x 10* cm" 3 . ( aJDeter- 
mine pc, . Is this n- or p-type matenal? (b) Determine the position of the Fermi level 
with respect to the intrinsic Fermi level. 

4.19 Determine the values of and po for silicon at T = 300 K if the Fermi energy is 
0.22 eV above the valence band energy. 

420 (a) If E c - Ef ~ 0.25 eV in gallium arsenide at T — 400 K. calculate the values of 
n o and p o, (b) Assuming the value of n o from part (a) remains constant, determine 
E c — £f and p 0 at T = 300 K. 

4.21 The value of p 0 in silicon at T = 300 K is 10 15 cm" 3 . Determine (a) E L — £p and 
(f>)n 0 . 

4.22 (a) Consider silicon at T ~ 300 K. Determine po if E /- , - E,. = 0.35eV. (b)Assum- 
ing that po from part (a) remains constant, determine the value of Er ; — Ef when 

T = 400 K. if! Find the value of in both parts (a) and (b). 

4.23 Repeat problem 4.22 forGaAs. 

*4,24 Assume that Ef = E, at T ~ 300 K in silicon. Determine po- 

*4.25 Consider silicon at T ^ 300 K, which has n 0 = 5 x 10 19 cm" 3 . Determine E, - Ef. 

Section 4.4 Statistics of Donors and Acceptors 

*4.26 The electron and hole concentrations as a function of energy in the conduction hand 
and valence band peak at a particular energy as shown in Figure 4.8. Consider silicon 
and assume E c - E f = 0.20 eV. Determine the energy, relative to the band edges, at 
which the concentrations peak. 

*4.27 For the Boltzmann approximation to he valid for a semiconductor, the Fermi level 

must be at least 3kT below the donor level in an n-type material and at least 3kT above 
the acceptor level in a p-type material. If T — 300 K, determine the maximum elec- 
tron concentration in an n-type semiconductor and the maximum hole concentration 
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in a p-type semiconductor for the Boltzmann approximation to be valid in (a) silicon 
and (b) gallium arsenide. 

4.28 Plot the ratio of un-ionized donor atoms to the total electron concentration versus 
temperature for silicon over the range 50 < T < 200 K. 


Section 4.5 Charge Neutrality 


4.29 Consider a germanium semiconductor at T = 300 K. Calculate the thermal equilib 
rium concentrations of n n and p u for ( a )N„ = 10 13 cm , .Wj= 0, and ( b ) Nj = 

5 x 10 15 cnr\/V„ =0. 

*4.30 The Fermi level in n-type silicon at T = 300 K is 245 meV below the conduction 
band and 200 meV below the donor level. Determine the probability of finding an 
electron (cm in the donor level and (b) in a state in the conduction band kT above Ihe 
conduction band edge. 

4.31 Determine the equilibrium electron and hole concentrations in silicon for the follow- 
ing conditions: Uj 

(a) r = 300K, N d = 2 x lO 15 cm \ N a =0 

(b) T = 300 K. N d = 0, N„ = 10 16 enr 3 


4.32 

4.33 

4.34 


4.35 

4.36 



4.41 


(c) T = 300 K, Nj = = 10 15 cm -3 

id) T - 400 K. Nj = 0. N„ = 10 14 cm” 3 
(e) 7 = 500 K. N d - 10' 4 cm-\ N IS = 0 
Repeat problem 4.31 for GaAs. 

Assume that silicon, germanium, and gallium arsenide each have dopant concentra- 
tions of :Vj _ I x 10 15 cm -3 and N, = 2.5 x !0 13 cm -3 at T = 300 K. Foreachof 
the three materials {a) Is this material n type orp type'?(iO Calculate n 0 and po. 

A sample of silicon at T = 450 K is doped with boron at a concentration of 1.5 x 
10 15 cm 3 and with arsenic at a concentration of 8 X 10 14 citT 3 . (u) Is the material!! 
or p type? (b) Determine the electron and hole concentrations, (c) Calculate the total 
ionized impurity concentration. 

The thermal equilibrium hole concentration in silicon at T = 300 K is pn = 2 x 
!0 3 cm~ 3 . Determine the thermal equilibrium electron concentration. Is the material 
n type or p type? 

In a sample of GaAs at T = 200 K, we have experimentally determined that n tl = 5ji 
and that N tl = 0. Calculate n o, pn, and N d . 

Consider a sample of silicon doped at N d = 0 and jV„ = 10 14 cm -3 . Plot the majorit] 
carrier concentration versus temperature over thr range 200 < T < 500 K. 

The temperature of a sample of silicon is T = 300 K and the acceptor doping conceo 
tration is N, = 0. Plat the minority carrier concentratiun (on a log-log plot) versusAS 
over the range 10 13 < N d < I0 IK cm -3 . ’ 

Repeat problem 4.38 for GaAs. 

A particular semiconductor material is doped at N d = 2 x 10 13 cm -3 . N u = 0. and 
the intrinsic carrier concentration is n t = 2 x I0 13 cm -3 . Assume complete ionization 
Determine the thermal equilibrium majority and minority carrier concenuations. 

( a) Silicon at T = 300 K is uniformly doped with arsenic atoms at a concentrationof 
2 x 10 lfi cm -3 and boron atoms at a concentration of 1 x 10 l6 cm \ Determine Ihe 
thermal equilibrium concentrations of majority and minority carriers, (b) Repeat 



part (a) if the impurity concentrations are 2 x 1 0 1S cm 3 phosphorus atoms and 3 x 
lQ I6 cm -3 boron atoms. 

4.42 In silicon at T = 300 K. we have experimentally found that no — 4.5 x 10' cm -3 and 
Nj = 5 x 10” cm -3 , fajls the material n type or p type? (i>) Determine the majority 
and minority carrier concentrations. (c)What types and concentrations of impurity 
atoms exist in the material? 

Sedion4.6 Position of Fermi Energy Level 

4.43 Consider germanium with an acceptor concentration of N a — 10 15 cm' 3 and a donor 
concentration of ,V. = 0. Consider temperatures of T — 200,400. and 600 K. Calcu- 
late the position of the Fermi energy with respect to the intrinsic Fermi level at these 
temperatures. 

4.44 Consider germanium at T ^ 300 K with donor concentrations of Nj -- 10 IJ , 10 I<J , 
and 10 18 cm -3 . Let N„ = 0. Calculate the position of the Fermi energy level with re- 
spect to the intrinsic Fermi level for these doping concentrations. 

4.45 A GaAs device is doped with a donor concentration of 3 x 10 15 cm' 1 . For the device 
lo operate properly, the intrinsic carrier concentration must remain less than 5 percent 
of the total electron concentration. What is the maximum temperature that the device 
may operate? 

4.46 Consider germanium with an acceptor concentration of N a — 10 15 cm' 3 and a donor 
concentration of A u . = 0. Plot the position of the Fermi energy with respect to the 
intrinsic Fermi level as a function of temperature over the range 200 < T < 600 K. 

4.47 Consider silicon at T = 300 K with N„ = 0. Plot the position of the Fermi energy 
level with respect to the intrinsic Fermi level as a function of the donor doping con- 
centration over the range 10 14 <Nj S 10 18 cm -3 

4.48 For a particular semiconductor, E k , = 1.50 eV, m" = 10m*, T = 300 K, and 

n, = I x 10 5 cm" 3 , (a) Determine the position of the intrinsic Fermi energy level 
with respect to the center of the bandgap. (b) Impurity atoms are added so that the 
Fermi energy level is 0.45 e V below the center of the bandgap. ( / ) Are acceptor or 
donor atoms added? ( ii ) What is the concentration of impurity atoms added? 

4.49 Silicon at T — 300 K contains acceptor atoms at a concentration of N a — 5 x 

!0 1S cm' 3 . Donor atoms are added forming an n-type compensated semiconductor 
such that the Fermi level is 0.215 eV below the conduction band edge. What concen- 
tration of donor atoms are added? 

4.50 Silicon at T — 300 K is doped with acceptor atoms at a concentration of N u — 7 x 
10 15 cm' 3 . (a)Determine E r — E,. ( b ) Calculate the concentralinn of additional 
acceptor atoms that must be added to move the Fermi level a distance kT closer to the 
valence-band edge. 

4.51 (a) Determine the position of the Fermi level with respect to the intrinsic Fermi level 
in silicon at T = 300 K that is doped with phosphorus atoms at a concentration of 
10 15 cm -3 . ( h ,) Repeat part (a) if the silicon is doped with boron atoms at a concentra- 
tion of 10 15 cm -3 . ( r > Calculate the electron concentration in the silicon for parts 

(a) and ( b ). 

4.52 Gallium arsenide at T = 300 K contains acceptor impurity atoms at a density of 
10 13 cm' 3 . Additional impurity atoms are to be added so that the Fermi level is 
0.45 eV below the intrinsic level. Determine the concentration and type (donor or 
acceptor) of impurity atoms to be added. 
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4.53 Determine the Fermi energy level with respect to the intrinsic Fermi level for each 
condition given in Problem 4.31 

4.54 Find the Fermi energy level with respect to the valence band energy for the condithj 
given in Problem 4.32. 

4.55 Calculate the position of the Fermi energy level with respect to the intrinsic Fermi fd 
the conditions given in Problem 4.42. 


Summary and Review 

4.56 A special semiconductor material is to he "designed." The semiconductor is to be 
n-type and doped with 1 x 10 15 cm -3 donor atoms. Assume complete ionization an 
assume N a — 0. The effective density of states functions are given by N, — (V,. = 
1.5 x lO 1 ^ cm~ 3 and are independent of temperature. A particular semiconductor 
device fabricated with this material requires the electron concentration to he no 
greater than 1.01 x 
bandgap energy'! 

4.57 Silicon atoms, at a concentration of 10 10 cm 3 , are added to gallium arsenide. Assl 
that the silicon atoms act as fully ionized dopant atoms and that 5 percent of the c in- 
centration added replace gallium atoms and 95 percent replace arsenic atoms. Let 

T = 300 K. (a .(Determine the donor and acceptor concmtrations. (h ) Calculate Ihe 
electron and hole concentrations and the position of the Fermi level with respect 
to E„ . 

4.58 Defects in a semiconductor material introduce allowed energy states within the for- 
bidden bandgap. Assume that a particular defect in silicon introduces two discrete Ii 
els: a donor level 0.25 eV above the top of the valence band, and an acceptor level 
0.65 eV above the top of the valence band. The charge state of each defect is a funC' 
tion of the position of the Fermi level. ( a .(Sketch the charge density of each defect: 
the Fermi level moves from E, to E,. Which defect level dominates in heavily do| 
n-type material"? In heavily doped p-type material? ( h (Determine the electron and 
hole concentrations and the location of the Fermi level in (/) an n-type sample doped 
at Nj = 10 17 crrr 3 and (ii)in a p-type sample doped at N a = 10 17 cm -3 . (c) Deter- 
mine the Fermi level position if no dopant atoms are added. Is the material n-type, 
p-type, or intrinsic? 
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Carrier Transport Phenomena 


PREVIEW 


I n the previous chapter, we considered the semiconductor in equilibrium and de- 
termined electron and hole concentrations in the conduction and valence bands, 
respectively. A knowledge of the densities of these charged particles is important 
toward an understanding of the electrical properties of a semiconductor material. The 
net flow of the electrons and holes in a semiconductor will generate currents. The pro- 
cess by which these charged particles move is called transport. In this chapter we 
will consider the two basic transport mechanisms in a semiconductor crystal: drift — 
the movement of charge due to electric fields, and diffusion — the flow of charge due 
to density gradients. We should mention, in passing, that temperature gradients in a 
semiconductor can also lead to carrier movement. However, as the semiconductor 
device size becomes smaller, this effect can usually be ignored. The carrier transport 
phenomena are the foundation for finally determining the current- voltage character- 
istics of semiconductor devices. We will implicitly assume in this chapter that, 
though there will be a net flow of electrons and holes due to the transport processes, 
thermal equilihrium will not be substantially disturbed. Nonequilibrium processes 
will be considered in the next chapter. ■ 


5.1 I CARRIER DRIFT 

An electric field applied to a semiconductor will produce a force on electrons and 
holes so that they will experience a net acceleration and net movement, provided 
there are available energy states in the conduction and valence bands. This net move- 
ment of charge due to an electric field is called drift. The net drift of charge gives rise 
to a drift current. 




5.1.1 Drift Current Density 

If we have a positive volume charge density p moving at an average drift velocity v d , 
the drift current density is given by 

Jdrf ~ PV (I (5.1) 

where /is in units of C/cm 2 -s or amps/cm 2 . If the volume charge density is due to 
positively charged holes, then 

JpW) - (ep)v dp (5.2) 

where J P \drf is the drift current density due to holes and v d/ , is the average drift ve- 
locity cf the holes. 

The equation of motion of a positively charged hole in the presence of an elec- 
tric field is 


F = nf p a = eE ( 5 . 3 ) 

where e is the magnitude of the electronic charge, a is the acceleration^ is the elec- 
tric field,and m* p is the effective mass of the hole. If the electric field is constant, then 
we expect the velocity to increase linearly with time. However, charged particles in a 
semiconductor are involved in collisions with ionized impurity atoms and with ther- 
mally vibrating lattice atoms. These collisions, or scattering events, alter the velocity 
characteristics of the particle. 

As the hole accelerates in a crystal due to the electric field, the velocity in- 
creases. When the charged particle collides with an atom in the crystal, for example, 
the panicle loses most, or all, of its energy. The particle will again begin to acceler- 
ate and gain energy until it is again involved in a scattering process. This continues 
over and over again. Throughout this process, the particle will gain an average drift 
velocity which, for low electric fields, is directly proportional to the electric field. 
We may then write 

Vdp = 4/;E (5.4) 

where Up is the proportionality factor and is called the hole mobility. The mobility is 
ai important parameter of the semiconductor since it describes how well a particle 
will move due to an electric tield. The unit of mobility is usually expressed in terms 
ofcm 2 /V-s. 

By combining Equations (5.2) and (5.4). we may write the drift current density 
due to holes as 


^t>\drf = (tp ) 0(1*1 = epppE (5.5) 

The drift current due to holes is in the same direction as the applied electric field. 
The same discussion of drift applies to electrons. We may write 

J n \drf = pvdn = {-en)v dn (5.6) 

where J n \d r f is the drift current density due to electrons and v (ln is the average drift 
velocity of electrons. The net charge density of electrons is negative. 
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EXAMPLE 5.1 


Table 5.1 I Typical mobility values at T = 300 K and luw doping 
concentrations 



(cm 2 /V-s) 

lip (cm 2 /V-s) 

Silicon 

1350 

480 

Gallium arsenide 

8500 

400 

Germanium 

3900 

1900 


The average drift velocity of an electron is also propostional to the electric fieh 
for small fields. However, since the electron is negatively charged, the net motiona 
the electron is opposite to the electric field direction. We can then write 

■■V.'.'t — / 1 (5J 

where fi„ is the electron mobility and is a positive quantity. Equation (5. 6) may no] 
be written as 


Jn\drf = (-en)(-fi„ E) - e/i n nE (5.8 

The conventional drift current due to electrons is also in the same direction as th 
applied electric field even though the electron movement is in the opposite directiol 
Electron and hole mobilities are functions of temperature and doping concentra 
tions, as we will see in the next section. Table 5.1 shows some typical mobility val 
ues at T = 300 K for low doping concentrations. 

Since both electrons and holes contribute to the drift Current, the total drift curm 
density is the sum of the individual electron and hole drift current densities, so we mat 
write 


Jjrj = e(n„n + fipp) E | (j 


I Objective 

To calculate the drift current density in a semiconductorfor a given electric field. 

Consider a gallium arsenide sample at 7 = 300 K with doping concentrations of N„ =1 
and N/i = 10 16 cm" 3 . Assume complete ionization and assume electron and hole mobility 
given in Table 5.1. Calculate the drift current density if the appliedelecuic field is E = lOV/cn 

■ Solution 

Since N d > /V , die semiconductor is n type and the majority carrier electron concentration 
from Chapter 4 is given by 



The minority carrier hole concentration is 



(1.8 x 10 6 ) 2 
10 1 * 


= 3.24 x lO" 4 cm" 3 



Rr this extrinsic n-type semiconductor, the drift current density is 
Jj r j = e(p.„n + ij. p p ) E sa ep„ N (I E 


Then 

# 


J drf = ( 1.6 x 10 19 )(8500)(10 l6 )(.10) = 136A/cm : 


■ Comment 

Significant drift current densities can be obtained in a semiconductor applying relatively small 
electric fields. We may note from this example that the drift current will usually he due pri- 
marily to the majority carrier in an extrinsic semiconductor. 


= TEST YOUR UNDERSTANDING | 

E5.1 Consider a sample of silicon at T — 300 K doped at an impurity concentration of 

N d = 10 15 cm -3 and N a — 10 14 cm - ' . Assume electron and hole mobilities given in 
Table5.1. Calculate the drift current density if the applied electric field is E = 35 V/cm. 
(j m YV 08'9 suy) 

E5.2 Adrift current density of .l d , , — 1 20 A/cm : is required in a particular semiconductor 
device using p-type silicon with an applied electric field of E = 20 V/cm. Determine 
the required impurity doping concentration to achieve this specification. Assume elec- 
tron and hole mobilities given in Table 5.1. ( t yiOT x 18'Z. = "N — "d suy) 


5.12 Mobility Effects 

In the last section, we defined mobility, which relates the average drift velocity of a 
carrier to the electric field. Electron and hole mobilities are important semiconductor 
parameters in the characterization of carrier drift, as seen in Equation (5.9). 

Equation (5.3)related the acceleration of a hole to a force such as an electric 
field. We may write this equation as 

. dv 

F — m — = eE (5.10) 

3 n dt 



where u is the velocity of the particle due to the electric field and does not include 
the random thermal velocity. If we assume that the effective mass and electric field 
are constants, then we may integrate Equation (5.10) and obtain 


eEt 


v = 


mz 


(5.11) 


where we have assumed the initial drift velocity to be zero. 

Figure 5.1a shows a schematic model of the random thermal velocity and mo- 
tion of a hole in a semiconductor with zero electric field. There is a mean time be- 
tween collisions which may be denoted by r,„. If a small electric field (E-field) is 
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Figure 5.1 l Typical random behavior of a hole in a semiconductor (a) without at 
electric field and (b) with an electric field. 


applied as indicated in Figure 5.1b. there will be a net drift of the hole in the directiw 
of the E-field, and the net drift velocity will be a small perturbation on the random 
thermal velocity, so the time between collisions will not be altered appreciably, [f we 
use the mean time between collisions i :p in place of the time t in Equation (5.1!), 
then the mean peak velocity just prior to a collision or scattering event is 

t'rflpeak - (^)e (5.12a) 

The average drift velocity is one half the peak value so that we can write 

<w<,>= KsO e (5j2b) 

Elowever, the collision process is not as simple as this model, but is statistical in 
nature. In a more accurate model including the effect of a statistical distribution, the 
factor ^ in Equation (5.12b) does not appear. The hole mobility is then given by 



etep 


m 


* 

P 


The same analysis applies to electrons; thus we can write the electron mobility as 


where r (7 , is the mean time between collisions for an electron. 

There are two collision or scattering mechanisms that dominate in a semicon- 
ductor and affect the carrier mobility: phonon or lattice scattering, and ionized im- 
purity scattering. 

The atoms in a semiconductor crystal have a certain amount of thermal energy 
at temperatures above absolute zero that causes the atoms to randomly vibrate ini 
their lattice position within the crystal. The lattice vibrations cause a disruption in ihq 

I 


perfect periodic potential function. A perfect periodic potential in a solid allows elec- 
tions to move unimpeded, or with no scattering, through the crystal. But the thermal 
vibrations cause a disruption of the potential function, resulting in an interaction be- 
tween the electrons or holes and the vibrating lattice atoms. This lattice scattering is 
also referred to as phonon scattering. 

Since lattice scattering is related to the thermal motion of atoms, the rate at 
which the scattering occurs is a function of temperature. If we denote pi as the mo- 
bility that would be observed if only lattice scattering existed, then the scattering the- 
ay states that to first order 

MrOcT' 3/2 (5.15) 

Mobility that is due to lattice scattering increases as the temperature decreases. Intu- 
itively, we expect the lattice vibrations to decrease as the temperature decreases, 
which implies that the probability of a scattering event also decreases, thus increas- 
ing mobility. 

Figure 5.2 shows the temperature dependence of electron and hole mobilities in 
silicon. In lightly doped semiconductors, lattice scattering dominates and the carrier 
mobility decreases with temperature as we have discussed. The temperature depen- 
dence of mobility is proportional to T~" . The inserts in the figure show that the pa- 
rameter n is not equal to 3 as the first-order scattering theory predicted. However, 
mobility does increase as the temperature decreases. 

The second interaction mechanism affecting carrier mobility is called ionized 
impurity scattering. We have seen that impurity atoms are added to the semiconduc- 
tor to control or alter its characteristics. These impurities are ionized at room tem- 
perature so that a coulomb interaction exists between the electrons or holes and the 
ionized impurities. This coulomb interaction produces scattering or collisions and 
also alters the velocity characteristics of the charge canier. If we denote p [ as the 
mobility that would be observed if only ionized impurity scattering existed, then to 
first order we have 


y+3/2 

Hi « — (5.16) 
N, 

where Nj = Nf + N~ is the total ionized impurity concentration in the semicon- 
ductor. If temperature increases, the random thermal velocity of a carrier increases, 
reducing the time the carrier spends in the vicinity of the ionized impurity center. The 
less timespent in the vicinity of a coulomb force, the smaller the scattering effect and 
the larger the expected value of pi . If the number of ionized impurity centers 
increases, then the probability of a carrier encountering an ionized impurity center 
increases, implying a smaller value of p \ . 

Figure 5.3 is a plot of electron and hole mobilities in germanium, silicon, and 
gallium arsenide at T = 300 K as a function of impurity concentration. More accu- 
rately, these curves are of mobility versus ionized impurity concentration Nj . As 
the impurity concentration increases, the number of impurity scattering centers in- 
creases, thus reducing mobility. 



r 
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Figure 5.3 I Electron and hale mobilities versus impurity 
concentrations for germanium, silicon, and gallium 
arsenide at T = 300 K. 
f From Sze {!-!■) 


TEST YOUR UNDERSTANDING 

E5.3 fa; Using Figure 5.2, find the electron mobility for (i) At,- = 10" cm -1 , T = 150 C 
and (il)Nj — 10 K ’ cm' 3 , T _ OC. (b) Find the hole mobilities for (t) N„ = 
iO 16 cm -3 , T = 50" C; and iii) N,, - 10 l7 cm- 3 ,T= 150°C. 

[s-A/jUioooz- (ii) ‘s-A/ z um Q8£~- (!) (<?) is-A/jiuo 00S [ ~ (/;) ‘s-a/^uio oog 0) (») ’suy] 

ES.4 Using Figure 5.3, determine the electron and hole mobilities in f a jsilicon for 

— lO 13 cm -3 , N„ == 0; fib) silicon for N d = 10 17 cm -3 , N„ = 5 x 10 16 cm -3 ; 

(c) silicon for Nj = 10 16 cm -3 , N u = 10 17 cm 3 ; and (d) GaAs for 
N d = M- - 10 17 cm” 3 . [s-A/^3 0ZZ « '''/ 'OOfT « (P) 

•01 e sr d r1 ‘008 u rf (a) fQOC ^ dri ‘00 L - "rt (q) :o8h - ‘‘rf ‘0S£l « "rf (fo 'suy] 


If is the mean time between collisions due to lattice scattering, then dt jxi is 
the probability of a lattice scattering event occurring in a differential time dt. 
Fikewise, if T/ is the mean time between collisions due to ionized impurity scattering, 
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then dt / t/ is the probability of an ionized impurity scattering event occurring in lit 
differential time dt. If these two scattering processes are independent, then the tota 
probability of a scattering event occurring in the differential time dt is the sum ofth 
individual events, or 


dt dt dt 
T TI t L 


(5.r 


where r is the mean time between any scattering event. 

Comparing Equation (5.17) with the definitions of mobility given by Equ,. 
tion (5.13) or (5.14), we can write 


1 

1 

1 

— 

= — + — 

p 

Pi 

PL 


where pi is the mobility due to the ionized impurity scattering process and pi is th. 
mobility due to the lattice scattering process. The parameter fi is the net mobility 
With two or more independent scattering mechanisms, the inverse mobilities add 
which means that the net mobility decreases. 

5.1.3 Conductivity 

The drift current density, given by Equation (5.9), may be written as 

Jdrf = + p,,p) E — ctE (5.19 

where a is the conductivity of the semiconductor material. The conductivity is give! 
in units of (£2-cm) _1 and is a function of the electron and hole concentrations and mo 
bilities. We have just seen that the mobilities are functions of impurity concentration, 
conductivity, then is a somewhat complicated function of impurity concentration. 

The reciprocal of conductivity is resistivity, which is denoted by p and is give 
in units of ohm-cm. We can write the formula for resistivity as 


a e(p n n + p p p) 

i i 

Figure 5.4 is a plot of resistivity as a function of impurity concentration in silicot: 
germanium, gallium arsenide, and gallium phosphide at T = 300 K. Obviously, th 
curves are not linear functions of Nj or N a because of mobility effects. 

If we have a bar of semiconductor material as shown in Figure 3.3 with a volt 
age applied that produces a current I, then we can write 

J = - (5.21a 

A 


E = 


V 

Z 


(5.21b; 


and 




10 - 




10 16 I0 17 

Impurity concentration (cm -3 ) 


I0 19 ltf° 10 21 


Figure 5.4 I Resistivity versus impurity concentration at T = 300 K in (a) silicon 
and (b) germanium, gallium arsenide, and gallium phosphide. 

(From Sze 


k 
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Figure 55 I Bar of semiconductor material as a resistor. 


We can now rewrite Equation (5.19) as 

/ (V 

A \l 


or 


v ' = '^) , = (t i ' = ,r 


(5.22 


(5.22 


Equation (5.22b) is Ohm's law for a semiconductor. The resistance is a function of! 
resistivity, or conductivity, as well as the geometry of the semiconductor. 

If we consider, for example, a p-type semiconductor with an acceptor doping 
N a (Nj = 0) in which N a 5S> n , , and if we assume that the electron and hole mobili- 
ties are of the same order of magnitude, then the conductivity becomes 


ct = e(p„n + fJ-pP) % ep,,p (5.23) ; 

If we also assume complete ionization, then Equation (5.23) becomes 

1 

a % ep p N tl % — (5.24) : 

P 

The conductivity and resistivity of an extrinsic semiconductor are a function pri- 
marily of the majority carrier parameters. j 

We may plot the carrier concentration and conductivity of a semiconductor as a j 
function of temperature for a particular doping concentration. Figure 5.6 shows the 
electron concentration and conductivity of silicon as a function of inverse temperature 
for the case when Nj — 10 15 cm -3 . In the midtemperature range, or extrinsic range, 
as shown, we have complete ionization — the electron concentration remains essen- 
tially constant. However, the mobility is a function of temperature so the conductivity 


i 



CJ 

£ 

>» 



Figure 5.6 I Electron concentration and conductivity versus 
inverse temperature for silicon. 

(After Sze [12].) 


varies with temperature in this range. At higher temperatures, the intrinsic carriercon- 
centration increases and begins to dominate the electron concentration as well as the 
conductivity. In the lower temperature range, freere-out begins to occur; the electron 
concentration and conductivity decrease with decreasing temperature. 


Obj ective 

To determine the doping concentration and majority carrier mobility given the type and con- 
ductivity of a cnmpensated semiconductor 

Consider compensated n-type silicon at T = 300 K, with a conductivity of rr = 
16(II-cm) _l and an acceptor doping concentration of 10 17 cm -3 . Determine the donor con- 
centration and the electron mobility. 


■ Solution 

For n-type silicon at T = 300 K, we can assume complete ionization; therefore the conductiv- 
ity, assuming N d - N,, » n, , is given hy 


¥ 


a »s ei u„n = en„(N d - N a ) 


V& have that 

t 


16= (1 6 x 10' I9 )//„(AV- 10 17 ) 


Since mobility is a function of the ionized impurity concentration, we can use Figure 5.3 along 
with trial and error to determine jj. n and N d . For example, if we choose Nj = 2 x 10 17 , then 


EXAMPLE 5.2 
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DESIGN 
EXAMPLE 5.3 




N, = Nj + N u — 3 x 10 17 so that n„ % 510 crrr/V-s which gives a = 8.16 (£2-cm) 
If we choose N d — 5 x I0 17 . then N r = h x 10 17 so that =s 325 cnr/V-s, which gi 
rr = 20.8 (fi-cmr 1 . The doping is hounded between these two values. Funhcr trial and 
yields 


N d ~ 3.5 x 10' 7 citT 3 


% 400 cra'/V-s 


which gives 


a ~ 16 (Q-cm) 


■ Comment 

We can see from this example that, in high-conductivity semicunductor material, mobility isi 
strong function of carrier concentration. 


Obj ective 


To design a semiconductor resistor with a specified resistance to handle a given current densit 
Asilicon semiconductor at T = 300 K is initially doped with donors at a concentration! 
N d =5 x 10 15 cm -3 . Acceptors are to be added to form a compensated p-type material. 1 
resistor is to have a resistance of 10 kS2 and handle a current density of 50 A/cm 2 when 5 V 
applied. 


Solution 

For 5 V applied to a 1 0-k£2 resistor, the total current is 


V 5 

/ = - = — =0.5 mA 
R 10 


If the current density is limited to 50 A/cm 2 , then the cross-sectional area is 


/ 0.5 x 10--’ 

A ^1 ~ 50 


= 10’ 5 cm 2 


If we, somewhat arbitrarily at this point, limit the electric field to E = 100 V/cm, then 
length of the resistor is 


_ V _ 5 

1 ~ E “ Too 


From Equation (5.22b), the conductivity of the semiconductor is 


5 x 10- ; 


RA (10 4 )(10- J ) 


- 0.50 (£2-cm) 


The conductivity of a compensated p-type semiconductor is 


a % en p p = efj. p (N„ - N d ) 


where the mobility is a function of the total ionized impurity concentration N„ + N d . 


u 


Using trial and error, if A ; :I = 1.25 x 10 lft cm -3 , then N u + N d — 1.75 x 10 16 cm -3 , 
and the hole mobility, from Figure 5.3, is approximately fi p — 410 cm 2 /V-s. The conductivity 
is then 

a = eti p (N u — Nd) = (1.6 x 1(T 19 )(410)(I.25 x 10 16 - 5 x I0 I5 )= 0.492 
which is very close to the value we need 

■ Comment 

Since the mobility is related to the total ionized impurity concentration, the determination of 
the impurity concentration to achieve a particular conductivity is not straightforward. 


TEST YOUR UNDERSTANDING 

E5.5 Silicon at T = 300 K is doped with impurity concentrations of Nj -5 x lO 10 cm -3 
and N„ — 2 x 10 16 cm' 3 . (a) What are the electron and hole mobilities? ( b ) Deter- 
mine the conductivity and resistivity of the material. [ m3 "U 80Z70 = d 
V(uio-y)8 f = ■ 0 (<?) Is-A/jiuoost = ''^‘s-A/jUiooOOI - "ri(»)'suy] 

E5.6 For a particular silicon semiconductor device at T — 300 K, the required material is 
n type with a resistivity of 0. 10£2-cm, (a) Determine the required impurity doping 
concentration and (b) the resulting electron mobility. 

[s-A/jtuo 569 » Url (<7> ‘t-rno sl oi x 6 w P M f t ainSy tuor d \o) -suy] 

E5.7 A bar of p-typc silicon, such as shown in Figure 5.5, has a cross-sectional area of 
A = !0 -6 cm : and a length of L = 1.2 x 10“ 3 cm. For an applied voltage of 5 V, a 
current of 2 mAis required. What is the required (a) resistance, (6) resistivity of the 
silicon, and (c) impurity doping concentration? 

[ £ _IIK> SI 0I ,: ;V f'M ■It'-'t-y SOT !//} UfC-fw) -suy] 


For an intrinsic material, the conductivity can be written as 

07 = e(fi„ + ix p )ni (5.25) 

The concentrations of electrons and holes are equal in an intrinsic semiconductor, so 
the intrinsic conductivity includes both the electron and hole mohility. Since, in gen- 
eral, the electron and hole mobilities are not equal, the intrinsic conductivity is not 
the minimum value possible at a given temperature. 

5.1.4 Velocity Saturation 

So far in Our discussion of drift velocity, w e have assumed that mobility is not a func- 
tion of electric field, meaning that the drift velocity will increase linearly with ap- 
plied electric field. The total velocity of a particle is the sum of the random thermal 
velocity and drift velocity. At T = 300 K, the average random thermal energy is 
given by 

kjnvf h = \kT = | (0.0259) = 0.03885 eV 


(5.26) 
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Electric field (V/cm) 

Figure 5.7 I Carrier drift velocity versus electric field for 
high-purity silicon, germanium, and gallium arsenide, 
f From Sze 112].) 


This energy translates into a mean thermal velocity of approximately 10 7 cm/s for an 
electron in silicon. If we assume an electron mobility of ji„ — 1350 cnr/V-s in low- 
doped silicon, a drift velocity of 10 5 cm/s, or I percent of the thermal velocity, h 
achieved if the applied electric field is approximately 75 V/cm. This applied electric 
field does not appreciably alter the energy of the electron. 

Figure 5.7 is a plot of average drift velocity as a function of applied electric field 
for electrons and holes in silicon, gallium arsenide, and germanium. At low electric 
fields, where there is a linear variation of velocity with electric field, the slope of the 
drift velocity versus electric field curve is the mobility. The behavior of the drift ve- 
locity of carriers at high electric fields deviates substantially from the linear relation- 
ship observed at low fields. The drift velocity of electrons in silicon, for example, 
saturates at approximately 10 7 cm/s at an electric field of approximately 30kV/ctn. 
If the drift velocity of a charge carrier saturates, then the drift current density also 
saturates and becomes independent of the applied electric field. 

The drift velocity versus electric field characteristic of gallium arsenide is m#re 
complicated than for silicon or germanium. At low fields, the slope of the drift ve- 
locity versus E-field is constant and is the low-field electron mobility, which is ap- 
proximately 8500 cnr/V-s for gallium arsenide. The low-field electron mobility in 
gallium arsenide is much larger than in silicon. As the field increases, the electron 
drift velocity in gallium arsenide reaches a peak and then decreases. A differential 
mobility is the slope of the v c / versus E curve at a particular point on the curve ad 
the negative slope of the drift velocity versus electric field represents a negative dif- 
ferential mobility. The negative differential mobility produces a negative differential 
resistance; this characteristic is used in the design of oscillators. 




fllll 0 [1001 


Figure 5.8 I Energy-hand structure 
for gallium arsenide showing the 
upper valley and lower valley in 
the conduction band. 

(FromSze 


The negative differential mobility can be understood by considering the E versus 
k diagram for gallium arsenide, which is shown again in Figure 5.8. The density of 
states effective mass of the electron in the lower valley is m* = 0.067mo- The small 
effective mass leads to a large mobility. As the E-field increases, the energy of the 
electron increases and the electron can be scattered into the upper valley, where the 
density of states effective mass is 0.55mo. The larger effective mass in the upper 
valley yields a smaller mobility. This intervalley transfer mechanism results in a de- 
creasing average drift velocity of electrons with electric field, or the negative differ- 
ential mobility characteristic. 


5.2 1 CARRIER DIFFUSION 


There is a second mechanism, in addition to drift, that can induce a current in a semi- 
conductor. We may consider a classic physics example in which a container, as shown 
in Figure 5.9, is divided into two parts by a membrane. The left side contains gas mol- 
ecules at a particular temperature and the right side is initially empty. The gas mole- 
cules are in continual random thermal motion so that, when the membrane is broken, 
the gas molecules How into the right side of the container. Diffusion is the process 
whereby panicles flow from a region of high concentration toward a region of low 
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J 



x = 0 


Figure 5.9 1 Container 
divided by a membrane with 
gas molecules on one side. 



Figure 5.10 1 Electron concentration versus distance. 




concentration. If the gas molecules were electrically charged, the net flow of cha 
would result in a diffusion current. j 


5 . 2.1 Diffusion Current Density ■ 

To begin to understand the diffusion process in a semiconductor, we will consida 
simplified analysis. Assume that an electron concentration varies in one dimensii*i 
shown in Figure 5.10. The temperature is assumed to be uniform so that the averaj 
thermal velocity of electrons is independent of x. To calculate the current, we willdi 
termine the net Row of electrons per unit time per unit area crossing the planed 
x —■ 0. If the distance ! shown in Figure 5. 10 is the mean-free path of an electron^ 
is, the average distance an electron travels between collisions (I = v,/,t c „), theft oj 
the average, electrons moving to the right at x = -7 and electrons moving to thdl® 
at x = +/ will cross thex = 0 plane. One half of the electrons at v = —I will be 
eling to the right at any instant of time and one half of the electrons at x = +/ will bJ 
traveling to the left at any given time. The net rate of electron flow, F,„in the +1 



direction at x =0 is given by 


F„ — | n(-l)v lh - \n(+l)u !h = - n(+l)\ (5.27) 

If we expand the electron concentration in a Taylor series about x = 0 keeping 
only the first two terms, then we can write Equation (5.27) as 


F„ = 


1 f 

„ , dn 


dn 

2 U "‘ j 

n( 0) - / — 
dx 


n(0) + l — 
dx _ 


which becomes 


F ,dn 

* n — Vih> ~~~ 

dx 


(5.28) 


(5.29) 


Each electron has a charge (— e), so the current is 



J = 


~eF n = +ev, h l 


dn 

dx 


(5.30) 


The current described by Equation (5.30)is the electron diffusion current and is pro- 
portional to the spatial derivative, or density gradient, of the electron concentration. 

The diffusion of electrons from a region of high concentration to a region of low 
concentration produces a flux of electrons flowing in the negative x direction for this 
example. Since electrons have a negative charge, the conventional current direction 
is in the positive x direction. Figure 5.11a shows these one-dimensional flux and cur- 
rent directions. We may write the electron diffusion current density for this one- 
dimensional case, in the form 


J 


ux\dif 


= eD 


n 


dn 

dx 


(5.31) 


where D„ is called the electron diffusion coefficient, has units of crrr/s, and is a pos- 
itive quantity. If the electron density gradient becomes negative, the electron diffu- 
sion current density will be in the negative x direction. 

Figure 5.1 lb shows an example of a hole concentration as a function of distance 
in a semiconductor. The diffusion of holes, from a region of high concentration to a 
region of low concentration, produces a flux of holes in the negative x direction. 
Since holes are positively charged particles, the conventional diffusion current den- 
sity is also in the negative x direction. The hole diffusion current density is propor- 
tional to the hole density gradient and to the electronic charge, so we may write 


Jpx\dif — ^ Ft p 


dp 

dx 
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EXAMPLE 5.4 



Figure 5.1 1 I (a) Diffusion of electrons due to a densily 
gradient, (b) Diffusion of holes due to a densily gradient. 


1 


for the one-dimensional case. The parameter D p is called the hole diffusion coth 
cient , has units of cm 2 /s, and is a positive quantity. If the hole density gradient I 


comes negative, the hole diffusion current density will be in the positive x directij 


| Objective J 

To calculate the diffusion current density given a density gradient. | 

Assume that, in an n-typc gallium arsenide semiconductor at T = 300 K, the elect™ 
concentration varies linearly from 1 x 10 ls to7 x 10 17 cm 3 over a distance of 0.10cm Q 
culate the diffusion current density if the electron diffusion coefficient is D„ = 225 enr/s 

■ Solution 

The diffusion current density is given by 


Jnldif — eD n 


dn 

dx 


eD„ 


An 

~Ax 


= (1.6 x 10 )(225) 


5»f 


1 X 10 18 - 7 X I0 17 ' 

V oTfo 


108 A/cm 2 


■ Comment 

A significant diffusion current density can be generated in a semiconductor material with 
a modest density gradient. 


4 


5.3 Graded Impurity Distribution 


TEST YOUR UNDERSTANDING 

E5.8 Theelectron concentration in silicon is given by n(x) - lO 13 y cm " 3 (-r > 0) 
where L n = 10 4 cm. The electron diffusion coefficientis U„ = 25 cm : /s. Determine 
the electron diffusion current density at (a ) x =0, (b)x — I O' 4 cm, and (c) x — oo. 
£ [0 (■') 'jm/Vtfl - (<?) ^uio/yoy- (®) ' SU V] 

E5.9 The hole concentration in silicon varies linearly from x =■ 0 to x = 0.01 cm. The 
hole diffusioncoefficientis D r — 10 cnr/s, the hole diffusion current density is 
20 A/cm 2 , and the hole concentration atx-0is/? = 4x 10 17 cm -3 . What is the 
value of the hole concentration at ,v — 0.01 cm? (j-- 1113 u01 x SL'Z 'suy) 

E5.10 The hole concentration in silicon is given by p(x) = 2 x 10 ,5 e~ <Xl ' L p ) cm -3 

(x > 0). The hole diffusion coefficient is D p - 10cm 2 /s. The value of the diffusion 
current density at x = 0 is 7 d , f = +6.4 A/cm 3 . What is the value of L„? 

(uiDf-01 x £ - "7 suy) 


5.2.2 Total Current Density 

W: now have four possible independent current mechanisms in a semiconductor. 
These components are electron drift and diffusion currents and hole drift and diffu- 
sion currents. The total current density is the sum of these four components, or, for 
the one-dimensional case. 


J = enp„ E x + epii p E x +eD n - eD p — (5.33) 

dx ax 

This equation may be generalized to three dimensions as 

J = enn n E + epn p E + eD„Vn — eD p V p (5.34) 

The electron mobility gives an indication of how well an electron moves in a 
semiconductor as a result of the force of an electric field. The electron diffusion co- 
efficient gives an indication of how well an electron moves in a semiconductor as a 
result of adensity gradient. The electron mobility and diffusion coefticient are not in- 
dependent parameters. Similarly, the hole mobility and diffusion coefficient are not 
independent parameters. The relationship between mobility and the diffusion coeffi- 
cient will be developed in the next section. 

The expression for the total current in a semiconductor contains four terms. For- 
tunately in most situations, we will only need to consider one term at any one time at 
a particular point in a semiconductor. 


5.3 I GRADED IMPURITY DISTRIBUTION 

In most cases so far, we have assumed that the semiconductor is uniformly doped. In 
many semiconductor devices, however, there may be regions that are nonuni formly 
doped. We will investigate how a nonuniformly doped semiconductor reaches thermal 
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equilibrium and, from this analysis, we will derive the Einstein relation, which refl 
mobility and the diffusion coefficient. H 

5.3.1 Induced Electric Field I 

Consider a semiconductor that is nonunifnrmly doped with donor impurity atoms* 
the semiconductor is in thermal equilibrium, the Fermi energy level is cm 
through the crystal so the energy-band diagram may qualitatively look like ;:i; 
shown in Figure 5.12. The doping concentration decreases as x increases in this cast 
There will be a diffusion of majority carrier electrons from the region of high cor 
centration to the region of low concentration, which is in the 4-jr direction. The lie' 
of negative electrons leaves behind positively charged donor ions. The separatum § 
positive and negative charge induces an electric field that is in a direction to oppos 
the diffusion process. When equilibrium is reached, the mobile carrier concentratio 
is not exactly equal to the fixed impurity concentration and the induced electric tid 
prevents any further separation of charge. In most cases of interest, the space cliarg 
induced by this diffusion process is a small fraction of the impurity concentrate 
thus the mobile carrier concentration is not too different from the impurity dopt 
density. 

The electric potential (p is related to electron potential energy by the chat 
(— e), so we can write 

4, = + X -(E F -E Fi ) (5a 

1 

The electric field for the one-dimensional situation is defined as M 



*-.v 


Figure 5.12 [ Energy-band diagram for 
a semiconductor in thermal equilibrium 
with a nonuniform donor impurity 
concentration 


5 . 3 Graded Impurity Distribution 


If the intrinsic Fermi level changes as a function of distance through a semiconduc- 
tor in thermal equilibrium, an electric field exists in the semiconductor. 

If we assume a quasi-neutrality condition in which the electron concentration is 
almost equal to the donor impurity concentration, then we can still write 


no = n l exp 


Ep — Efj 

It 


N</(x) 


Solving for Ep - E Fi , we obtain 


Ep — En — k T In 



(5.37) 


(5.38) 


The Fermi level is constant for thermal equilibrium so when we take the derivative 
with respect to x we obtain 


dE Fi _ kT dN d (x) 
dx Nj(x) dx 


(5.39) 


Theelectric field can then be written, combining Equations (5.39) and (5.36), as 



(kT\ 1 dN d {x) 
\ f / N d (x) dx 


(5.40) 


Since we have an electric field, there will be a potential difference through the semi- 
conductor due to the nonuniform doping. 


Objective 

To determine the induced electric field in a semiconductor in thermal equilibrium, given a lin- 
ear variation in doping concentration. 

Assume that the donor concentration in an n-type semiconductorat T = 300 K is given by 
Nj(x) = 10 16 - 10 l9 x (cm -3 ) 

where x is given in an and ranges between 0 5 x < I /rm 

■ Solution 

Taking the derivative of the donor concentration, we have 



dNj(x) jqis> 

dx 


(cm -4 ) 


Theelectric fieldis given hy Equation (5.40), so we have 



-(0.0259)(-10 19 ) 
(TO 16 - 10 19 .r) 


Atx = 0, for example, wc find 

* 


EXAMPLE 5.5 


E x = 25.9 V/cm 
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■ Comment 

We may recall from our previous discussion of drift current that fairly small electric fields^ 
produce significant drift current densities, so that an induced electric field from nonuni c 
doping can significantly influence semiconductor device characteristics. 


5.3.2 The Einstein Relation 


If we consider the nonuniformiy doped semiconductor represented by the ene 
band diagram shown in Figure 5.12 and assume there are no electrical connections! 
that the semiconductor is in thermal equilibrium, then the individual electron i 
hole currents must be zero. We can write 


dn 


■In ~ o — enn„ E ( + eD„ — 
dx 


(5, 


If we assume quasi-neutrality so that n % Nj(x), then we can rewrite EqJ 
lion (5.41) as 


J„ - 0 = i’tL„N d (x)E x + eD n 


dN d {x) 


dx 


(5, 


Substituting the expression for the electric field from Equation (5.40) into Ecfl 
lion (5.42). we obtain 


/ kl 

0 = -eix n N d (x)( — 


kT\ 


/ Nd(x) dx 
Equation (5.43) is valid for the condition 


dNAx) , _ dNAx) 

+ eD„ 


dx 


(5. 


Dn 

IX , , 


kT 

e 


( 5 , 


The hole current must also be zero in the semiconductor. From this conditij 
we can show that 


RlL = k -L 

e 

Combining Equations (5.44a) and (5.44b) gives 


D„ _ Dp _ kT 

dn dp e 


(5.4) 


(5. 


The diffusion coefficient and mobility are not independent parameters. This retail 
between the mobility and diffusion coefficient, given by Equation (5.45), is know* 
the Einstein relation. 1 



Table 5.2 I Typical mobility and diffusion coefficient values at 
T = 300 K (fi ~ ctrr/V-s and D = crrf/s) 




D n 

a 

D P 

Silicon 

1350 

35 


12.4 

Gallium arsenide 

8500 

220 


10.4 

Germanium 

3900 

101 


49.2 


Objective [ 

To determine the diffusion coefficient given the carrier mobility. Assume that the mobil- 
ity of a particular carrier is 1000 cnr/V-s at T — 300 K. 


■ Solution 

Using the Einstein relation, we have that 

D — (~) 11 = (0.0259) (1000) = 25.9 cnr/s 


■ Comment 

Although this example is fairly simple and straightforward, it is important to keep in mind the 
relative orders of magnitudeof the mobility and diffusion coefficient. The diffurioncocfficient 
is approximately 40 times smaller than the mobility at room temperature. 


Table 5.2 shows the diffusion coefficient values at T = 300 K corresponding to 
the mobilities listed in Table 5. 1 tor silicon, gallium arsenide, and germanium. 

The relation between the mobility and diffusion coefficient given by Equa- 
tion (5.45) contains temperature. It is important to keep in mind that the major tem- 
perature effects are a result of lattice scattering and ionized impurity scattering 
processes, as discussed in Section 5.1.2. As the mobilities are strong functions of 
temperature because of the scattering processes, the diffusion coefficients are also 
strong functions of temperature. The specific temperature dependence given in Equa- 
tion (5.45) is a small fraction of the real temperature characteristic. 

*5.4 [ THE HALL EFFECT 

The Hall effect is a consequence of the forces that are exerted on moving charges by 
electric and magnetic fields. The Hall effect is used to distinguish whether a semi- 
conductor is n type or p type 1 and to measure the majority carrier concentration and 
tnajority carrier mobility. The Hall effect device, as discussed in this section, is used 
to experimentally measure semiconductor parameters. However, it is also used 
extensively in engineering applications as a magnetic probe and in other circuit 
applications. 


'We will assume an extrinsic semiconductor material in which the majority carrier concentration is much 
■ger than the minority carrier concentration. 


EXAMPLE 5.6 
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v x 


Figure 5.13 I Geometry ybrmeasuring ihe Hall effect 

The force on a particle having a charge q and moving in a magnetic field is 
given by 

F — qv x B (5.46) 

where the cross product is taken between velocity and magnetic field so that the force 
vector is perpendicular to both the velocity and magnetic field. j 

Figure 5.13 illustrates the Hall effect. A semiconductor with a current /, | 
placed in a magnetic field perpendicular to the current. In this case, the magnetic fidd 
is in the z direction. Electrons and holes flowing in the semiconductor will experi- 
ence a force as indicated in the figure. The force on both electrons and holes is in the 
(— >’) direction. In a p-type semiconductor (po > no), there will be a buildup cf pos- 
itive charge on the y — 0 surface of the semiconductor and. in an n-type semicon- 
ductor (/!q > pf ), there will be a buildup of negative charge on the y = 0 surface. 
This net charge induces an electric field in the y-direction as shown in the figure. In 
steady state, the magnetic field force will be exactly balanced by the induced electric 
field force. This balance may be written as 

F — q[ E + i;x£]=0 (5.47a) 

which becomes 

q\ : ., = q v x B- (5.47D) 

The induced electric field in the y-direction is called the Hall field. The Hall field 
produces a voltage across the semiconduclor which is called the Hull voltage. We can 
write 


= +E w W 


(5.48) 
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EXAMPLE 5.7 


The hole mobility is then given by 


_ l x L 

llp epV x Wd 


(5 


Similarly for an n-type semiconductor, the low-field electron mobility is dete 
from 


rmjj 


LL 

enV,Wd 


| Objective 

To determine the majority carrier concentration and mobility, given Hall effect parameter 
Consider the geometry shown in Figure 5.13. Let L = I0 _1 cm, W = 10 _: cmj 
d — 10 cm. Also assume that I, ~ 1.0 mA, V v = 12.5 V, B r = 500 gauss = 5 x 10 -2 1 
and V„ - -6.25 mV. ^ 

■ Solution 

A negative Hall voltage for this geometry implies that we have an n-type semicondw 
Using Equation (5.54). we can calculate the electron concentration as 


n 


— ;( 10“ 3 )(5 X itr 2 ) 

(1.6 X 10- ,w J(10- 3 )(— 6.25 X 10- J ) 


= 5 x 10 21 m 3 = 5 x It) 12 cm 5 


The electron mobility is then determined from Equation (5.58) as 


P-n 


( 10 ~ 3 )( 10 ~ 3 ) 

(1.6 x 10 l9 )(5 x 10 21 )(12.5)(I0' 4 )(10- 5 ) 


0.10 nr/V-s 


or ■ 

Hn 1000 enr/V-s 1 

■ Comment 

It is important to note that the MKS units must be used consistently in the Hall effect equat 
to yield correct results. 


5.5 I SUMMARY 1 

■ The two basic transport mechanisms are drift, due to an applied electric field, and 
diffusion, due to a density gradient. 

Carriers reach an average drift velocity in the presence of an applied electric field, dl 
to scattering events. Two scattering processes within a semiconductor are lattice 
scattering and impurity scattering. I 

■ The average drift velocity is a linear function of the applied electric field for small 

values of electric field, hut the drift velocity reaches a saturation limit that is on the 
order of 10 7 cm/s at high electric fields. J 




■ Carrier mobility it the ratio of the average drift velocity and applied elechic field. The 
electron and hole mobilities are functions of temperature and of the ionized impurity 
concentration. 

■ The drift current density is the product of conductivity and electric field (a form of 
Ohm's law). Conductivity is a function of the carrier concentrations and mobilities. 
Resistivity is the inverse of conductivity 

■ The diffusion current density is proportional to the carrier diffusion coefficient and the 
carrier density gradient. 

■ The diffusion coefficient and mohilitv are related through the Einstein relation. 

■ The Hall effect is a consequence of a charged carrier moving in the presence of 
perpendicular electric and magnetic fields. The charged carrier is deflected, inducing 
a Hall voltage. The polarity of the Hall voltage is a function of the semiconductor 
conductivity type. The majority carrier concentration and mobility can he determined 
from the Hall voltage. 


GLOSSARY OF IMPORTANT TERMS 

conductivity A material parameter related to carrier drift; quantitatively, the ratio of drift 
current density to electric field. 

diffusion The process whereby particles flow from a region of high concentration to a region 
c£ low concentration. 

diffusion coefficient The parameter relating particle flux to the particle density gradient. 

diffusion current The current that results from the diffusion of charged particle?. 

drift The process wherehy charged particles move while under the influence of an electric 
field. 

drift current The current that results from the drift of charged particles. 

drift velocity The average velocity of charged particles in the presence of an electric field. 

Einstein relation The relation between the mobility and the diffusion coefficient. 

Hall voltage The voltage induced across a semiconductor in a Hall effect measurement. 

ionized impurity scattering The interaction between a charged carrier and an ionized 
impurity center. 

latticescattering The interaction between a charged carrier and a thermally vibrating lattice 
atom. 

mobility The parameter relating carrier drift velocity and electric field. 

resistivity The reciprocal of conductivity; a material parameter that is a measure of the 
resistance to current. 

velocity saturation The saturation of carrier drift velocity with increasing electric field. 

CHECKPOINT 

After studying this chapter, the reader should have the ability to: 

■ Discuss carrier drift current density. 

■ Explain why carriers reach an average drift velocity in the presence of an applied 
electric field. 

■ Discuss the mechanisms of lattice scattering and impurity scattering. 
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■ Define mobility and discuss the temperature and ionized impurity concentration 
dependence on mobility. 

Define conductivity and resistivity. 

Discuss velocity saturation. 

Discuss carrier diffusion current density. 

■ State the Einstein relation. 

■ Describe the Hall effect. 


REVIEW QUESTIONS 

1. Write the equation for the total drift current density. 

2 Define carrier mobility. What is the unit of mobility"? 

3. Explain the temperature dependence of mobility. Why is the carrier mobility a functi 
of the ionized impurity concentrations? 

4. Define conductivity. Define resistivity. What are the units of conductivity and resistin 

5. Sketch the drift velocity of electrons in silicon versus electric field. Repeat for GaAs 

6. Write the equations for the diffusion current densities of electrons and holes. 

7. What is the Einstein relation? 

8. Describe the Hall effect. I 

9. Explain why the polarity of the Hall voltage changes depending on the conductivity 
(n type or p type) of the semiconductor. 


PROBLEMS 

(Note; Use the semiconductor parameters given in Appendix B if the parameters are 

specifically given in a problem.) 

i 

Section 5.1 Carrier Drift } 

5.1 Consider a homogeneous gallium arsenide semiconductor at T = 300 K with Nj i 
I0 lft cm -3 and A,, = 0. (a) Calculate the thermal-equilibrium values of electron ai 
hole concentrations. ( b ) For an applied E-field of 10 V/cm, calculate the drift cum 
density, (p) Repeat parts (a) and (b) if N lt = 0 and N a — 10 u ’ cm - ’. 

5.2 A silicon crystal having a cross-sectional area of 0.001 cm 2 and a length of 10 -3 Ct 
connected at its ends to a 10-V battery. At T = 300 K, we wanr a current of 100 It 
in the silicon. Calculate: (a) the required resistance R. ( b ) the required conductivity 
If) the density of donor atoms to be added to achieve this conductivity, and id) tb< 
concentration of acceptor atoms to be added to form a compensated p-type materii 
with the conductivity given from part ( b ) if the initial concentration of donor atom 
N d = !0 15 cm -1 . 

53 («) A silicon semiconductor is in the shape of a rectangular har with a cross-sectio 

area of 100 /.im 2 , a length of 0.1 cm. and is doped with 5 x 10 K> cm -i arsenic atot 
The temperature is T = 300 K. Determine the current if 5 V is applied across the 
length. ( b) Repeat part («) if the length is reduced to 0.01 cm. (c) Calculate the 
average drift velocity of electrons in parts (a) and (b). 

5.4 (a) A GaAs semiconductor resistor is doped with acceptor impurities at a concent! 

tion of N a — 10 17 cm - - 1 . The cross-sectional area is 85 gm'. The current in the 


resistoris to be I = 20 mA with 10 V applied. Determine the required length of the 
device, (b) Repeat part (n ) for silicon. 

5.5 (a) Three volts is applied across a 1-cm-long semiconductor bar. The average electron 

drift velocity is 10 4 cm/s. Find the electron mobility. (h) If the electron mobility in 
part (a) were 800 cnr/V-s, what is the average electron drift velocity? 

55 Use the velocity-field relations for silicon and gallium arsenide shown in Figure 5.7 
to determine the transit time of electrons through a 1-ytnn distance in these materials 
for an electric field of (a) 1 kV/cm and ( b ) 50 kV/cm. 

5.7 A perfectly compensated semiconductor is one in which the donor and acceptor impu- 
rity concentrations are exactly equal. Assuming complete ionization, determine the 
conductivity of silicon at T = 300 Kin which the impurity concentrations are 
(a) N a = N d = 10 14 cm-- 1 and (b) N a = Nj = 10 l8 cm 3 . 

5B (a) In a p-type gallium arsenide semiconductor, the conductivity is a = 5 (£2-cm)-' 
at T = 300 K. Calculate the thermal-equilibrium values of the electron and hole 
concentrations, (b) Repeat part (n) for n-type silicon if the resistivity is p = 8 S2-cm. 

5.9 In a particular semiconductor material, /z tl = 1000 cm'/V-s, jx p — 600 cnr/V-s, and 
Nc — N v — 10 19 cm -1 . These parameters arc independent of temperature. The 
measured conductivity of the intrinsic material is u = 10 _<> fSi-cm) -1 at T — 300 K. 
Find the conductivity at T = 500 K. 

5.10 (ri) Calculate the resistivity at T =. 300 K of intrinsic (/') silicon, (ii) germanium, and 
(iii) gallium arsenide, (h) If rectangular semiconductor bars are fabricated using the 
materials in part (a), determine the resistance of each bar if its cross-sectional area is 
85 , unr and length is 200 

5.11 An n-type silicon sample has a resistivity of 5 £2-cm at T = 300 K. (a) What is the 
donor impurity concentration? (b) What is the expected resistivity at (r ) T = 200 K 
and (ii) T = 400 K. 

5.12 Consider silicon doped at impurity concentrations of Nj — 2 x 10 lfl cm -3 and N„ = 0. 
An empirical expression relating electron drift velocity to electric field is given by 



where ^„o = 1350 cnr/V-s, 1.8 x 10 7 cm/s, and E is given in V/cm. Plot 

electron drift current density (magnitude) versus electric field (log-log scale) over the 
range 0 < E < 10 6 Vlcm. 

5.13 Consider silicon at T = 300 K. Assume the electron mobility is /x„ = 1350 cnr/V-s, 
The kinetic energy of an electron in the conduction band is ( 1 /2 )m* t?J , where m* is 
the effective mass and v c i is the drift velocity Determine the kinetic energy of an 
electron in the conductian hand if the applied electric field is (a) 10 V/cm and 

( b ) I kV/cm. 

5.14 Consider a semiconductor that is uniformly doped with Nj = 10 u cnV 1 and N u = 0, 
with an applied electric field of E = 100 V/cm. Assume that = 1000 cnrN-s and 
H p =0. Also assume the following parameters: 

N c = 2 x 10 l9 (77300) 3/2 cm" 3 
N„ = lx 10 I9 (T /300) 3/ " cm -3 
E g = 1.10 eV 
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(a) Calculate the electric-current density at T = 300 K. ( b ) At what temperature wil 
this current increase by 5 percent? (Assume the mobilities are independent of 
temperature.) 1 

5.15 A semiconductor material has electron and hole mobilities (a,, and respective! 
When the conductivity is considered as a function of the hole concentration pa, 

(a) show that the minimum value of conductivity, cr miil , can be written as 


2rr ( I p l: P p ) 
- (Pn+Pp) 


where a, is the intrinsic conductivity, and (b) show that the corresponding hole 
concentration is po = n,{p,J p.,,)' /2 . 

5.16 A particular intrinsic semiconductor has a resistivity of 50 f2-cm at T = 300 K and 
5 fi'Cm at T ~ 330 K. Neglecting the change in mobility with temperature, detenu 
the bandgap energy of the semiconductor 

5.17 Three scattering mechanisms are present in a particular semiconductor material. 

If only the first scattering mechanism were present, the mobility would be — 
2000 crrr/V-s, if only the second mechanism were present, the mobility would be 
p.2 -- 1500 cnr/V-s, and if only the third mechanism were present, the mobilit/wl 
be /r.i = 500 cnrr/V-s. What is the net mobility? 

5.18 Assume that the mahility ofelectrons in silicon at T = 300 K is p.„ = 1300 cm 2 /V 
Also assume that the mobility is limited by lattice scattering and varies as T~ 312 . 
Determine the electron mobility at (rt) T = 200 K and (b) T = 400 K. 

5.19 Two scattering mechanisms exist in a semiconductor. If only the first mechanisms 
present, the mobility would he 250 cnr/V-s. If only the second mechanism wenp 
sent, the mobility would be 500 cnr/V-s. Determine the mobility when both scatta 
mechanisms exist at the same time. 

5.20 The effective density of states functions in silicon can be written in the form 


N, = 2.8 x 10 19 



3/2 


N v = 1.04 x 10' 



3/2 


Assume the mobilities are given by 



Assume the bandgap energj is /. . 1 2 c\ and independent m temperature PI 1 ! 

the intrinsic conductivity a.> a function oi I over the range 2lK> . 7 . fitllJ K |!l 

5.21 («) Assume that the electron mobility in an n-type semiconductor is given ty 

1 

where N d is the donor concentration in cm . Assuming complete ionization, plot! 
conductivity as a function of N d over the range 10 15 < Nj < 10 ls cm -3 . (b)Com| 
the results of part (a) to that if the mobility were assumed to he a constant equal tol 


Pu = 


1350 


V 5 x K) 10 / 


cm/V- 
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1350 cnr/V-s. (c) If an electric field of E = 10 V/cm is applied to the semiconductor, 
plot the electron drift current density of pans (fl) and ( b ) 


Section 5.2 Carrier Diffusion 


522 Consider a sample of silicon at T = 300 K. Assume that the electron concentration 
varies linearly with distance, as shown in Figure 5.14. The diffusion current density is 
found to he J„ = 0.19 A/cm 2 . If the electron diffusion coefficient is !)„ — 25 cm 2 /s, 
determine the electron concentration at x =0. 

5.23 The electron concentration in silicon decreases linearly from 1 f) 16 citT 3 to 1 0 IS cm -3 
over a distance of 0.10 cm. The cross-sectional area of the sample is 0.05 cm’. The 
electron diffusion coefficient is 25 errr/s. Calculate the electron diffusion current. 

5.24 The electron concentration in a sample of n-type silicon varies linearly from 10 17 cm 3 
at x = 0 to 6 x lO 16 cm" 5 at x = 4 pm. There is no applied electric field. The 
electron current density is experimentally measured to be —400 A/cirr. What is the 
electron diffusion coefficient? 

5.25 The holeconcentration in p type GaAs is given by p 10 ,6 (1 — x/L) cm~ 3 for 

0 < x < L where L = 10 pm. The hole diffusion coefficient is 1 0 cm 2 /s. Calculate 
the hole diffusion current density at («) x = 0, (h) x — 5 pm, and (c) x — 10 pm. 

526 The hole concentralion is given by p = 10 15 exp I x/L,,) cm -3 for x > 0 and the 
electron concentration is given by 5 x 10 14 exp (+x/L„) cm -3 for.v <0. The values 
of L„ and L„ are 5 x 1 0 -4 cm and 10^ 3 cm, respectively. The hole and electron diffu- 
sion coefficients are 10 enr/s and 25 enr/s, respectively. The total current density 

is defined as the sum of the hole diffusion current density at x = 0 and the electron 
diffusion current density at x = 0, Calculate the total current density. 

527 The hole concentration in germanium at T ^ 300 K varies as 

p(x) = I0 15 exp ( cm -3 


where.v is measured in pm. If the hole diffusion coefficient is D p = 48 cm 3 /s, 
determine the hole diffusion current density as a function of x. 

5.28 The electron concentration in silicon at T = 300 K is given by 


n(x) — I0 16 exp 



cm 


-3 




Figure 5.14 I Figure foi 
Problem 5.22. 
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where x is measured in /rm and is limited to 0 < x < 25 (im. The electron diffusis 
coefticient is D„ — 25 cm'ls and the electron mobility is = 960 cnr/V-s. The to 
electron current density through the semiconductor is constant and equal to J„ = 
—40 Alcm 2 . The electron current has both diffusion and drift current components. 
Determine the electric field as a function of x which must exist in the semiconduct) 

5.29 The total current in a semiconductor is constant and is composed of electron drift 
current and hole diffusion current. The electron concentration is constant and is equ 
to 10 li> cm '-' . The hole concentration is given by } 

p(x ) = 10 15 exp ^ cm -3 C* > 0) 

where L = 12 /rm. The hole diffusion coefficient is D p — 12 cnr/s and the electro* 
mobility is p„ = 1000 cm 2 /V-s. The total current density is ] = 4. 8 A/cm 2 . Calculi 
fa.) the hole diffusion current density versus x, ( b ) the electron current density versu 
x, and ( r/the electric field versus x. 

*5.30 A constant electric field, E — 12 V/cm, exists in the T->. direction of an n-type galliJ 
arsenide semiconductor for 0<x<50/um. The total current density is a constant 
and is J = 100 A/cm 2 , At x = 0. the drift and diffusion currents are equal. Let 
T - 300 K and p„ — 8000 cm 2 /V-s. (a/Determine the expression for the electron 
concentration n(x). (fo/Calculate the electron concentration at ,v = 0 and at * 

x — 50 pm. (c) Calculate the drift and diffusion current densities at x — 50 /cm. 

*5.31 In n-type silicon, the Fermi energy level varies linearly with distance over a shon 
range. At x = 0 , Ep — E fi ~ 0.4 eV and, at x - 10 -3 cm, E f . - E f; — 0.15 eV. 

( a /Write the expression for the electron concentration over the distance, (b) If the 
electron diffusion coefficient is D„ — 25 enr/s, calculate the electron diffusion 
current density at (i)x = 0 and (ii)x — 5 x 10 -4 cm. 1 

*5.32 (a) The electron concentration in a semiconductor is given by n = 1 0 1 6 ( 1 - x/Z,)cu 
forO < A < L. where L = 10 gm. The electron mobility and diffusion coefficient! 
fji„ — 1000 cm 2 /V-s and D„ - 25.9cnr/s. An electric field is applied such that the 
total electron current density is a constant over the given range of x and is J„ = 

— 80 A/cm 2 . Determine the required electric field versus distance function. fb/Rep 
part (a ) if J„ = -20 A/cm 2 . 

Section 5.3 Graded Impurity Distribution 

5.33 Consider a semiconductor in thermal equilibrium (no current). Assume that the donor 

concenvation varies exponentially as ■ 

N d (x) = N^expi-ax) * 

over the range 0 5-t 5 1 /or where Nj o is a constant. ( a /Calculate the electric field 
as a function of x for 0 < x < 1 jet. ( b ) Calculate the potential difference between 
x = 0 and x = 1 ja . 

5.34 Using the data in Example 5.5, calculate the potential difference between x ~ 0 and 
x — 1 /im. 

5.35 Determine a doping profile in a semiconductor at T = 300 K that will induce an 
electric field of I kV/cm over a length of 0.2 fim. 


Problems 


V 

*5.36 InGaAs, the donor impurity concentration varies as A^exp ( — x/L) forO 5 x < L, 
where L = 0. 1 //m and A^jj = 5 x 10 lf> cm~ 3 . Assume /r„ — 6000 urr/V-s and 
T — 300 K. (o) Derive the expression for the electron diffusion current density versus 
distance over the given range of x. (b) Determine the induced electric field that gener- 
ates a drift current density that compensates the diffusion current density. 

5.37 faJConsider the electron mobility in silicon for N,/ = 10 17 cm" 3 from Figure 5.2a. 

Calculate and plot the electron diffusion coefficient versus temperature over the range 
—50 £ T < 200°C. ( b ) Repeat pan (a) if the electron diffusion coefficient is given 
by D n — (0.025 9)/x„ for all temperatures. What conclusion can be made about the 
temperature dependence of the diffusion coefficient? 

538 (a) Assume that the mobility of a carrier at T — 300 K is fi = 925 cnr/V-s. Calculate 
the carrier diffusion coefficient, (b ) Assume that the diffusion coefficient of a carrier at 
T = 300 K is D = 28.3 curh. Calculate the carrier mobility. 

Section 5.4 The Hall Effect 

(Note: Refer to Figure 5.13 fur the geometry of the Flail effect.) 

5.39 A sample of silicon is doped with 10 16 baron atoms per cm’. The Hall sample has the 
same geometrical dimensions given in Example 5.7. The current is I, = 1 mA with 
B- - 350 gauss - 3.5 x 10 ~ 2 tesla. Determine f a jthe Hall voltage and (bjthe Hall 
held. 

5.40 Germanium is doped with 5 x 10 ,s donor atotns per cm 3 at T ~ 300 K. The dimen- 
sions of the Hall device are d = 5 x 10 -3 cm, W = 2 x 10“ 2 cm, and L = ICC 1 cm. 
The current is I, — 250 jx A. the applied voltage is V K = 100 mV, and the magnetic 
flux density is B z — 500 gauss = 5 X 10~ 2 tesla. Calculate: (a) the Hall voltage, 

(b) the Hall field, and (c) the carrier mobility 

5.41 Asilicon Hall device at T = 300 K has the following geometry: d = 10“ 3 cm, 

W = !0 -2 cm, and L — 10 -1 cm. The following parameters are measured: 

I, - 0.75 mA, V, =■ 15 V, Vh = +5.8 mV, and B. = 1000 gauss = 10~' tesla. 
Determine (a) the conductivity type, ( b ) the majority carrier concentration, and 
fefthe majority carrier mobility. 

5.42 Consider silicon at T — 300 K. A Hall effect device is fabricated with the following 
geometry: d = 5 x 10 - - 1 cm, W = 5 x 10~ : cm, and L = 0.50cm. The electrical 
parameters measured are: 1, = 0.50 mA, V, = 1 .25 V, and B- — 650 gauss = 

6.5 x 10~ 2 tesla. The Hall field is E H — —16.5 mV/cm. Determine (a) the Hall 
voltage, (6) the conductivity type, I c) the majority carrier conccntretion, and (d)the 
majority carrier mobility. 

5.43 Consider a gallium arsenide sample at T = 300 K. A Hall effect device has been 
fabricated with the following geometry: d — 0.01 cm. W = 0.05 cm. and L = 0.5 cm 
The electrical parameters are: I, = 2.5 mA, V’, — 2.2 V, and B- = 2.5 x 10“ 2 tesla. 
The Hall voltage is Vh — —4.5 mV. Find: (a) the conductivity type, f/ljthe majority 
carrier concentration, (r) the mobility, and (d) the resistivity. 


Summary and Review 

5.44 An n-type silicon semiconductor resistor is to be designed so that it carries a current 
of 5 mA with an applied voltage of 5 V. (a) If A^ — 3 x 10 14 cm -3 and N„ = 0, 
design a resistor lo meet the required specifications, (b) If Nj — 3 x 10 lfl cm -3 and 
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N a = 2.5 x 10 16 cm', redesign the resistor, (c) Discuss the relative lengths of the 
two designs compared to the doping concentration. Is there a linear relationship'! 

5.45 In fabricating a Hall effect device, the two points at which the Hall voltage is mea- 
sured may not be lined up exactly perpendicular to the current I, (see Figure 5.13). 
Discuss the effect this misalignment will have on the Hall voltage. Show that a valid 
Hall voltage can be obtained from two measurements: first with the magnetic field in 
the +; direction, and then in the — z direction. 

5.46 Another technique for determining the conductivity type of a semiconductor is called 
the hot probe method. It consists of two probes and an ammeter that indicates the 
direction of current. One probe is heated and the other is at room temperature. No 
voltage is applied, but a current will exist when the probes touch the semiconductor 
Explain the operation of this hot probe technique and sketch a diagram indicating the 
direction of current for p- and n-type semiconductor samples. 
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Nonequilibrium Excess Carriers 
in Semiconductors 


PREVIEW 


O ur discussion of the physics of semiconductors in Chapter 4 was based on 
thermal equilibrium. When a voltage is applied or a current exists in a semi- 
conductor device, the semiconductor is operating under nonequilibrium 
conditions. In our discussion of current transport in Chapter 5, we did not address 
nonequilibrium conditions but implicitly assumed that equilibrium was not signifi- 
cantly disturbed. Excess electrons in the conduction band and excess holes in the va- 
lence band may exist in addition to the thermal-equilibrium concentrations if an 
external excitation is applied to the semiconductor. In this chapter, we will discuss 
the behavior of nonequilibrium electron and hole concentrations as functions of time 
and space coordinates. 

Excess electrons and excess holes do not move independently of each other. 
They diffuse, drift, and recombine with the same effective diffusion coefficient, drift 
mobility, and lifetime. This phenomenon is called ambipolar transport. We will de- 
velop the ambipolar transport equation which describes the behavior of the excess 
electrons and holes. The behavior of excess carriers is fundamental to the operation of 
semiconductor devices. Several examples of the generation of excess carriers will be 
explored to illustrate the characteristics of the ambipolar transport phenomenon. 

The Fermi energy was previously defined for a semiconductor in thermal equi- 
librium. The creation of excess electrons and holes means that the semiconductor is 
no longer in thermal equilibrium. We can define two new parameters that apply to 
the nonequilibrium semiconductor: the quasi-Fermi energy for electrons and the 
quasi-Fermi energy for holes. 

Semiconductor devices are generally fabricated at or near a surface. We will 
study the effect of these surfaces on the characteristics of excess electrons and holes. 
These effects can significantly influence the semiconductor device properties. ■ 
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6.1 I CARRIER GENERATION 

AND RECOMBINATION 

In this chapter, we discuss carrier generation and recombination, which we can define 
as follows: generation is the process whereby electrons and holes are created, and re- 
combination is the process whereby electron? and holes are annihilated. 

Any deviation from thermal equilibrium will tend to change the electron and 
hole concentrations in a semiconductor. A sudden increase in temperature, for exam- 
ple, will increase the rate at which electrons and holes are thermally generated so that 
their concentrations will change with time until new equilibriuin values are reached. 
An external excitation, such as light (a flux of photons), can also generate electrons 
and holes, creating a nonequilibrium condition. To understand the generation and 
recombination processes, we will first consider direct band-to-band generation and 
recombination, and then, later, the effect of allowed electronic energy states within 
the bandgap, referred to as traps or recombination centers. 

6.1.1 The Semiconductor in Equilibrium 

We have determined the thermal-equilibrium concentration of electrons and holes in 
the conduction and valence bands, respectively. In thermal equilibrium, these con- 
centrations are independent of time. However, electrons are continually being ther- 
mally excited from the valence band into the conduction band by the random nature 
of the thermal process. At the same time, electrons moving randomly through the 
crystal in the conduction band may come in close proximity to holes and "fall” into 
the empty states in the valence band. This recombination process annihilates both the 
electron and hole. Since the net carrier concentrations are independent of time in 
thermal equilibrium, the rate at which electrons and holes are generated and the rate 
at which they recombine must be equal. The generation and recombination processes 
are schematically shown in Figure 6.1. 

Let G„o and G p o be the thermal-generation rates of electrons and holes, respec- 
tively, given in units of #/cnv'-s. For the direct band-to-band generation, the electrons 
and holes are created in pairs, so we must have that 

Gm = Gpq ( 6 . 1 ) 
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Figure 6.1 I Electrun-hole generation and recombination 
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Let R„ o and R p o be the recomhination rates of electrons and holes, respectively, for 
a semiconductor in thermal equilibrium, again given in units of #/cm 3 ~s. In direct 
band-to-hand recombination, electrons and holes recombine in pairs, so that 

f R„ o = R p o (6.2) 

In thermal equilibrium, the concentrations of electrons and holes are independent of 
time; therefore, the generation and recomhination rates are equal, so we have 

G„o = G p o = R„ o — R p o (6.3) 

6.1.2 Excess Carrier Generation and Recombination 

Additional notation is introduced in this chapter. Table 6.1 lists some of the more 
pertinent symbols used throughout the chapter. Other symbols will be defined as we 
advance through the chapter. 

Electrons in the valence hand may be excited into the conduction hand when, for 
example, high-energy photons are incident on a semiconductor. When this happens, 
not only is an electron created in the conduction band, but a hole is created in the 
valence band; thus an electron-hole pair is generated. The additional electrons and 
holes created are called excess electrons and excess holes. 

The excess electrons and holes are generated by an external force at a particular 
rate. Let g' be the generation rate of excess electrons and be that of excess holes. 
These generation rates also have units of #/cm 3 -s. For the direct hand-to-hand gener- 
ation, the excess electrons and holes are also created in pairs, so we must have 

g'n = g' p (6-4) 

When excess electrons and holes are created, the concentration of electrons in 
the conduction band and of holes in the valence band increase above their thermal- 
equilibrium value. We may write 

n = no + &n (6.5a) 

and 

P = Po + Sp (6.5b) 


Table 6.1 1 Relevant notation used in Chapter 6 


Symbol 

Definition 

"o. Pa 

Thermal equilibrium electron and hole concentrations 
(independent of time and also usually position). 

n.p 

Total electron and hole concentrations (may be 
functions of time and/or position). 

Sn = n — no 

Excess electron and hole concentrations (may 

Sp = p- Pa 

be functions of time and/or position). 

S’p 

Excess electron and hole generation rates. 

K’K 

Excess electron and hole recombination rates. 

fi // 

Excess minority carrier electron and hole lifetimes. 
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where no and po are the thermal-equilibrium concentrations, and 8n and 5p are the 1 
excess electron and hole concentrations. Figure 6.2 shows the excess electron-hole I 
generation process and the resulting carrier concentrations. The external force has 
perturbed the equilibrium condition so that the semiconductor is no longer in thermal 
equilibrium. We may note from Equations (6.5a) and (6.5b) that, in a nonequilibrium 
condition, np ^ nopo — nj. 

A steady-state generation of excess electrons and holes will not cause a continual 
buildup of the carrier concentrations. As in the case of thermal equilibrium, an elec- 
tron in the conduction band may "fall down" into the valence band, leading to the 
process of excess electron-hole recombination. Figure 6.3 shows this process. The 
recombination rate for excess electrons is denoted by R' n and for excess holes by R' ir 
Both parameters have units of #/cm 3 -S. The excess electrons and holes recombine in 
pairs, so the recombination rates must be equal. We can then write 

K = K ( 6 . 6 ) 

In the direct band-to-band recombination that we are considering, the recombi- 
nation occurs spontaneously: thus, the probability of an electron and hole recombin- 
ing is constant with time. The rate at which electrons recombine must be proportional 


dn n n 



Figure 6.2 1 Creation of excess electron and hole densities by 
photons. 
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Figure 6.3 1 Recombination of excess carriers 
reestablishing thermal equilibrium. 
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to the electron concentration and must also be proportional to the hole concentration. 
If there are no electrons or holes, there can be no recombination. 

The net rate of change in the electron concentration can be written as 

=a r [nf-n(t)p(t)] (6.7) 


where 

n(t) — no + MO (6.8a) 

and 

I. p( 0 = pa + Sp(t) (6.8b) 

The first term, apt., in Equation (6.7) is the thermal-equilibrium generation rate. 
Since excess electrons and holes are created and recombine in pairs, we have that 
MO — 8p(t). (Excess electron and hole concentrations are equal so we can simply 
use the phrase excess carriers to mean either.) The thermal-equilibrium parameters, 
no and pa, being independent of time, Equation (6. 7) becomes 

d(8n(t)) r ? -i 

— — — = «,-[«; - (no + MO) (ho 4- MO)] 

= -a r Sn(t)[(no + p 0 ) + MO] (6.9) 

! 

Equation (6.9) can easily be solved if we impose the condition of /osiplevel in- 
jection. Low-level injection puts limits on the magnitude of the excess carrier con- 
centration compared with the thermal equilibrium carrier concentrations. In an ex- 
trinsic n-type material, we generally have no pa and, in an extrinsic p-type 
material, we generally have p o 3> Hq. Low-level injection means that the excess 
carrier concentration is much less than the thermal equilibrium majority carrier con- 
centration. Conversely, high-level injection occurs when the excess carrier concen- 
tration becomes comparable to or greater than the thermal equilibrium majority car- 
rier concentrations. 

If we consider a p-type material (pa 5S> n o) under low-level injection ( 8n(t ) <SC 
pa), then Equation (6. 9) becomes 

d(8n(t)) 

- o / r pa&n(t) (6.10) 

at 

The solution to the equation is an exponential decay from the initial excess concen- 
tration, or 

MO = M = MOM^o (6.1 1) 

where r„o = (QVPo) -1 and is a constant for the low-level injection. Equation (6.11) 
describes the decay of excess minority carrier electrons so that is often referred 
to as the excess minority carrier lifetime . 1 


'in Chapter 5 we defined r as a mean rime between collisions. We de finer here as the mean time before 
a recombination event occurs. The two parameters are not related. 
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The recombination rate — which is defined as a positive quantity--of excess mi- 
nority carrier electrons can be written, using Equation (6.10). as 


R' = 


- d(Sn(t )) 
dt 


+a r p{)Sn(t ) 


8n(t) 

T«0 


( 6 . 12 ) 


For the direct hand-to-hand recombination, the excess majority carrier holes recom- 
bine at the same rate, so that for the p-type material 


K = R' P 


MO 

^n0 


(6.13) 


In the case of an n-type material (no 3> po ) under low-level injection 
(tSn(r) <£ «o), the decay of minority carrier holes occurs with a time constant 
T p[ ) — (ct,7io) _l , where r^o is also referred to as the excess minority carrier lifetime. 
The recombination rate of the majority carrier electrons will be the same as that of 
the minority carrier holes, so we have 


K = K = 


&n(t) 

TpO 


(6.14) 


The generation rates of excess carriers are not functions of electron or hole con- 
centrations. In general, the generation and recombination rates may be functions of 
the space coordinates and time. 


TEST YOUR UNDERSTANDING 

E6.1 Excess electrons have been generated in a semiconductor to aconcentrationof Sn (0) = 
10 15 cm -3 . The excess carrier lifetime is r„ 0 ^ 10 " h s. The forcing function generating 
the excess carriers turns off at t — 0 so the semicdnductor is allowed to return to an 
equilibrium condition for t > 0. Calculate the excess electron concentration for 
(a) t = 0, (b) t = 1 /us, and (c) t = 4 /us. 

[ c -ura £l 0l x £jj'i (a)‘ t _ui3 H 0I x 89 "£ (q) ‘ £ _uia fl 0I (») suyl 
E6.2 Using the parameters given in E6.1, calculate the recombination rate of the excess 
electrons for (a)t = 0, (b)t = I /rs, and (c) t = 4 /xs. 

[,_s c _mo 6I 0I X £8 1 03 oi X 89TW)‘ I - s £- lU3 , r 0l (») SU V] 


6.2 I CHARACTERISTICS OF EXCESS CARRIERS 

The generation and recombination rates of excess carriers are important parameters, 
but how the excess carriers behave with time and in space in the presence of electric 
fields and density gradients is of equal importance. As mentioned in the preview sec- 
tion, the excess electrons and holes do not move independently of each other, but 
they diffuse and drift with the same effective diffusion coefficient and with the same 
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effective mobility. This phenomenon is called amhipolar transport. The question that 
must be answered is what is the effective diffusion coefficient and what is the effec- 
tive mobility that characterizes the behavior of these excess carriers? To answer these 
questions, we must develop the continuity equations for the carriers and then develop 
the amhipolar transport equations. 

The final results show that, for an extrinsic semiconductor under low injection 
(this concept will be defined in the analysis), the effective diffusion coefficient and 
mobility parameters are those of the minority carrier. This result is thoroughly de- 
veloped in the following derivations. As will he seen in the following chapters, the 
behavior of the excess carriers has a profound impact on the characteristics of semi- 
conductor devices. 

[ 6.2.1 Continuity Equations 

The continuity equations for electrons and holes are developed in this section. 
Figure 6.4 shows a differential volume element in which a one-dimensional hole- 
panicle flux is entering the differential element at x and is leaving the element at 
x "V dx. The parameter F^. is the hole-particle flux, or flow, and has units of num- 
ber of holes/cnr-s. For the x component of the particle current density shown, we 
may write 

9 F + 

| F+(x + dx) = F+ (x) + -^~ dx (6.1 5) 

This equation is a Taylor expansion of F^ x (x + dx), where the differential length dx 
is small, so that only the first two terms in the expansion are significant. The net in- 
crease in the number of holes per unit time within the differential volume element 
due to the x-component of hole flux is given by 

dxdydz = [F+(x) - F+(x +dx)]dydz = — —dxdydz (6.16) 

If F+(jc) > F+ X (x + dx), for example, there will be a net increase in the num- 
ber of holes in the differential volume element with time. If we generalize to a three- 
dimensional hole flux, then the right side of Equation (6.16) may be written as 



Figure 6.4 1 Differential volume showing 
x component of the hole-particle flux. 
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-V . F+ dxdydz, where V . F p is the divergence of the flux vector. We will limit 
ourselves to a one-dimensional analysis. 

The generation rate and recombination rate of holes will also affect the hole con- 
centration in the differential volume. The net increase in the number of holes per unit 
time in the differential volume element is then given by 

dp dF p p 

— — dxdydz = — dxdvdz + g„dxdvdz dxdv dz (6.17) 

dl ' d X ' Tpt 


wherep is the density of holes. The first term on the right side of Equation (6.17) is 
the increase in the number of holes per unit time due to the hole flux, the second term 
is the increase in the number of holes per unit time due to the generation of holes, and 
the last term is the decrease in the number of holes per unit time due to the recombi- 
nation of holes. The recombination rate for holes is given by p / t p , where z pl includes 
the thermal equilibrium carrier lifetime and the excess carrier lifetime. 

If we divide both sides of Equation (6.17) by the differential volume dxdydz, 
the net increase in the hole concentration per unit time is 


dp_ 
d t 


djl 

dx 


+ 8p 


P_ 

Tp, 


(6.18) 


Equation (6.18) is known as the continuity equation for holes. 

Similarly, the one-dimensional continuity equation for electrons is given by 


dn 

Jt 


d JjL 

dx 


+ gn - 


n 

Tnr 


(6.19) 


where F n is the electron-particle flow, or flux, also given in units of number of 
electrons/cm 2 -s. 


6.2.2 Time-Dependent Diffusion Equations 

In Chapter 5, we derived the hole and electron current densities, which are given, in 
one dimension, by 


and 


dp_ 

(6.20) 

dx 

3 n 

dx 

(6.21) 


If we divide the hole current density by ( +e ) and the electron current density by 
( - e ),we obtain each particle flux. These equations become 


{p_ 

(+e) 


- K = P-pPE- Dj 


dp 

dx 


( 6 . 22 ) 


Jn 

(-<?) 


- f; 


-P„n E 


D, 


dn 

’ n dx 


(6.23) 


and 
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Taking the divergence of Equations (6.22) and (6.23), and substituting back into 
the continuity equations of (6.18) and (6.19), we obtain 


dp 

3(p E) 


P 

(6.24) 

dt 

Pp dx 

n i 

+ d p ~ 2 +8p- 

Tpt 

dn 

3(nE) 

d 2 n 

n 

(6.25) 

3 7 

— +M« a 
dx 

+ D „-^ + g„- 

r nt 


Keeping in mind that we are limiting ourselves to a one-dimensional analysis, we can 
expand the derivative of the product as 


3(/?E) dp 3E 
— — - = E— + p — 
dx dx dx 


(6.26) 


In a more generalized three-dimensional analysis. Equation (6.26) would have to be 
replaced by a vector identity. Equations (6.24) and (6.25) can be written in the form 


n d2p 

( 

' dp 

3E) 

) + Sp - 

_ P_ _ 



Dp d X 2 

-Mpl 

E— 

dx 

+ P dxj 

tpt 

at 

(6.27) 

3 2 « 

{ 

dn 

3E\ 

1 + gn ~ 

n 

3)1 

(6.28) 

D„ — 

+ M«( 

E— 

+ n — i 



dx 2 

3x 

dx ) 

f 

Tnr 

at 



Equations (6.27) and (6.28) are the time-dependent diffusion equations for holes 
and electrons, respectively. Since both the hole concentrationp and the electron con- 
centration n contain the excess concentrations. Equations (6.27) and (6.28) describe 
the space and time behavior of the excess carriers. 

The hole and electron concentrations are functions of both the thermal equilib- 
rium and the excess values are given in Equations (6.5a) and (6.5b). The thermal- 
equilibrium concentrations, n o and /?o, are not functions of time. For the special case 
of a homogeneous semiconductor, no and p 0 are also independent of the space coor- 
dinates. Equations (6.27) and (6.28) may then be written in the form 


D a 


A, 


d 2 (dp) , 

'd (Sp) 

8E> 

)+gp~ 

P_ 

_-3 (Sp) 

dx 2 Pp \ 

E 

V dx 

+ P Y X/ 


dt 

d 2 (Sn) , 

3x 2 +/i "' 

fd(8n) 

<)E\ 

+ "ilj 

| + Sn ~ 

n 

3(Sn) 

\ dx 

Tfi! 

dt 


(6.29) 


(6.30) 


Note that the Equations (6.29) and (6.30) contain terms involving the total concen- 
trations,/? and n , and terms involving only the excess concentrations, Sp and 8n. 


6.3 I AMBIPOLAR TRANSPORT 

Originally, we assumed that the electric field in the current Equations (6.20) and 
(6.21) was an applied electric field. This electric field term appears in the time- 
dependent diffusion equations given by Equations (6.29) and (6.30). If a pulse of 
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Figure 6.5 I The creation ot an internal electric field 
as excess electrons and holes rend to separate. 


excess electrons and a pulse of excess holes are created at a particular point in a semi- 
conductor with an applied electric field, the excess holes and electrons will tend to 
drift in opposite directions. However, because the electrons and holes are charged 
particles, any separation will induce an internal electric field between the two sets of 
particles. This internal electric field will create a force attracting the electrons and 
holes back toward each other. This effect is shown in Figure 6.5. The electric field 
term in Equations (6.29) and (6.30) is then composed of the externally applied field 
plus the induced internal field. This E-field may be written as 

E = E app + Ej n , (6.31) 

where E app is the applied electric field and Ej„ t is the induced internal electric field. 

Since the internal E-field creates a force attracting the electrons and holes, this 
E-field will hold the pulses of excess electrons and excess holes together. The nega- 
tively charged electrons and positively charged holes then will drift or diffuse 
together with a single effective mobility or diffusion coefficient. This phenomenon is 
called ambipolar diffusion or ambipolar transport. 

6.3.1 Derivation of the Ambipolar Transport Equation 

The time-dependent diffusion Equations (6.29) and (6. 30) describe the behavior of the 
excess carriers. However, a third equation is required to relate the excess electron and 
hole concentrations to the internal electric field. This relation is Poisson's equation, 
which may be written as 


V • Ei„, — 


e(8p — 5n) 


flEjni 

dx 


(6.32) 


where e s is the permittivity of the semiconductor material. 

To make the solution of Equations (6.29), (6.30). and (6.32) more tractable, we 
need to make some approximations. We can show that only a relatively small internal 
electric field is sufficient to keep the excess electrons and holes drifting and diffusing 
together. Hence, we can assume that 


| Eint I |E;,pp| 


(6.33) 
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However, the V . Ej nl term may not be negligible. We will impose the condition 
of charge neutrality: We will assume that the excess electron concentration is just bal- 
anced by an equal excess hole concentration at any point in space and time. If this 
assumption were exactly true, there would be no induced internal electric field to keep 
the two sets of panicles together. However, only a very small difference in the excess 
electron concentration and excess hole concentration will set up an internal E-field 
rufficient to keep the particles diffusing and drifting together. We can show that a 
I percent difference in Sp and Sn. for example, will result in non-negligible values of 
the V . E — V . Ej nt term in Equations (6.29) and (6.30). 

We can combine Equations (6.29) and (6.30) to eliminate the V . E term. Con- 
sidering Equations (6. 1 ) and (6.4), we can define 

gn = H P = g (6.34) 


and considering Equations (6.2) and (6.6), we can define 


R n = — = R p = — = R (6.35) 

Tu Tpt 

The lifetimes in Equation (6. 35) include the thermal-equilibrium carrier lifetimes and 
theexcess-carrier lifetimes. If we impose thecharge neutrality condition, then Sn Sp. 
We will denote both the excess electron and excess hole concentrations in Equa- 
tions (6.29) and (6.30) by Sn. We may then rewrite Equations (6.29) and (6.30) as 


D P 

D„ 


3 2 (5n) 

(J (Sn) 

BES 

)+g-R= 

d(Sn) 

-"'1 

y dx 

+ "-,, 

Bt 

d 2 (Sn) , 

dx 2 

( a(s«) 

;je \ 

1 +g-R = 

B (Sn) 

( dx 

Bt 


(6.36) 

(6.37) 


If we multiply Equation (6.36) by p„n, multiply Equation (6.37) by p p p , and 
add the two equations, the V . E = BE/Bx term will be eliminated. The result of this 
addition gives 


\ 


(PntlDp + p.ppD n ) 


d 2 (Sn) 

dx 2 


+ (p n p p )(p - n)E 


3(5/?) 

dx 


+ (p„n + p p p)(g - R) = (p„n + p p p) 


3(5/i) 

3 1 


(6.38) 


If we divide Equation (6.38) by the term (p„n + P- P p), this equation becomes 


3 2 (5n) , 3(5«) 

D h p E- 


dx 2 


dx 


g-R = 


9(5n) 

Bt 


(6.39) 


where 


D < _ P-n'lDp + PpPDn 
A i„n + PpP 


(6.40) 
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and 


PnP,,(p - n) 
li„n + fi p p 


(6.41) ■ 


Equation (6.39) is called the ambipoiar transport equation and describes the be- 
havior of the excess electrons and holes in time and space. The parameter D' is called 
the ambipoiar diffusion coefficient and j/ is called the ambipolur mobility. 

The Einstein relation relates the mobility and diffusion coefficient by 


p„ ^ p,, _ e 
D„ ~ D p kT 


(6.42) 


Using these relations, the ambipoiar diffusion coefficient may be written in the form 


D' = 


D„D p {n + p) 


D„n + D n p 


(6.43) 


The ambipoiar diffusion coefficient, D', and the ambipoiar mobility, p ! , are func- 
tions of the electron and hole concentrations, n and p, respectively. Since both ft 
and p contain the excess-carrier concentration <$n, the coefficient in the ambipoiar 
transport equation are not constants. The ambipoiar transport equation, given t y 
Equation (6.39), then, is a nonlinear differential equation. 

6.3.2 Limits of Extrinsic Doping and Low Injection 

The ambipoiar transport equation may be simplified and linearized by considering an 
extrinsic semiconductor and by considering low-level injectinn. The ambipoiar dif- 
fusion coefficient, from Equation (6.43), may be written as 

D , = D„D r l(no + 8n) + (p 0 + 8n)] 

D„(tio + 5n) + Dp(po + Sn) 

where «o and po are the thermal-equilibrium electron and hole concentrations, 
respectively, and Sn is the excess carrier concentration. If we consider a p-type semi- 
conductor, we can assume that po » iiq. The condition of low-levelinjection, or just 
low injection, means that the excess carrier concentration is much smaller than the 
thermal-equilibrium majority carrier concentration. For the p-type semiconductor, 
then, low injection implies that Sn po- Assuming that n o <£. pit and Sn po, and 
assuming that D„ and D p are on the same order of magnitude, the ambipoiar diffusion 
coefficient from Equation (6.44) reduces to 

D' = D n (6.45) 

If we apply the conditions of an extrinsic p-type semiconductor and low injection to 
the ambipoiar mobility. Equation (6.41) reduces to '* 
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L;. It is important to note that for an extrinsic p-type semiconductor under low 
■tojection, the ambipolar diffusion coefficient and the ambipolar mobility coefficient 
reduce to the minorig-currier electron parameter values, which are constants. The 
ambipolar transport equation reduces to a linear differential equation with constant 
coefficients. 

If we now consider an extrinsic n-type semiconductor under low injection, we 
may assume that po <K »o and &n <SC hq. The ambipolar diffusion coefficient from 
Equation (6.43) reduces to 


D' = D p (6.47) 

and the ambipolar mobility from Equation (6.41 Jreduces to 

■ d ~ -d„ (6.48) 

mhe ambipolar parameter5 again reduce to the minorit?-currier values, which are 
constants. Note that, for the n-type semiconductor, the amhipolar mobility is a nega- 
tive value. The ambipolar mobility term is associated with carrier drift; therefore, the 
sign of the drift term depends on the charge of the particle. The equivalent amhipolar 
particle is negatively charged, as one can see by comparing Equations (6.30) and 
(6.39). If the amhipolar mobility reduces to that of a positively charged hole, a nega- 
tive sign is introduced as shown in Equation (6.48). 

The remaining terms we need to consider in the ambipolar transport equation are 
the generation rate and the recombination rate. Recall that the electron and hole 
recombination rates are equal and were given by Equation (6.35) as R„ — R p = 
n/r„ ; = p j Tp t = R. where t,„ and t pr are the mean electron and hole lifetimes, re- 
spectively. If we consider the inverse lifetime functions, then 1 /t,„ is the probability 
per unit time that an electron will encounter a hole and recombine. Likewise, 1 ft pr is 
the probability per unit time that a hole will encounter an electron and recombine. If 
we again consider an extrinsic p-type semiconductor under low injection, the con- 
centration of majority carrier holes will be essentially constant, even when excess 
carriers are present. Then, the probability per unit time of a minority carrier electron 
encountering a majority carrier hole will be essentially constant. Hence r„, s r„, the 
minority carrier electron lifetime, will remain a constant for the extrinsic p-type 
semiconductor under low injection. 

Similarly, if we consider an extrinsic n-type semiconductor under low injection, 
the minority carrier hole lifetime, x pt = r„, will remain constant. Even under the 
condition of low injection, the minority carrier hole concentration may increase by 
several orders of magnitude. The probability per unit time of a majority carrier elec- 
tron encountering a hole may change drastically. The majority carrier lifetime, then, 
may change substantially when excess carriers are present. 

Consider, again, the generation and recombination terms in the ambipolar trans- 
port equation. For electrons we may write 


g — R — gn — R„ — (G>i0 + ~ (flnO + R„) 


(6.49) 


where G„o and g] ' are the thermal-equilibrium electron and excess electron genera- 
tion rates, respectively. The terms R„q and R' n are the thermal-equilibrium electron 
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and excess electron recombination rates, respectively. For thermal equilibrium, we 
have that 

G„ o — R„o (6.50) 

so Equation (6.49) reduces to 

g-R = g’„- K = g' H ~— (6.51) 

F,' 

where r„ is the excess minority carrier electron lifetime. 

For the case of holes, we may write 

g — R = gp — Rp = (G p o + g' p ) — (R P o + R p ) (6.52) 

where G p $ and g are the thermal-equilibrium hole and excess hole generation rates, 
respectively. The terms R p p> and R’ p are the thermal-equilibrium hole and excess hole 
recombination rates, respectively. Again, for thermal equilibrium, we have that 

G p o — R p o (6.53) 

so that Equation (6. 52 ) reduces to 

8-R=gp-Rp=g' p -— (6.54) 

T P 

where z p is the excess minority carrier hole lifetime. 

The generation rate for excess electrons must equal the generation rate for ex- 
cess holes. We may then define a generation rate for excess carriers as g', so that 
Sn — g'p = &'• We also determined that the minority carrier lifetime is essentially a 
constant for low injection. Then the term g — R in the ambipolar transport equation 
may he written in terms of the minority-carrier parameters. 

The ambipolar transport equation, given by Equation (6.39), for a p-type semi- 
conductor under low injection then becomes 


D„ 


d 2 (Sn) 


+ IZ„ E 


9(5n) 

dx 


+ g'~ 


Sn 


d(Sn ) 

8r 


(6.55) 


The parameter Sn is the excess minority carrier electron concentration, the parame- 
ter is the minority carrier lifetime under low injection, and the other parameters 
are the usual minority carrier electron parameters. 

Similarly, for an extrinsic n-type semiconductor under low injection, the ambi- 
polar transport equation becomes 


n d 2 (Sp) c d(Sp) 
Dp dx 2 ,lp dx 



9 (<$/>) 

3t 


(6.56) 


The parameter Sp is the excess minority carrier hole concentration, the parameter 
is the minority carrier hole lifetime under low injection, and the other parameters are 
the usual minority carrier hole parameters. 
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Table 6.2 f Common ambipolar transport equation simplifications 

Specification Effect 


Steady slate 


Uniform distribution of excess carriers 
(uniform generation rate) 

Zero electric field 

No excess carrier generation 

No excess carrier recombination 
(infinite lifetime) 


9(3«) _ d(Sp) 

dt ~ ' dt 

d 2 {&n) d 2 (&n) 

()x- dx- 

c a < 5 »)_n c^5p) 


g 

Sn Sp 

— = 0 , — 
till) t p q 


= 0 

— 0 

= 0 

= 0 
= 0 


It is extremely important to note that the transport and recombination parameters 
in Equations (6.55) and (6.56) are those of the minority carrier. Equations (6.55)and 
1(6.56) describe the drift, diffusion, and recombination of excess minority carriers as 
a function of spatial coordinates and as a function of time. Recall that we had im- 
posed the condition of charge neutrality; the excess minority carrier concentration is 
equal to the excess majority carrier concentration. The excess majority carriers, then, 
diffuse and drift with the excess minority carriers; thus, the behavior of the excess 
majority carrier is determined by the minority carrier parameters. This ambipolar 
phenomenon is extremely important in semiconductor physics, and is the basis for 
describing the characteristics and behavior of semiconductor devices. 


6.3.3 Applications of the Ambipolar Transport Equation 

We will solve the ambipolar transport equation for several problems. These examples 
will help illustrate the behavior of excess carriers in asemiconductor material, and the 
results will be used later in the discussion of the pn junction and the other semicon- 
ductor devices. 

The following examples use several common simplifications in the solution of 
the ambipolar transport equation. Table 6.2 summarizes these simplifications and 
their effects. 


=— " ~ = Objective | example 6.i 

To determine the time behavior of excess carriers as a semiconductorretums to thermal equi- 
librium. 

Consider an infinitely targe, homogeneous n-type semiconductor with zero applied elec- 
tric field. Assume that at time t — 0, a uniform concentration of excess carriers exists in the 
crystal, but assume that g" — 0 for t > 0. If wc assume that the concentration of excess 
carriers is much smaller than the thermal-equilibrium electron concentration, then the low- 
injection condition applies. Calculate the excess carrier concentration as a function of time 
for t > 0. 



CHAPTER 6 Nonequilibrium Excess Carriers in Semiconductors 


■ Solution 

For the n-type semiconductor, we need to consider the ambipolar transport equation for the 
minority carrier holes, which was given by Equation (6.56). The equation is 


D, 


3 2 (Sp) 


dx 2 


ftp E 


3(<5p) 


dx 


+ 8 ~ — 
r p o 


Sp d(Sp) 


a i 


We are assuminga uniform concentration of excess holes so that d 2 (Sp)/dx 2 — d(8p)/dx - 0. 
Fort > 0, we are also assuming that g' = 0. Equation (6.56) reduces to 


d(Sp) 


dt 


T P 0 


(6.57) 


Since there is no spatial variation, the total time derivative may be used. At low injection, the 
minority carrier hole lifetime, r p o, is a constant. The solution to Equation (6.57 ) is 


8p(t) = 8p(0)e- ,/T i> 0 


(6.58) 


where 5p(0) is the uniform concentration of excess carriers that exists at time t — 0. The con- 
centration of excess holes decays exponentially with time, with a time constant equal to the 
minority carrier hole lifetime. 

From the charge-neutrality condition, we have that Sn = Sp, so the excess electron con- 
centration is given by 


5n(r) = Sp(0)e-' /x ^ 


(6.59) 


■ Numerical Calculation 

Consider n-type gallium arsenide doped at Nj — I0 lfi cm -3 . Assume that 10 14 electron-hole 
pairs per cm 3 have been created at t = 0, and assume the minority carrier hole lifetime is 
r^o - 10 ns. 

We may note that 5/?(0) n o, so low injection applies. Then from Equation (6.58) we 

can write 

Sp(t) = 10 l4 e“' /lo ~ 8 cnr 3 

The excess hole and excess electron concentrations will decay to \je of their initial value in 
10 ns. 

■ Comment 

The excess electrons and holes recombine at the rate determined by the excess minority car- 
rier hole lifetime in the n-type semiconductor. 


EXAMPLE 6.2 [ Objective 

To determine the time dependence of excess carriers in reaching a steady-state condition. 

Again consider an infinitely large, homogeneous n-type semiconductor with a zero ap- 
plied electric field. Assume that, for t < 0, the semiconductor is in thermal equilibrium and 




6 . 3 Ambipolar Transport 


that, for r > 0, a uniform generation rate exists in the crystal. Calculate the excess carrier con- 
centration as a function of time assuming the condition of low injection. 

Solution 

The condition of a uniform generation rate and a homogeneous semiconductor again implies 
that i) 2 (S p)jdx 2 — d{8p)/dx = 0 in Equation (6.56 ). The equation, for this case, reduces to 


&P_ _ d(8p) 
T p o dt 


(6.60) 


The solution to this differential equation is 


8p(t) = g’r p 0 (l-e 


(6.61) 


■ Numerical Calculation 

Considern-type silicon atT = 300 K doped at N d = 2 x lO 15 cm -3 . Assume that r ;)tl = 10“ 7 s 
andg' = 5 x lO 21 cm -3 s -1 . From Equation (6. 6 1 Jwe can write 

8p(t) = (5 x 10 : ')(10“ 7 )[1 — e~'' w 7 ] = 5 x 10 14 [l - e”' 710 ' 7 ] cm" 3 

■ Comment 

We may note that fort -+ oo. we will create a steady-state excess hole and electron concen- 
tration of 5 x 10 14 cm -3 . We may note that 5p <3C no, so low injection is valid. 


The excess minority carrier hole concentration increases with time with the same 
time constant T^o, which is the excess minority carrier lifetime. The excess carrier 
concentration reaches a steady-state value as time goes to infinity, even though a 
steady-state generation of excess electrons and holes exists. This steady-state effect 
can he seen from Equation (6.60) by setting d(8p)/dt =■ 0. The remaining tenns sim- 
ply state that, in steady state, the generation rate is equal to the recotnbination rate. 


TEST YOUR UNDERSTANDING 

E6.3 Silicon at T = 300 K has been doped with boron atoms to a concentration of 

N a = 5 x I0 16 cm"' 3 . Excess carriers have been generated in the uniformly doped 
material to a concentration of 10 15 cm" 3 . The minority carrier lifetime is 5 p s. 

(o) What carrier type is the minority carrier? (b) Assuming g' = E = 0 for / >0, 
determine the minority carrier concentration for r > 0. 

[ c -nra 9 _ 0 , k S/ ,-3 s , 0I (<?) ‘suojpap (v) suy] 

E6.4 Consider silicon with the same parameters as given in E6.3. The material is in ' 

thermal equilibrium fort < 0. At t = 0, a source generating excess carriers is turned 
on. producing a generation rate of g' = 10 20 cm -3 -s' 1 . (a jWhat carrier type is the 
minority carrier? (b) Determine the minority carrier concentration fort > 0. (cjWhat 
is the minority carrier concentration as t — > oo? 

[ E _mo H oi x c (,:>) ‘ £ _un[ 9 0 I x 5/ ,_3 - i] tl oi x £0?) ‘suorpop (») suy) 
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EXAMPLE 6.3 | Objective 

To determine the steady-state spatial dependence of the excess carrier concentration. 

Consider a p-type semiconductor that is homogeneous and infinite in extent. Assume a 
zero applied electric field. For a one-dimensional crystal, assume that excess carriers are being 
generated at x = 0 only, as indicated in Figure 6.6. The excess carriers being generated at 
x — 0 will begin diffusing in both the +x and —x directions. Calculate the steady-state ex- 
cess carrier concentration as a function of x. 


Solution 

The ambipolar transport equation lor excess minority carrier electrons was given by Equa- 
tion (6.55), and is written as 


d 2 (8n) 3(8rt) , in 

On — v — + Ari/E — + g 

ax 2 (Jjc x „0 


9 ((5/f) 

~ nr 


From our assumptions, we have E = 0, g' — 0 for x # 0, and r)(&n)/dt — 0 fur steady state. 
Assuming a one-dimensional crystal. Equation (6.55) reduces to 


, d 2 (Sn) 8n 
dx T„ 0 


(6.62) 


Dividing by the diffusion coefficient, Equation (6.62) may he written as 


d 2 (8n ) 8n d 2 (Sn ) 8n 

dx 2 D„ t„o dx 2 L\ 


(6.6J) 


where we have defined L~ — D„ T„t). The parameter L„ has the unit cf length and is called the 
minority carrier electron diffusion length. The general solution to Equation (6.63) is 


8n(x) = Ae-' iL " + (6-64) 

As the minority carrier electrons diffuse away front x = 0. they will recombine with the ma- 
jority carrier holes. The minority carrier electron concentration will then decay toward zero at 
both .v = +oc and x — — oc. These boundary conditions mean that B = 0 for .v > 0 and 
A = Ofor.v < 0. The solution to Equation (6.63) may then he written as 


&n(x) = 8n{0)e A/L " x > 0 


(6.65a) 


Figure 66 I Steady-state generation 
rate at x = 0. 
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Sn( x) = Sn( 0)e +,/z "‘ .x < 0 


(6.65b) 


where <5«(0) is the value of the excess electron concentration at x = 0. The steady-state 
excess electron concentration decays exponentially with distance away from the source at 
* = 0 . 


■ Numerical Calculation 

Consider p-type silicon at T = 300 K doped at N, = 5 x 10 l6 cnW 3 . Assume that r„ 0 - 
5 x 10- 7 s, D„ = 25 cm 3 /s, and Sn( 0) = 10 15 cm -3 . 

The minority carrier diffusion length is 

L„ = = x/ (25) (5 x 10- 7 ) = 35.4 pm 

Then for x > 0, we have 

8n(x) = lQ is e~- x,3S 4x10 4 cm' 3 

■ Comment 

We may note that the steady-state excess concentration decays to 1 fe of its value at x = 
35.4 /<m. 


As before, we will assume charge neutrality; thus, the steady-state excess major- 
ity carrier hole concentration also decays exponentially with distance with the same 
characteristic minority carrier electron diffusion length L„. Figure 6.7 is a plot of the 
total electron and hole concentrations as a function of distance. We are assuming low 
injection, that is, 5n(0) <?C po in the p-type semiconductor. The total concentration of 
majority carrier holes barely changes. However, we may have 5n(0) n q and still 
satisfy the low-injection condition. The minority carrier concentration may change 
by many orders of magnitude. 


TEST YOUR UNDERSTANDING 



E6.6 

I 


Excess electrons and holes are generated at the end of a silicon bar (x = 0). The 
silicon is doped with phosphorus atoms to a concentration of Nj — 10 17 cm' 3 . The 
minority carrier lifetime is 1 ps, the electron diffusioncoefficient is D„ — 25 cm 2 /s , 
and the hole diffusion coefficient is D r = 10cm 2 /s. If 5n(0) = Sp(0) = 10 15 cm -3 , 
determine the steady-state electron and hole concentrations in the silicon for* > 0. 
(uid ui si r araii* ‘ f _uiD [ ()| „„ C/J ^ sl 0l = (x)dg = (x)u? suy) 

Using the parameters given in E6.5, calculate the electron and hole diffusion current 
densities at x = 10 pm. ( jUio/y 69£'0^ = Y ' A^/V 69U0+ = V ‘suy) 


The three previous examples, which applied the amhipolar transport equation to 
specific situations, assumed either a homogeneous or a steady-state condition; only 
the time variation or the spatial variation was considered. Now consider an example 
in which both the time and spatial dependence are considered in the same problem. 
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Figure 6.7 I Steady-state electron and hole concentrations for the case 
when excess electrons and holes are generated at a = 0. 


; Objective 

To determine both the time dependence and spatial dependence of the excess carrier concen- 
tration. 

Assume that a finite number of electron-hole pairs is generated instantaneously at time 
[ = 0 and at x = 0, but assume g' = 0 fort > 0. Assume we have an n-type semiconductor 
with a constant applied electric field equal to Eo. which is applied in the ■ a direction. Calcu- 
late the excess carrier concentration as a function ofx and t. 


Solution 

The one-dimensional ambipolar transport equation for the minority carrier holes can be writ- 
ten from Equation (6.56) as 


3 2 («5 p) d(Hp) 5p 3 (Sp) 

D i>~n — = — r— 

dx 2 dx r,,o 9/ 


( 6 . 66 ) 


The solution to this partial differential equation is of the form 

Sp(.x, t) - p'(x, t)e~ ,,Vl * 1 (6.67) 


By substituting Equation (6.67 ) into Equation (6.66), we arc left with the partial differential 
equation 


D 


d 2 p'(x,t) 




9p'( x, t ) 

dx 


9 p'(x, t) 

ar 


( 6 . 68 ) 





6.3 Ambpolar Transport 


Equation (6.68) is normally salved using Laplace transform techniques. The solution, without 
going through the mathematical details, is 


p'(x,t) 


1 

(4nD p t)' i2 


exp 


-(x - /XpEpt) 2 
4 D„t 


(6.69) 


The total solution, from Equations (6.67) and (6.69). for the excess minority carrier hole con- 
centration is 


Sp(x,t) 


(4tt CXP L 4 D„t j 


(6.70) 


■ Comment 

We could show that Equation (6.70) is a solution hy direct substitution back into the partial dif- 
ferential equation. Equation (6.66). 


Equation (6.70) can be plotted as a function of distance x, for various times. 
Figure 6.8 shows such a plot for the case when the applied electric field is zero. For 
t > 0, the excess minority carrier holes diffuse in both the -T.v and —x directions. 
During this time, the excess majority carrier electrons, which were generated, diffuse 
at exactly the same rate as the holes. As time proceeds, the excess holes recombine 



Figure 6.8 I Excess-hole concentration versus distance 
at various times for zero applied electric field. 
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Figure 6.9 I Excess-holeconcentration versus distance at various times for a 
constant applied electric field. 


with the excess electrons so that ar t — oo the excess hole concentration is zero. In 
this particular example, both diffusion and recombination processes are occurring at 
the same time. 

Figure 6.9 shows a plot of Equation (6.70) as a function of distance x at various 
times for the case when the applied electric field is not zero. In this case, the pulse of 
excess minority carrier holes is drifting in the +x direction, which is the direction of 
the electric field. We still have the same diffusion and recombination processes as we 
had before. An important point to consider is that, with charge neutrality, Sn — Spat 
any instant of time and at any point in space. The excess-electron concentration is 
equal to the excess-hole concentration. In this case, then, the excess-electron pulse is 
moving in the same direction as the applied electric field even though the electrons 
have a negative charge. In the ambipolar transport process, the excess carriers are 
characterized by the minority carrier parameters. In this example, the excess carriers 
behave according to the minority carrier hole parameters, which include D p , /r p , and 
t p q. The excess majority carrier electrons are being pulled along by the excess minor- 
ity canier holes. 


TEST YOUR UNDERSTANDING 

E6.7 As a good approximation, the peak value of a normalized excess canierconcentration, 
given by Equation (6.70), occurs at x - /r ; ,Eo?. Assume the following parameters: 


6.3 Am bipolar Transport 


I Tpo - 5 pa, D p — 10 enr/s, p p = 386 cnr/V-s, and E 0 — 10 V/cm. Calculate the 
peak value at times of (a)r = I pa, (h)r = 5 /is, (c) t = 15 pa, and (d)t = 25 pa. 
What are the corresponding values of x for pans ( a )to (</)? t 111 ^ £96 — x ‘OZI 'O iP) 
'.ui7t6L5 = *‘SH =*‘L'Pl (‘t)-^9'8£ = x '0'£L O) ' SU V] 

B6.8 The excess carrier concentration, given by Equation (6.70), is to be calculated at dis- 
tances of one diffusion length away from the peak value. Using the parameters given 
in E6.7. calculate the values of Sp for (a) t = I /xs at (/) 1.093 x 1 O' 2 cm and 
( ii )x = —3.21 x 10“ 3 cm; (b) t = 5 pa at (/) x = 2.64 x 10~ 2 cm and 
( ii)x — 1.22 x 10~ 2 cm; (c) r = 15 pa at (i)x — 6.50 x I0~ 2 cm and 
( ii )x = 5.08 x 10' 2 cm. 

[£0T (»)‘S0T 0) P) -UU (.») y 11 (.0 (<?) -6'QZ ('?) ‘6 0S (/) P) '^Vl 

Eh.9 Using the parameters given in E6.7, (a) plot Sp(x, ! ) from Equation ( 6. 70)versus x 
for ( i )r = 1 ps, (ii) t — 5 pa, and (Hi) f — 15 pa, a ( b ) pot Sp(x, I) versus time 
for ( i )x — 10^ 2 cm, ( ii )x = 3x10 2 cm, and ( iii)x = 6 x 10 2 cm. 

6.3.4 Dielectric Relaxation Time Constant 

We have assumed in the previous analysis that a quasi-neutrality conditions exists — 
that is, the concentration of excess holes is balanced by an equal concentration of ex- 
cess electrons. Suppose that we have a situation as shown in Figure 6.10, in which a 
uniform concentration of holes Sp is suddenly injected into a portion of the surface 
of a semiconductor. We will instantly have a concentration of excess holes and a net 
positive charge density that is not balanced by a concentration of excess electrons. 
How is charge neutrality achieved and how fast? 

There are three defining equations to he considered. Poisson's equation is 

V-E=- (6.71) 

e 

The current equation. Ohm's law, is 

f J = trE (6.72) 

The continuity equation, neglecting the effects of generation and recombination, is 

dp 

V m J = ~ f^.73) 

at 


Sp 

boles 


Figure 6.10 1 The injection of a concentration of 
holes into a small region at the surface of an n-type 
semiconductor. 




CHAPTER 6 Nonequilibrium Excess Carriers In Semiconductors 


EXAMPLE 6.5 


The parameter p is the net charge density and the initial value is given by e(Sp). We 
will assume that Sp is uniform over a short distance at the surface. The parameter e 
is the permittivity of the semiconductor. 

Taking the divergence of Ohm's law and using Poisson's equation, we find 


V • J = aV • E = 


op 


Substituting Equation (6.74) into the continuity equation, we have 

op dp dp 


at 


dr 


(6.74) 

(6.75) 


Since Equation (6.75) is a function of time only, we can write the equation as a total 
derivative. Equation (6.75) can be rearranged as 



(6.76) 


Equation (6.76) is a first-order differential equation whose solution is 

p(t) = p{0)e~ {,M (6.77) 

where 


t* = - (6.78) 

<7 

and is called the dielectric relaxation time constant. 


Objective 

Calculate the dielectric relaxation time constant for a particular semiconductor. 

Assume an n-type semiconductor with a donor impurity concentration of N d - 
10 1S cm' 3 . 


■ Solution 

The conductivity is found as 

o*ep.„N d =( 1.6 x 1G“ I9 )(1200)(10 16 ) = 1.92 (ft-cm)" 1 

where the value of mobility is the approximate value found from Figure 5.3. The permittivity 
of silicon is 

e = e r e 0 = (1 1.7)(8.85 x KT 14 ) F/cm 
The dielectric relaxation time constant is then 


£ 


Trf = — 
0 


(1I.7)(8.85 x 10 ,4 ) 


= 5.39 x 10“ 13 


s 


1.92 
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■ Comment 

Equation (6.77 ) then predicts that in approximately four time constants, or in approximately 
2 ps, the net charge density is essentially zero; that is, quasi-neutrality has been achieved. 
Since the continuity equation. Equation (6.73), does not contain any generation or recombina- 
tion terms, the initial positive charge is then neutralized by pulling in electrons from the bulk 
n-type material to create excess electrons. This process occurs very quickly compared to the 
normal excess carrier lifetimes of approximately 0.1 /is. The condition of quasi-charge- 
neutrality is then justified. 


*6.3.5 Haynes - Shockley Experiment 

We have derived the mathematics describing the behavior of excess carriers in a 
semiconductor. The Haynes-Shockley experiment was one of the first experiments 
to actually measure excess-carrier behavior. 

Figure 6.11 shows the basic experimental arrangement. The voltage source T) 
establishes an applied electric field Eo in the -j-x direction in the n-type semiconduc- 
tor sample. Excess carriers are effectively injected into the semiconductor at contact 
A. Contact B is a rectifying contact that is under reverse bias by the voltage source 
t' 2 . The contact B will collect a fraction of the excess carriers as they drift through the 
semiconductor. The collected carriers will generate an output voltage, Vo- 

This experiment corresponds to the problem we discussed in Example 6.4. 
Figure 6.12 shows the excess-carrier concentrations at contacts A and B for two con- 
ditions. Figure 6.12a shows the idealized excess-carrier pulse at contact A at time 
i - 0. For a given electric field Eqi, the excess carriers will drift along the semicon- 
ductor producing an output voltage as a function of time given in Figure 6.12b. The 
peak of the pulse will arrive at contact B at time tg. If the applied electric field is re- 
duced to a value E 02 . E 02 < E 01 , the output voltage response at contact B will look 
approximately as shown in Figure 6.12c. For the smaller electric field, the drift ve- 
locity of the pulse of excess carriers is smaller, and so it will take a longer time for the 



Figure 6.11 1 The basic Haynes-Shockley experimental 
arrangement. 
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Figure 6.12 I (a) The idealized excess-carrier pulse at 
terminal A at t = 0. (b) The excess-carrier pulse versus time 
at terminal B for a given applied electric field. (c)The 
excess-carrier pulse versus time at terminal B for a smaller 
applied electric field. 


pulse to reach the contact B. During this longer time period, there is more diffusion 
and more recombination. The excess-carrier pulse shapes shown in Figures 6.12b and 
6.12c are different for the two electric field conditions. 

The minority carrier mobility, lifetime, and diffusion coefficient can be deter- 
mined from this single experiment. As a good first approximation, the peak of the 
minority carrier pulse will arrive at contact B when the exponent involving distance 
and time in Equation (6.70) is zero, or 
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In this case x — d, where d is the distance between contacts A and B, and t — to, 
where to is the time at which the peak of the pulse reaches contact B. The mobility 
may be calculated as 

Up = (6.79b) 

Figure 6.13 again shows the output response as a function of time. At times ft 
and h, the magnitude of the excess concentration is e 1 of its peak value. If the time 
difference between and r? is not too large, and (4n D p t) 1 ^ 2 do not change 

appreciably during this time; then the equation 

^ (cl - ix p E 0 tf - 4D p t (6.80) 

is satisfied at both t — t\ and t = f 2 - If we set t = fj and t — t 2 in Equation (6.80) 
and add the two resulting equations, we may show that the diffusion coefficient is 
given by 

(a„Eo) 2 (Af) 2 

n _ v ' it. o i \ 


At=h- 1\ (6.82) 

The area S under the curve shown in Figure 6.13 is proportional to the number 
of excess holes that have not recombined with majority carrier electrons. We may 
write 


5 = K exp I 


= K exp I 


. 1-tpEoTpO 


where K is a constant. By varying the electric field, the area under the curve will 
change. A plot of In (5) as a function of (dj\x v Eq) will yield a straight line whose 
slope is ( 1/ Tpo) , so the minority carrier lifetime can also be determined from this 
experiment. 

The Haynes-Shockley experiment is elegant in the sense that the three basic 
processes of drift, diffusion, and recombination are allobserved in a single experiment. 


Figure 6.13 ) The output excess-carriei 
pulse versus lime to determine the 
diffusion coefficient. 
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The determination of mobility is straightforward and can yield accurate values. The 
determination of the diffusion coefficient and lifetime is more complicated and may i 
lead to some inaccuracies. 


6.4 I QUASI-FERMI ENERGY LEVELS 

The thermal-equilibrium electron and hole concentrations are functions of the Fermi 
energy level. We can write 


and 



(6.84a) 


(6.84b) 


where Ef and E Fi are the Fermi energy and intrinsic Fermi energy, respectively, and 
/I, is the intrinsic carrier concentration. Figure 6. i 4a shows the energy-band diagram 
for an n-type semiconductor in which Ep > E Fi . For this case, we may note from 
Equations (6.84a) and (6.84b) that Hq > «/ and po < n .- , as we would expect. Simi- 
larly, Figure 6.14b shows the energy-band diagram for a p-type semiconductor in 
which Ef < E n . Again we may note from Equations (6.84a) and (6.84b) that 
< tij and [Hi > n, . as we would expect for the p-type material. These results are 
for thermal equilibrium. 

If excess carriers are created in a semiconductor, we are no longer in thermal 
equilibrium and the Fermi energy is strictly no longer defined. However, we may de- 
fine a quasi-Fermi level for electrons and a quasi-Fermi level for holes that apply for 
nonequilibrium. If Sn and Sp are the excess electron and hole concentrations, re- 
spectively, we may write: 


no + Sn = n, exp 


Efn ~ E Fi 

kT 


(6.85a) 



fa) 


(b) 


Figure 6.14 I Thermal-equilibrium energy-band diagrams for (a) n-type 
semiconductor and \ b\ p-type semiconductor. 
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T 


I 


Po + &P — >h exp 


Ef i - E y-p 

kT 


(6.85b) 


where Ef n and Ef p are the quasi-Fermi energy levels for electrons and holes, re- 
spectively. The total electron concentration and the total hole concentration are func- 
tions of the quasi-Fermi levels. 


" Objective [ 

To calculate the quasi-Fermi energy levels. 

Consider an n-type semiconductor at T = 300 K with carrier concentrations of n Q = 

L0 15 cm -3 , rij = 10 ,0 cm -3 , and = 10 s cm -3 . M nonequilibrium, assume that the excess 
carrier concentrations are Sn = Sp = 10 13 cm' 1 . 

■ Solution 

The Fermi level for thermal equilibrium can be determined from Equation (6.84a). We have 
E f - E n = kT In ( — j = 0.2982 eV 

W: can use Equation (6.85a) to determine the quasi-Fermi level for electrons in nonequilib- 
rium. W; can write 

Ef„ - E f , = kT In ^ n ° ^- n j = 0.2984 eV 

Equation (6.85b) can be used to calculate the quasi-Fermi level for holes in nonequilibnum. 

W: can write 

^ E F i — E tp = kT In = 0. 179 eV 

Comment 

W: may note that the quasi-Fermi level for electrons is above E-, , while the quasi-Fermi level 
for holes is below E H 


Figure 6.15a shows the energy-band diagram with the Fermi energy level corre- 
sponding to thermal equilibrium. Figure 6.15b now shows the energy-band diagram 
under the nonequilibrium condition. Since the majority carrier electron concentration 
does not change significantly for this low-injection condition, the quasi-Fermi level 
for electrons is not much different from the thermal-equilibrium Fermi level. The 
quasi-Fermi energy level for the minority carrier holes is significantly different from 
the Fermi level and illustrates the fact that we have deviated from thermal equilib- 
rium significantly. Since the electron concentration has increased, the quad-Fermi 
level for electrons has moved slightly closer to the conduction band. The hole 
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0.2982 eV 0.2982 eV 


0.2984 eV 



(a) <b> 


Figure 6.15 I (a) Thermal-equilibrium energy -band diagram for N d = 10 15 cm - ’ and 
n, = 10 l(l cm -3 , (b) Quasi-Fermi levels for electrons and holes if 10” cm -3 excess 
carriers are present. 


i 


concentration has increased significantly so that the quasi-Fermi level for holes has 
moved much closer to the valence band. We will consider the quasi-Fermi energy 
levels again when we discuss forward-biased pn junctions. 


|" TEST YOUR UNDERSTANDING 

E6.10 Silicon at T — 300 K is doped at impurity concentrations of ,\b = J0 lb cm - ' and 
N a = 0. Excess carriers are generated such that the steady-state values are 
Sn = Sp — 5 x 10 14 cm -3 , (a) Calculate the thermal equilibrium Fermi level with 
respect to E Fi . (/^Determine E F „ and E Fp with respect to E Fi . 

[A3 L69Z'0 = iJ 3 - u 3 ‘A3 98tC0 = u 3 - " : 3 (9) 

■A3 [£K‘ 0 = ' A 3 ~ 3 3 <°) SU V] 

EB.U Impurity concentrations of N d = I0 13 cm 3 and N a ~ 6 x 10” cm -1 are added to 
silicon at T = 300 K. Excess carriers are generated in the material such that the 
steady-state concentrations are Sn = Sp — 2 x 10 14 cm -3 . falFind the thermal 
equilibrium Fermi level with respect to E Fl . (b) Calculate E F „ and E tp with respect 
to E,, . [A3 b0£r0 = * J 3 ~ , j 3 ‘A 9 09bc'0 = ,J 3 - " J 3 (.<?) 

: A 3 b6c£'0 = ’3 - ”3 (u) ’suy] 


*6.5 I EXCESS-CARRIER LIFETIME 

The rate at which excess electrons and holes recombine is an important characteris- 
tic of the semiconductor and influences many of the device characteristics, as we will 
see in later chapters. We considered recombination briefly at the beginning of this 
chapter and argued that the recombination rate is inversely proportional to the mean 
carrier lifetime. We have assumed up to this point that the mean carrier lifetime is 
simply a parameter of the semiconductor material. 

We have been considering an ideal semiconductor in which electronic energy 
states do not exist within the forbidden-energy bandgap. This ideal effect is present 
in a perfect single-crystal material with an ideal periodic -potential function. In a real 
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semiconductor material, defects occur within the crystal and disrupt the perfect 
periodic-potential function. If the density of these defects is not too great, the defects 
will create discrete electronic energy states within the forbidden-energy band. These 
allowed energy states may be the dominant effect in determining the mean carrier 
lifetime. The mean carrier lifetime may be determined from the Shockley-Read-Hall 
theory of recombination. 

6.5.1 Shockley-Read-Hall Theory of Recombination 

An allowed energy state, also called a trap, within the forbidden bandgap may act as 
a recombination center, capturing both electrons and holes with almost equal proba- 
bility. This equal probability of capture means that the capture cross sections for elec- 
trons and holes are approximately equal. The Shockley-Read-Hall theory of recom- 
bination assumes that a single recombination center, or trap, exists at an energy E t 
within the bandgap. There are four basic processes, shown in Figure 6.16, that may 
occur at this single trap. We will assume that the trap is an acceptor-type trap; that is, 
it is negatively charged when it contains an electron and is neutral when it does not 
contain an electron. 

The four basic processes are as follows: 

f Process 1 : The capture of an electron from the conduction band by an initially 
neutral empty trap. 


Process I Process 2 



Hole capture Hole emission 

Figure 6.16 1 The four basic trapping and emission processes for the case of an 
acceptor-type trap. 
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Process 2: The inverse of process 1 — the emission of an electron that is 
initially occupying a trap level back into the conduction band. 

Process 3: The capture of a hole from the valence band by a trap containing an 
electron. (Or we may consider the process to be the emission of an electron 
from the trap into the valence band.) 

Process 4: The inverse of process 3 — the emission of a hole from a neutral trap 1 
into the valence band. (Or we may consider this process to be the capture of an 
electron from the valence band.) 

In process 1, the rate at which electrons from the conduction band are captured 
by the traps is proportional to the density of electrons in the conduction band and 
proportional to the density of empty trap states. We can then write the electron cap-J 
ture rate as 

R c „ = C„N,(\. - f y (E,))n (6.86) 

where 


R c .„ = capture rate (#/cm 3 -s) 

C n = constant proportional to electron-capture cross section 
N r = total concentration of trapping centers 
n = electron concentration in the conduction band 
ff(E,) z= Fermi function at the trap energy 


The Fermi function at the trap energy is given by 


ME,) 


1 +exp 


E, - E F 
kT 


(6.87) 


which is the probability that a trap will contain an electron. The function 
(1 — f F (£,)) is then the probability that the trap is empty. In Equation (6.87), we 
have assumed that the degeneracy factor is one, which is the usual approximation 
made in this analysis. However, if a degeneracy factor is included, it will eventually 
be absorbed in other constants later in the analysis. 

For process 2, the rate at which electrons are emitted from filled traps back into 
the conduction band is proportional to the number of filled traps, so that 


R en = E n N,ME,) 


( 6 . 88 ) 


where 


R en = emission rate (#/cm 3 -s) 

E n -■ constant 

fj. ( E , ) = probability that the trap is occupied 

In thermal equilibrium, the rate of electron capture from the conduction band 
and the rate of electron emission back into the conduction band must be equal. Then 

Ren = Ren 


(6.89) 
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so that 

EnNifro(Et) = C„N,( 1 _ /fo(£())«o (6.90) 

where fp o denotes the thermal-equilibrium Fermi function. Note that, in thermal 
equilibrium, the value of the electron concentration in the capture rate term is the 
equilibrium value Ho- Using the Boltrmann approximation for the Fermi function, 
we can find E n in terms of C„ as 

E n = n'C„ (6.91) 

where n' is defined as 

n' = N c exp (Ec El) (6.92) 

kl 

The parameter n' is equivalent to an electron concentration that would exist in the 
conduction band if the trap energy E, coincided with the Fermi energy E , . 

In nonequilibrium, excess electrons exist, so that the net rate at which electrons 
are captured from the conduction band is given by 

Rn = R,„ - R e „ (6.93) 

which is just the difference between the capture rate and the emission rate. Combin- 
ing Equations (6.86) and (6.88) with (6.93) gives 

R n = [C n N,(\ - ME,))n] - l E„N,ME,)] (6.94) 

We may note that, in this equation, the electron concentration n is the total con- 
centration, which includes the excess electron concentration. The remaining con- 
stants and terms in Equation (6.94) are the same as defined previously and the Fermi 
energy in the Fermi probability function needs to be replaced by the quasi-Fermi en- 
ergy forelectrons. The constants E n and C n are related by Equation (6.91). so the net 
recombination rate can be written as 


R n = C„N,[n( 1 - ME,)) - n'ME ,)] (6.95) 

If we consider processes 3 and 4 in the recombination theory, the net rate at 
which holes are captured from the valence band is given by 

R P = C p N,[pME,) ~p’{ 1 - ME,))] (6.96) 

where C p is a constant proportional to the hole capture rate, and p' is given by 

' \r ~(E, — E v ) 

p = N v exp - — (6.97) 

kT 

In a semiconductor in which the trap density is not too large, the excess electron 
and hole concentrations are equal and the recombination rates of electrons and holes 
are equal. If we set Equation (6.95) equal to Equation (6.96) and solve for the Fermi 
function, we obtain 


ME,) - 


C„n + C p p' 

C„(n+n’) + C p (p + p') 


(6.98) 
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We may note that rip' = nj. Then, substituting Equation (6.98) back into either^ 
Equation (6.95) or (6.96) gives 


n n C„C p N,{np-nj) = 

” p C„(n+ri) + C p (p+ P ') 


(6.99)1 


Equation (6.99) is the recombination rate of electrons and holes due to the recombi 
nation center at E =* E.. If we consider thermal equilibrium, then np = nopa = n- 
so that R,, — R jr =■ 0. Equation (6.99). then, is the recombination rate of excess elec 
trons and holes. 

Since R in Equation (6.99) is the recombination rate of the excess carriers, Wt 
may write 

/?= — ( 6 . 100 ) 

T 


where Sn is the excess-carrier concentration and r is the lifetime of the excess carriers. 


6.5.2 Limits of Extrinsic Doping and Low Injection | 

We simplified the ambipolar transport equation. Equation (6.39), from a nonlinear 
differential equation to a linear differential equation by applying limits of extrinsic 
doping and low injection. We may apply these same limits to the recombination rate 
equation. 

Consider an n-type semiconductor under low injection. Then 

no » Po, nts » bp, no » ri, n,i » p’ 

where dp is the excess minority carrier hole concentration. The assumptions of 
iiq 5S> ri and n o iS> p' imply that the trap level energy is near mtdgap so that ri and 
p' are not too different from the intrinsic carrier concentration. With these assump- 
tions, Equation (6.99) reduces to j 

I 

R = C,,N I Sp (6 101) 

The recombination rate of excess carriers in the n-type semiconductor is a function 
of the parameter C,„ which is related to the minority carrier hole capture cross sec- 
tion. The recombination rate, then, is a function of the minority carrier parameter in 
the same way that the ambipolar transport parameters reduced to their minority car- 
rier values. 

The recombination rate is related to the mean carrier lifetime. Comparing Equa- 
tions (6.100) and (6.101), we may write 


5/7 _ dp 

R = — = C„NiSp = — 

T TpO 


( 6 . 102 ) 


where 



6.5 Excess-Carrier lifetime 


where z p o is defined as the excess minority carrier hole lifetime. If the trap con- 
centration increases, the probability of excess carrier recombination increases; thus 
the excess minority canier lifetime decreases. 

Similarly, if we have a strongly extrinsic p-type material under low injection, we 
assume that 

Po » no, po^>Sn, p 0 2>n'. /j 0 » p’ 

e lifetime then becomes that of the excess minority carrier electron lifetime, or 

T "° ~ C n N, (6.104) 

Again note that for the n-type material, the lifetime is a function of Cp , which 
is related to the capture rate of the minority carrier hole. And for the p-type material, 
the lifetime is a function of C n , which is related to the capture rate of the minority 
carrier electron. The excess-carrier lifetime for an extrinsic material under low injec- 
tion reduces to that of the minority carrier. 


Objective j 

To determine the excess-carrier lifetime in an intrinsic semiconductor. 

If we substitute the definitions of excess-carrier lifetimes from Equations (6.103) and 
(6. 104) into Equation (6.99). the recumbination rate can be written as 


R = 


{tip - nj) 


r p n(n + n') + z„ 0 (p + p') 


(6.105) 


l 

^Consider an intrinsic semiconductor containing excess carriers. Then n — ti, + Sn and 
p = n, + Sn. Also assume that n ' = p' = n,- . 


■ Solution 

Equation (6 105) now become* 


1 2 n,<5rt + (<5n) 2 

i (2n f + Sn)(T p n + r„ 0 ) 

If we also assume very low injection, so that Sn <3C 2 then we can write 

Sn 

r„o + r„{i r 


tpo + r„{i 
Sn 


where i is the excess carrier lifetime. We see that r = + r fl0 in the intrinsic material 


■ Comment 

The excess-canier lifetime increases as we change from an extrinsic to an intrinsic 
semiconductor. 


Intuitively, we can see that the number of majority carriers that are available for 
recombining with excess minority carriers decreases as the extrinsic semiconductor 


EXAMPLE 6.7 
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becomes intrinsic. Since there are fewer carriers available for recombining in the in- 
trinsic material, the mean lifetime of an excess carrier increases. 


TEST YOUR UNDERSTANDING 

E6.12 Consider silicon at T = 300 K doped at concentrations of N d -- 10 15 cmr 3 and 

N a = 0. Assume that n' = p' = n, in the excess carrier recombination rate equation 
and assume parameter values cf r„ () = r^o = 5 x 10 _1 s. Calculate the recombina- 
tion rate of excess carriers if Sn = Sp - 10 14 cm -3 . (,-S f -ura 0 jOI x £81 SU V) 


*6.6 I SURFACE EFFECTS 

In all previous discussions, we have implicitly assumed the semiconductors were in- 
finite in extent; thus, we were not concerned with any boundary conditions at a semi- 
conductor surface. In any real application of semiconductors, the material is not infi- 
nitely large and therefore surfaces do exist between the semiconductor and an adjacent 
medium. 

6.6.1 Surface States 

When a semiconductor is abruptly terminated, the perfect periodic nature of the ideal- 
ized single-crystal lattice ends abruptly at the surface. The disruption of the periodic- 
potential function results in allowed electronic energy states within the energy 
bandgap. In the previous section, we argued that simple defects in the semiconductor 
would create discrete energy states within the bandgap. The abrupt termination of the 
periodic potential at the surface results in a distribution of allowed energy states 
within the bandgap, shown schematically in Figure 6.17 along with the discrete en- 
ergy states in the bulk semiconductor. 

The Shockley-Read-Hall recombination theory shows that the excess minority 
carrier lifetime is inversely proportional to the density of trap states. We may argue 


Electron 

energy 


' E r 


E, 


E r 


\ 

Surface 

Figure 6.17 I Distribution of surface 
states within the forbidden bandgap. 



6. 8 Surface Effects 



Figure 6.18 I Steady-state excess hole 
concentration versus distance from a 
semiconductor surface. 


that, since the density of traps at the surface is larger than in the bulk, the excess mi- 
nority carrier lifetime at the surface will he smaller than the corresponding lifetime 
in the bulk material. If we consider an extrinsic n-type semiconductor, for example, 
the recombination rate of excess carriers in the bulk, given by Equation (6.102), is 


Sp _ Sp B 

T/)0 T p0 


(6.106) 


where Spg is the concentration of excess minority carrier holes in the bulk material. 
We may write a similar expression for the recombination rate of excess carriers at the 
surface as 



t"/?0s 


(6.107) 


where S/j, is the excess minority carrier hole concentration at the surface and r^ is 
the excess minority carrier hole lifetime at the surface. 

Assume that excess carriers are being generated at a constant rate throughout the 
entire semiconductor material. We showed that, in steady state, the generation rate is 
equal to the recombination rate for the case of a homogeneous, infinite semiconduc- 
tor. Using this argument, the recombination rates at the surface and in the hulk mate- 
rial must be equal. Since r ; ,o. v < t p q, then the excess minority carrierconcentration at 
the surface is smaller than the excess minority carrier concentration in the bulk re- 
gion, or &p s < Spa. Figure 6.18 shows an example of the excess-carrier concentra- 
tion plotted as a function of distance from the semiconductor surface. 


Objective [ 

To determine the steady-state excess-carrier concentration as a function of distance from the 
surface of a semiconductor. 

Consider Figure 6. 18, in which the surface is at x - 0. Assume that in the n-type semi- 
conductor Rpts = IQ 14 cirr 3 and r,,o = 10 _<J s in the bulk, and q )( j, = 1(U 7 s at the surface. 
Assume zero applied electric field and let D„ = 10 cm 2 /s. 


EXAMPLE 6.8 
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Solution 

From Equations (6.106) and (6.107), we have 


&Pb _ &Ps_ 

TpO ^pOs 

so that 

(S) = no, ' ) (re^) “ ,0 " 

From Equation (6.56). we can write 


ax- r p ,) 


(6.108) 


The generation rate can be determined from the steady-state conditions in the bulk, or 


8 - 


Sps 

TpO 


10' 

10 - 


The solution to Equation (6. 107) is cf the form j 

hpix) = g'z„ n + Ae t/L r + Be~ K<Lp (6.109) 

As x -f +oc, &p{x) - &pn - g'? P o - 10 14 cur - , which implies that A = 0. At .r =0. we 
have 


5/>(0) - &p s = 10 14 + B = 10 1 ' cm -3 


so that B ~ -9 x 10 n . The entire solution for the minority carrier hole concentration as a 
function of distance from the surface is 


&p(x) ~ 1 0 14 ( 1 — Q.9e' XIL p) 

where 

Lp = y/Dp r p o = x/OOjUCF*) = 31.6 pm 


■ Comment 

The excess carrier concentration is smaller at the surface than in the bulk. 


6.6.2 Surface Recombination Velocity j 

A gradient in the excess-carrier concentration exists near the surface as shown in Fig- 
ure 6.18; excess carriers firm the bulk region diffuse toward the surface where they 
recombine. This diffusion toward the surface can be described by the equation 

D P 

where each side of the equation is evaluated at the surface. The parameter h is the 
unit outward vector normal to the surface. Using the geometry of Figure 6.18, 


dm 


d x 


■ sSp | 


surf 


( 6 . 110 ) 


d{&p)jdx is a positive quantity and n is negative, so that the parameters is a posi- 
tive quantity. 

Adimensional analysis of Equation (6. 110) shows that the parameters has units 
I of cm/sec, or velocity. The parameters is called the surface recombination velocity 
If the excess concentrations at the surface and in the bulk region were equal, then the 
gradient term would be zero and the surface recombination velocity would be zero. 
As the excess concentration at the surface becomes smaller, the gradient term be- 
comes larger, and the surface recombination velocity increases. The surface recom- 
bination velocity gives some indication of the surface characteristics as compared 
with the bulk region. 

i Equation (6. 110) may be used as a boundary condition to the general solution 
> given by Equation (6.109) in Example 6.8. Using Figure 6.18, we have that n — — 1, 
and Equation (6, 1 1 0) becomes 

d(Sp) 

Dp ~7~ =s$P Isud (6.111) 

ctx surf 

■ 

We have argued that the coefficient A is zero in Equation (6.109). Then, from Equa- 
tion (6.109), we can write that 


5p S urf = Sp(0) = g'r p0 + B 


and 

I 


d(Sp) 


dx 


d(Sp) 


surf 


dx 


x=0 


B 

T n 


(6.112a) 


(6.112b) 


Substituting Equations (6.112a) and (6.112b) into Equation (6.111) and solving for 
the coefficient B, we obtain 


B = 


-sg * P o 


(Dp/ L p ) + s 

[ The excess minority carrier hole concentration can then be written as 


&p(x) 


, (. sL p e xjL r \ 

D p + sL p ) 


(6.113) 


(6.114) 


Objective 

To determine the steady-state excess concentration versus distance from the surface of a semi 
conductor as a function of surface recombination velocity. 

Consider, initially, the case when the surface recombination velocity is zero, or s = 0. 

Solution 

Substituting .r _ 0 into Equation (6. 1 14), we obtain 

&p{x) = g'T pll 

Now consider the case when the surface recombination velocity is infinite, or s = oo. 


EXAMPLE 6.9 
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■ Solution 

Substituting s — co into Equation (6. 114), we obtain 

Sp(x) = gT p 0 (1 - e~' /L <’) 

Comment 

For the case when .? = 0, the surface has no effect and the excess minority carrier concentra- 
tion at the surface is the same as in the bulk. In the other extreme when s = no, the excess mi- 
nority carrier hole concentration at the surface is zero. 


An infinite surface recombination velocity implies that the excess minority car- 
rier concentration and lifetime at the surface are zero. 

EXAMPLE 6.10 [ Objective ™ 


To determine the value of surface recombinaion velocity corresponding to the parameten 
given in Example 6.8. 

From Example 6.8, we have that g'r p ^ — IQ 14 cm" J , D p = 10cm 2 /s, L p =- 31.6 ftm, 
and<Sp(0) — 10 13 cm' 3 . 

■ Solution 

Writing Equation (6. 1 14) at the surface, we have 


Sp(0) = g'tpo [ 1 


(D jt /L p ) + s 


Solving for the surface recombination velocity, we fmd that 


which becomes 


s 



10 


no 14 


31.6 x 10-* 


10 1 - 3 


1 = 2.85 x 10 4 cm/s 


■ Comment 

This example shows that a surface recombination velocity of approximately s = 3 x Iff 4 cm/s 
could seriously degrade the performance of semiconductordevices, such as solar cells, since 
these devices tend to be fabricated close to a surface. 


In the above example, the surface influences the excess-carrier concentration to 
the extent that, even at a distance of L p =31.6 fim from the surface, the excess- 
carrier concentration is only two-thirds of the value in the bulk. We will see in later 
chapters that device performance is dependent in large part on the properties cf 


excess carriers. 



I 
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6.7 I SUMMARY 

■ The processes of excess electron and hole generation and recombination were 
discussed. The excess carrier generation rate and recombination rate were defined. 

■ Excess electrons and holes do not move independently of each other, but move together. 
This common movement is called ambipolar transport. 

■ The ambipolar transport equation was derived and limits of low injection and extrinsic 
doping were applied to the coefficients. Under these conditions, the excess electrons 
and holes diffuse and drift together with the characteristics of the minority carrier, a 
result that is fundamental to the behavior of semiconductor devices 

■ The conceot of excess carrier lifetime was developed. 

■ Examples of excess carrier behavior as a function of time, as a function of space, and as 
afunction of both time and space were examined. 

■ The quasi-Fermi level for electrons and the quasi-Fermi level for holes were defined. 
These parameters characterize the total electron and hole concentrations in a semicon- 
ductor in nanequilibrium. 

The Shockley-Read-Hall theory of recombination was considered. Expressions for the 
excess minority carrier lifetime were developed. 

^ The effect of a semiconductor surface influences the behavior of excess electrons and 
holes. The surface recombination velocity was defined. 


GLOSSARY OF IMPORTANT TERMS 

ambipolar diffusion coefficient The effective diffusion coefficient of excess earners. 

amhipolar mobility The effective mobility of excess earners. 

amhipolar transport The process whereby excess electrons and holes diffuse, drift, and re- 
combine with the same effective diffusion coefficient, mobility, and lifetime. 

amhipolar transport equation The equation describing the behavior of excess carriers as a 
function of time and space coordinates. 

carrier generation The process of elevating electrons from the valence band into the con- 
duction band, creating an electron-hole pair. 

carrier recombination The process whereby an electron "falls" into an empty state in the 
valence hand (a hole) so that an electron-hole pair are annihilated. 

excess carriers The term describing both excess electrons and excess holes. 

excess electrons The concentration of electrons in the conduction band over and above the 
thermal-equilibrium concentration. 

excess holes The concentration of holes in the valence band over and above the thermal- 
equilibrium concentration. 

excess minority carrier lifetime The average time that an excess minority carrier exists be- 
fore it recombines. 

generation rate The rate (#/cm 3 ~s) at which electron-hole pairs are created. 

low-level injection The condition In which the excess-carrier concentration is much smaller 
than the thermal-equilibrium majority carrier concentration. 

minority carrier diffusion length The average distance a minority carrier diffuses before 
recombining: a parameter equal to V Dx where D and r are the minority carrier diffusion 
coefficient and lifetime, respectively. 
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quasi-Fermi level The quasi-Fermi level for electrons and the quasi-Fermi level for holes 
relate the nonequilibrium electron and hole concentrations, respectively, to the intrinsic 
carrier concentration and the intrinsic Fermi level, 
recombination rate The rate (#/cm 3 -s) at which electron-hole pairs recombine, 
surface recombination velocity A parameter that relates the gradient of the excess carrier 
concentration at a surface to the surface concentration of excess carriers, 
surface states The electronic energy states that exist within the batldgap at a semiconductor 
surface. 


CHECKPOINT 1 

After studying this chapter, the reader should have the ability to: I 

■ Describe the concept of excess generation and recombination. : 

■ Describe the concept of an excess carrier lifetime. 1 

■ Describe how the time-dependent diffusion equations for holes and electrons are derived, j 

• Describe how the ambipolar transport equation is derived. 

■ Understand the consequence of the coefficients in the ambipolar transport equation 
reducing to the minority carrier values under low injection and extrinsic semiconductors, j 

■ Apply the ambipolar transport equation to various problems. 

• Understand the conceot of the dielectric relaxation time constant. 

■ Calculate the quasi-Fermi levels lor electrons and holes. 

■ Calculate the excess carrier recombination rate for a given concentration of excess j 

carriers. J 

■ Understand the effect of a surface on the excess carrier concentrations. I 

REVIEW QUESTIONS 

1. Why are the electron generation rate and recombination rate equal in thermal 
equilibrium? 

2. Explain how the density of holes, for example, can change as a result of a change in the 
flux of particles. 

3. Why is the general ambipolar transport equation nonlinear? 

4. Explain qualitatively why a pulse of excess electrons and hales would move together in 
the presence of an applied electric field. 

5. Explain qualitatively why the excess carrier lifetime reduces to that of the minority 
carrier under low injection. 

6 . What is the time dependence of the density of excess carriers when the generation rate 
becomes zero? 

7. In the presence of an external force, why doesn't the density of excess carriers continue 
to increase with time? 

8. When a concentration of one type of excess currier is suddenly created in a semicon- 
ductor, what is the mechanism by which the net charge density quickly becomes zero? 

9. State the definition of the quasi-Fermi level for electrons. Repeat for holes. 

10 . Why, in general, is the concentration of excess carriers less at the surface of a semi- 
conductor than in the bulk? 


PROBLEMS 


(Note: Use the semiconductor parameters listed in Appendix B if they are not specilically 
given in a problem. Assume 7' =: 300 K.) 


Section 6.1 Carrier Generation and Recombination 

6.1 Consider a semiconductor in which n = 10 15 cm - ' 5 and n, = 10 iH cm -3 . Assume 
that the excess-carrier lifetime is 10 _f> s. Determine the electron-hole recombination 
rate if the excess-hole concentration is Sp — 5 x 10 13 era -1 . 

6.2 A semiconductor, in thermal equilibrium, has a hole concentration of pn — 10 16 cm -3 
and an intrinsic concentration of n, = 10 10 cm -3 . The minority carrier lifetime is 

2 x 10 7 s. (a) Determine the thermal-equilibrium recombination rate of electrons. 

(b) Determine the change in the recombination rate of electrons if an excess electron 
concentration of Sn = 10 12 cm~ 3 exists. 

6.3 An n-type silicon sample contains a donor concentration of — 10 l& cm~ 3 .The 
minority carrier hole lifetime is found to be r„j = 20 jUS. (a jWhat is the lifetime of 
the majority carrier electrons? (h ) Determine the thermal equilibrium generation rate 
for electrons and holes in this material. (/' ) Determine the thermal equilibrium 
recombination rate for electrons and holes in this material. 

6.4 (a) A sample of semiconductor has a cross-sectional area of 1 cm 2 and a thickness of 
0.1 cm. Determine the number of electron-hole pairs that are generated per unit 
volume per unit time by the uniform absorption of I watt of light at a wavelength of 
6300 A. Assume each photon creates one electron-hole pair, (b ) If the excess minority 
carrier lifetime is 10 /its. what is the steady-state excess carrier concentration? 


Section 6.2 Mathematical Analysis of Excess Carriers 

6.5 Derive Equation (6.27) from Equations (6.18) and (6.20). 

6.6 Consider a one-dimensional hole flux as shown in Figure 6.4. If the generation rate of 
holes in this differential volume is g p = 10 2u cm J -s -1 and the recombination rate is 
2 x 10 19 cm~ 3 -s~ 1 , what must be the gradient in the particle current density to main- 
tain a steddy-state hole concentrdtiun? 

6.7 Repeat Problem 6.6 if the generation rate becomes zero. 

Section 6.3 Ambipolar Transport 

6.8 Starting with the continuity equations given by Equations (6.29) and (6.30), derive the 
ambipolar transport equation given by Equation (6.39). 

6.9 A sample of Ge at T = 300 K has a uniform donor concentration of 2 x 10 13 cm 3 . 
The excess carrier lifetime is found to be T p a = 24 p.s. Determine the ambipolar 
diffusion coefficient and the ambipolar mobility. What are the electron and hole 
lifetimes? 

6.10 Assume that an n-type semiconductor is uniformly illuminated, producing a uniform 
excess generation rate g'. Show that in steady state the change in the semiconductor 
conductivity is given by 
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6.11 Light is incident on a silicon sample starting at r = 0 and generating excess carriers 
uniformly throughout the silicon for t > 0. The generation rate is g' — 5 x 

10” cm -3 s“ l . The silicon (T = 300 K) is n type with AC = 5 x 10 lf> cm 1 and 
N a — 0. Letn, = 1.5 x 10 m cm -3 . r „ o =10 s, and r p o = 10 ' 7 s. Also let 

= 1000 cirr/V-s and jx p = 420 cnr/V-s. Determine the conductivity of the silicon 
as a function of time for r >0. 

6.12 An n-type gallium arsenide semiconductor is doped with Nj — i0 l(l cm" 3 and 

N a = 0. The minority carrier lifetime is r ; ,o = 2 x 10~ 7 s. Calculate the steady-state 
increase in conductivity and the steady-state excess carrier recombination rate if a 
uniform generation rate, g' — 2 x 10 21 cm" 3 -s" 1 , is incident on the semiconductor 

6.13 A silicon sample at T = 300 K is n type with AC - 5 x I0 I& cm -5 and N a = 0. The 
sample has a length of 0. 1 cm and a cross-sectional area of I0“ 4 cm 2 . A voltage of 

5 V is applied between the ends of the sample. Fort < 0. the sample has been 
illuminated with light, producing an excess-carrier generation rate of g' = 5 x 
10" cm" 3 -s" 1 uniformly throughout the entire silicon. The minority carrier lifetime 
is r /A1 = 3 x 10" 7 s. At t = 0, the light is turned off. Derive the expression for the 
current in the sample as a function of time r > 0. (Neglect surface effects.) 

6.14 Consider a homogeneous gallium arsenide semiconductor at T = 300 K with 

AC = 10 16 cm -3 and AC = 0. A light source is turned on at f = 0 producing a uni- 
form generation rate of g = 10 20 cirr 3 -s~' . The electric field is zero, (t;) Derive the 
expression for the excess-carrier concentration and excess carrier recombination rate 
as a function of time. ( b ) If the maximum, steady-state, excess-carrier concentration is 
to be 1 x 10 14 cm -3 , determine the maximum value of the minority carrier lifetime, 
(r) Determine the times at which the excess minority carrier concentration will be 
equal to (i) three-fourths, (ii) one-half, and (iii) one-fourth of the steady-state value. 

6.15 In a silicon semiconductor material at T = 300 K, the doping concentrations are Nj — 
10 15 cnT' 3 and N a =0. The equilibrium recombination rate is R p 0 = 10 11 cm' J -s" 1 . 
A uniform generation rate produces an excess-carrier concentration of Sn — Sp = 

10 14 cm"', (a) By what factor does the total recombination rate increase? ('fi)What is 
the excess-carrier lifetime? 

6.16 Consider a silicun material doped with 3 x 10 1 " cm"-' donor atoms. At I — 0, a light 
source is turned on, producing a uniform generation rate of g' = 2 x 10" cm" 3 -s" ] 

At f = 10" 7 s, the light source is turned off. Determine the excess minority carrier 
concentration as a function oft forO < t < oo. Let t /i(> = I0" 7 s. Plot the excess 
minority carrier concentration as a function of time. 

6.17 A semiconductor has the following properties: 

D„ — 25 cm 2 /s r„o = 10" f ' s 

D p = 10 cnr/s T p0 = 10" 7 s 

The semiconductor is a homogeneous, p-type (N^, ~ 10 17 cm" 3 ) material in thermal 
equilibrium for t < 0. At t — 0. an external source is turned on which produces excess 
carriers uniformly at the rate of g' — 10"" cm" 3 -s" 1 . At r = 2 x 10"" s. the external 
source is turned off. ( a ) Derive the expression for the excess-electron concentretion as 
a function of time for 0 < r < m. (b) Determine the value of the excess-electron 
concentration at (i ) t = 0, (ii) r = 2 x 1 0 " s, and ( iii ) t = oo. (c) Plot the excess- 
electron concentration as a function of time. 

6.18 Consider a bar of p-type silicon material that is homogeneously doped to a value of 
3 x 10' 5 cm" 3 at T — 300 K. The applied electric field is zero. A light source is 


Problems 



jr = 0 Jt ► 


Figure 6.19 I Figure for Problems 6.18 
and 6.20. 


i 


incident on the end of the semiconductor as shown in Figure 6.19. The excess-carrier 
concentration generated at x — 0 is $p(0) = <Sr?(0) = 10 13 cm -3 . Assume the follow- 
ing parameters (neglect surface effects): 

fi„ = 1200 crtr/V-s t„o = 5 x ]0“ 7 s 

p p = 400 crtr/V-s Tp(} = 1 x 10“ 7 s 

(a)Calculate the steady-state excess electron and hole concentrations as a function of 
distance into the semiconductor. (/>) Calculate the electron diffusion current density as 
a function of x. 


6.19 The .v = 0 end of an N„ = I x 10 14 errr 3 doped semi-infinite (x > 0) bar of silicon 
maintained at T = 300 K is attached tu a "minority carrier digester" which makes 
rip = 0 at x — 0 (n p is the minority carrier electron concentration in a p-type 
semiconductor). The electric field is zero, (a) Determine the thermal-equilibrium 
values of n p o and p p o . ( b ) What is the excess minority carrier concentration at x = 0? 
(c) Derive the expression for the steady-state excess minority carrier concentration as 
a function of x . 


6.20 In a p-type silicon semiconductor, excess carriers are being generated at the end of the 
semiconductor bar at x = 0 as shown in Figure 6. 19. The doping concentration is 

N, = 5 x lO 16 cm -3 and Nj = O.The steady-state excess-carrier concentration at 
a: = 0 is 10 15 cm' 3 . (Neglect surface effects.) The applied electric field is zero. 
Assume that r„f P = r ; , y = 8 x 10~ 7 s. (o) Calculate and the electron and hole 
diffusion current densities at x = 0. ( b ) Repeat part (a) for.r = L„ 

6.21 Consider an n-type silicon sample. Excess carriers are generated at x = 0 such as 
shown in Figure 6.6. A constant electric field E 0 is applied in the I .'. direction. Show 
that the steady-state excess carrier concentration is given by 


<5p(.v) = A exp (j-_x) x>0 and &p(x) = Aexp(i + x) x<0 


where 


* 


and 


s T = +P 2 ] 




2 D r 


6.22 Plot the excess carrier concentration Sp(x) versus ,i from Problem 6.21 for ( a )Eq = 0 
and ( h )E {) — 10 V/cm. 

*6.23 Consider the semiconductor described in Problem 6. 18. Assume a constant electric 
field Efj is applied in the +.v direction, (a) Derive the expression for the steady-state 
excess-electron concentration. (Assume the solution is of the form e ~ ax .) (h) Plot 5n 
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1 


Illumination 



-3 L -L 0 L 1L 


Figure 6.20 1 Figure for Problem 6.25 


¥ 


versus x for (i) E 0 = 0 and (ii ) E () = 12 V/cm. (c) Explain the general characteristics 
of the two curves plotted in pan (b). 

6.24 Assume that a p-type semiconductor is in thermal equilibrium fort < 0 and has an 
infinite minority carrier lifetime. Also assume that the semiconductor is uniformly 
illuminated, resulting in a uniform generation rate, g'(0, which is given by 



g'(t) = G' n forO < t < T 

g'(t) = 0 for r < 0 and t > T 

where CJ, is a constant. Find the excess minority carrier concentration as a function of 
time. 

*6.25 Consider the n-type semiconductor shown in Figure h.20. Illumination produces a 

constant excess-carrier generation rate, G^, in the region L < a < +L. Assume that 
the minority carrier lifetime is infinite and assume that the excess minority carrier 
hole concentration is zero at x = —3 L and at x: = +3L. Find the steadv-state excess 
minority carrier concentration versus x, for the case of low injection and for zero 
applied electric field. 

6.26 An n-type germanium sample is used in the Haynes-Shockley experiment. The length 
of the sample is 1 cm and the applied voltage is V\ = 2.5 V The contacts A and B are 
seoarated bv 0.75 cm. The oeak of the Dulse arrives at contact B 160 us after carrier 
injection at contact A. The width of the pulse is Ar = 75.5 /us. Determine the hole 
mobility and diffusion coefficient. Compare the results with the Einstein relation. 

6.27 Considerthe function f(j r, r) = (4n exp{— x 2 /4Dt). (a)Show that this 

function is a solution to the differential equation D(8 2 f /dx 2 ) = df/dt. (b) Show that 
the integral of the function f (jr, f) over x from — oo to +oo is unity for all values of 
time. ('r)Show that this function approaches a 8 function as f approaches zero. 

6.28 The basic equation in the Haynes-Shockley experiment is given by Equation (6.70). 
(a) Plot 8p (x, r) versus x for various values oft and for Eq = 0 as well as for Eq ^ 0. 
(hJPlot 5/3 (.r , r) versus r for various values of x and for E<> = 0 as well as for Eq ^ 0. 


Section 6.4 Quasi-Fermi Energy Levels 

6.29 An n-type silicon sample with A’,/ = 10 16 cm"" 5 is steadily illuminated such that 

g' = 10 21 cnr'-s" 1 . If r„o = t p q — HF 6 s, calculate the position of the quasi-Fermi 
levels for electrons and hales with respect to the intrinsic level (assume that n, = 

1.5 x 10 10 cm" 3 ). Plot these levels on an energy-hand diagram. 



Problems 


6.30 Consider a p-type silicon semiconductor at T — 300 K doped at N„ = 3 r 10 15 cm - 3 . 

(a) Determine the position of the Fermi level with respect to the intrinsic Fermi level. 

(b) Excess carriers are generated such that the excess-carrier concentration is 10 per- 
cent of the thermal-equilibrium majority carrier concentration. Determine the quasi- 
Fermi levels with respect to the intrinsic Fermi level, (c) Plot the Fermi level and 
quasi-Fermi levels with respect to the intrinsic level, 

6.31 Consider an n-type gallium arsenide semiconductor at T = 300 K doped al Nj = 

5 x 10 lfl cm -3 . ( a J Determine E, „ - E f if the excess-carrier concentration is 0.1 N d , 

(b) Determine Ef, — E Fp . 

6.32 Ap-type gallium arsenide semiconductor at T = 300 K is doped at N a = I0 lh cm' 3 . 
The excess-carrier concentration varies linearly from 10 14 cm' 3 to rero over a 
distance of 50 gm. Plot the position of the quasi-Fermi levels with respect to the 
intrinsic Fermi level versus distance. 

6.33 Consider p-type silicon at T =- 300 K duped to N„ = 5 x 10 14 cm' 3 . Assume excess 
carriers arc present and assume that E, — E f p = (0.01 )k T. (a) Does this condition 
correspond to low injection? Why or why not? ( b ) Determine E F „ - Ef, 

6.34 An n-type silicon sample is doped with donors at a concentration of Nj = 10 16 cm -3 . 
Excess carriers are generated such that the excess hole concentration is given by 
5p(x) = 10 !4 exp (-x/10~ 4 )Ctrr \ Plot the function E f , - E Fp versusx over the 
range 0 < x < 4 x I0“ 4 . 

6.35 For a p-type silicon material doped at N„ = 1 0 t6 cm -3 , plot E F „ — E F versus Sn 
over the range 0 < Sn S 1 O' 4 cm -5 . Use a log scale for &n. 

Section 6.5 Excess Carrier Lifetime 

6.36 Consider Equation (6.99)and the definitions of r,,o and r„o hy Equations (6.103) and 
(6. 104). Let n' = p' ~ tlj. Assume that in a particular region of a semiconductor, 

n = p ~ 0. (a) Determine the recomhination rate R. (h) Explain what this result 
means physically. 

6.37 Again consider Equation (6.99) and the definitions of r,,o and r„i> given by 
Equations (6.103) and (6.104). Let r y ,o — 10 -7 s and r„ C i — 5 x 10~ 7 s. Also let n' = 
p' — n; = 10 1(> cm -3 . Assume very low injection so that<5n <K n-,. Calculate R/5n 
for a semiconductor which is (o) n-type (/i u pg), (h) intrinsic (ng ~ po = n, ) .and 

(c) p-type i/y, » n a ). 

Section 6.6 Surface Effects 

*6.38 Consider an n-type semiconductor as shown in Figure 6.21. doped at Nj = 10 1<s cm -3 
and with a uniform excess-carrier generation rate equal tog' = 10 21 cm ’-s' 1 . 
Assume that D p — 10 cm 2 /s and t p q — 10' 7 s. The electric field is rero. 



Figure 6.21 I Figure for Problem 6.38. 
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Figure 6.22 1 Figure for Problem 6.39. 


Figure 6.23 I Figure for Problem 6.40. 


Illumination 



x= ~W x = 0 .r = + W 


Figure 6.24 1 Figure for Problem 6.41 . 


(a) Determine the steady-state excess minority carrier concentration versus x if 
the surface recombination velocity at x — 0 is (i) s — 0. (ii) s = 2000 cm/s, and 
(iii) j- = oo. (b) Calculate the excess minority carrier concentration at x = 0 for 
(<) s = 0, (ti) s = 2000 cm/s, and (iii) s = oo. 

*6.39 (a)Consider the p-type semiconductor shown in Figure 6.22 with the following 

parameters: N a — 5 x 10 li ’ cm -3 , Z>„ = 25 cttr/s, and r„o = 5 x 10 7 s. The surface 
recombination velocities at the two surfaces are shown. The electric field is zero. The 
semiconductor is illuminated at x =■ 0 with an excess-canier generation rate equal to 
g' — 2 x 10" cm _3 -s _ 1 . Determine the excess minority carrier electron concentration 
versus * in steady state. ( b ) Repeat part (a) for t„q = oo. 

*6.40 Consider the n-type semiconductor shown in Figure 6.23. Assume that D p = 10 cm 2 /s 
and r ( ,o — oo. The electric field is zero. Assume that a flux of excess electrons and 
holes is incident at x = 0. Fet the flux of each carrier type be 1 0 1 9 carriers/cm 2 -s. 
Determine the minority carrier hole current versus x if the surface recombination 
velocity is (a) v(W) = oo and ( b ) s(W) = 2000 ctn/s. 

*6.41 A p-type semiconductor is shown in Figure 6.24. The surface recombination velocities 
are shown. The semiconductor is uniformly illuminated for - W < x < 0 producing a 
constant excess-carrier generation rate G' 0 . Determine the steady-state excess-carrier 
concentration versus x if the minority carrier lifetime is infinite and if the electric field 
is zero. 

6.42 Plot Sp(x) versus x for various values of s using Equation (6.1 13). Choose reasonable 
parameter values. 


Summary and Review 

*6.43 Consider an n-type semiconductor as shown in Figure 6.21. The material is doped at 
Nj — 3 x lO" 1 cm -3 and N a = 0. Assume that D p - 12cnr/s and r Jl0 = 2 x 10 _7 s. 
The electric field is zero. "Design" the surface recombination velocity so that the 
minority carrier diffusion current density at the surface is no grealer than J p = 
—0.18 A/cm 3 with a uniform excess-carrier generation rate equal to g' = 

3 x 10 21 cm _3 -s _l . 



Reading list 


6.44 Consider a semiconductor with excess carriers present. From the definition of carrier 
lifetimes and recombination rates, determine the average time that an electron stays in 
the conduction band and the average time that a hole stays in the valence band. Discuss 
these relations for (a) an intrinsic semiconductor and (h) an n-type semiconductor. 

6.45 Design a gallium arsenide photoconductor that is 5 jum thick. Assume that r„o = 

T pl) = 10 -7 s and JV rf = 5 x UPcm’ 5 . With an excitation of g' = 10 21 cm _3 -s _l 
a photocurrent of at least 1 /u A is desired with an applied voltage of 1 V. 

| 
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The pn Junction 


PREVIEW 


U p to this point in the text, we have been considering the properties of the 
semiconductor material. We calculated electron and hole concentrations in 
thermal equilibrium and determined the position of the Fermi level. We then 
considered the nonequilibrium condition in which excess electrons and holes are pre- 
sent in the semiconductor. We now wish to consider the situation in which a p-type 
and an n-type semiconductor are brought into contact with one another to form a 
pn junction. 

Most semiconductor devices contain at least one junction between p-type and 
n-type semiconductor regions. Semiconductor device characteristics and operation 
are intimately connected to these pn junctions, so considerable attention is devoted 
initially to this basic device. The pn junction diode itself provides characteristics that 
are used in rectifiers and switching circuits. In addition, the analysis of the pn junction 
device establishes some basic terminology and concepts that are used in the discus- 
sion of other semiconductor devices. The fundamental analysis techniques used for 
the pnjunction will also be applied to other devices. Understanding the physics of the 
pn junction is, therefore, an important step in the study of semiconductor devices. 

The electrostatics of the pnjunction is considered in this chapter and the current- 
voltage characteristics of the pnjunction diode are developed in the next chapter. ■ 


7.1 1 BASIC STRUCTURE OF THE pn JUNCTION 

Figure 7.1a schematically shows the pn junction. It is important to realize that the en- 
tire semiconductor is a single-crystal material in which one region is doped with ac- 
ceptor impurity atoms to form the p region and the adjacent region is doped with 
donor atoms to form the n region. The interface separating the n and p regions is 
referred to as the metallurgical junction. 
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Figure 7. 1 I (a) Simplified geometry of 
a pn junction; (b) doping profile of an 
ideal uniformly doped pi junction. 
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Figure 7.21 The space charge region, the electric field, and the 
forces acting on the charged carriers. 


The impurity doping concentrations in the p and n regions are shown in Fig- 
ure 7.1b. For simplicity, we will consider a .step junction in which the doping con- 
centration is uniform in each region and there is an abrupt change in doping at the 
junction. Initially, at the metallurgical junction, there is a very large density gradient 
in both the electron and hole concentrations. Majority carrier electrons in the n re- 
gion will begin diffusing into the p region and majority carrier holes in the p region 
will begin diffusing into the n region. If we assume there are no external connections 
to the semiconductor, then this diffusion process cannot continue indefinitely. As 
electrons diffuse from the n region, positively charged donor atoms are left behind. 
Similarly, as holes diffuse from the p region, they uncover negatively charged ac- 
ceptor atoms. The net positive and negative charges in the n and p regions induce an 
electric field in the region near the metallurgical junction, in the direction from the 
positive to the negative charge, or from the n to the p region. 

The net positively and negatively charged regions are shown in Figure 7.2. 
These two regions are referred to as the space charge region. Essentially all electrons 
and holes are swept out of the space charge region by the electric field. Since the 
space charge region is depleted of any mobile charge, this region is also referred to 
as thedepletion region: these two terms will be used interchangeably. Density gradi- 
ents still exist in the majority carrier concentrations at each edge of the space charge 
region. We can think of a density gradient as producing a "diffusion force” that acts 
on the majority carriers. These diffusion forces, acting on the electrons and holes at 
the edges of the space charge region, are shown in the figure. The electric field in the 
space charge region produces another force on the electrons and holes which is in the 
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opposite direction to the diffusion force for each type of particle. In thermal equilib- 
rium, the diffusion force and the E-field force exactly balance each other. 

7.2 I ZERO APPLIED BIAS 

We have considered the basic pn junction structure and discussed briefly how the 
space charge region is formed. In this section we will examine the properties of the 
step junction in thermal equilibrium, where no currents exist and no external excita- 
tion is applied. We will determine the space charge region width, electric field, and 
potential through the depletion region. 

7.2.1 Built-in Potential Barrier 

If we assume that no voltage is applied across the pn junction, then the junction is in 
thermal equilibrium — the Fermi energy level is constant throughout the entire sys- 
tem. Figure 7.3 shows the energy-band diagram for the pn junction in thermal equi- 
librium. The conduction and valance band energies must bend as we go through the 
space charge region, since the relative position of the conduction and valence hands 
with respect to the Fermi energy changes between p and n regions. 

Electrons in the conduction band of the n region see a potential barrier in trying 
to move into the conduction hand of the p region. This potential barrier is referred to 
as the built-in potential harrier and is denoted by V hl . The built-in potential barrier j 
maintains equilibrium between majority carrier electrons in then region and minority ] 
carrier electrons in the p region, and also between majority carrier holes in the I 
p region and minority carrier holes in then region. This potential difference across the 
junction cannot be measured with a voltmeter because new potential barriers will be 
formed between the probes and the semiconductor that will cancel V h , . The potential 
Vfa maintains equilibrium, so no current is produced by this voltage. 

The intrinsic Fermi level is equidistant from the conduction hand edge through 
the junction, thus the built-in potential barrier can be determined as the difference 


P 11 



Figure 7.3 I Energy-band diagram of a pn junction in 
thermal equilibrium. 


7. 2 Zero Applied Bias 


between the intrinsic Fermi levels in the p and n regions. We can definethe potentials 
<pF„ and (f>i-p as shown in Figure 7.3, so we have 

^,= 1^1 + 10^1 (7.1) 

In then region, the electron concentration m the conduction band is given by 


J 7?o — N c exp 

which can also be written in the form 

— n, exp 


<E, - E f ) 
kT 


Ef ~ Efi 
kT 


(7.2) 


(7.3) 


where n; and are the intrinsic carrier concentration and the intrinsic Fermi en- 
ergy, respectively. We may define the potential 4>Fn in the n region as 


v €(pf n — Ef*i — Ef 

Equation (7.3 )may then be written as 

~(e<pF„) 1 


no — n, exp 


kT 


(7.4) 


(7.5) 


Taking the natural log of both sides of Equation (7.5), setting ny = Nj, and solving 
for the potential, we obtain 


<t>Fn 



(7.6) 


Similarly, in the p region, the hole concentration is given by 


Po = N a — n,- exp 


Epi — E r 

kT 


(7.7) 


where N u is the acceptor concentration. We can define the potential 0/. ; , in the p re- 
gion as 

e<p Fp = E Fi - E F (7.8) 

Combining Equations (7.7 ) and (7.8), we find that 


kT 

tpFp — H In 

e 



(7.9) 


Finally, the built-in potential bamer for the step junction is found by substitut- 
ing Equations (7.6)and (7. 9) into Equation (7.1), which yields 





(7.10) 


where V t — kT/e and is defined as the thermal voltage. 
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EXAMPLE 7.1 


At this time, we should note a subtle but important point concerning notation. 
Previously in the discussion of a semiconductor material, Nj and N u denoted donor, 
and acceptor impurity concentrations in the same region, thereby forming a compen- 
sated semiconductor. From this point on in the text, Nj and N t , will denote the net 
donor and acceptor concentrations in the individual n and p regions, respectively. If 
the p region, for example, is a compensated material, then N a will represent the dif- 
ference between the actual acceptor and donor impurity concentrations. The parame- 
ter Nil > s defined in a similar manner for the n region. 


| Objective j 

To calculate the built-in potential barrier in a pn junction. 

Consider a silicon pn junction at T = 300 K with doping densities N a = 1 x 10 18 cnr 3 . 
and Nj = lx I0 15 cm -3 . Assume that n ; = 1.5 x 10 10 cm -3 


■ Solution 

The built-in potential barrier is determined from Equation (7. 10) as 


V bi = (0.0259) In 


(10 lg )(10 13 ) ' 

(TJTio^ 


= 0.754 V 


If we change the acceptor doping from JV„ = 1 x 10 la cm 3 toN B = 1 x 10 16 cm', but keep 
all other parameter values constant, then the built-in potential barrier becomes V hi - 0.635 V. 


■ Comment 

The built-in potential barrier changes only slightly as the doping concentrations change by 
orders of magnitude because of the logarithmic dependence. 


TEST YOUR UNDERSTANDING 

E7.1 Calculate the built-in potential barrier in a silicon pn junction at T = 300 K for 
ia) N u =Jx 10 17 cm' 3 , N d -- i0 l6 cm~ 3 and (h) N a = 10 15 cm' 3 , 

Nj = 2 x 10 lb c m 3 . [A ES9'0 (9) ’A 96i'D (°) '« u Vl 
E7.2 Repeat E7.1 for a GaAspn junction. [A cfl iq) A 9ZT (») ’S«Vl 


7.2.2 Electric Field 

An electric field is created in the depletion region by the separation of positive and 
negative space charge densities. Figure 7.4 shows the volume charge density distrib- 
ution in the pn junction assuming uniform doping and assuming an abrupt junction 
approximation. We will assume that the space charge region abruptly ends in the 
n region at x = +x n and abruptly ends in the p region at x — x , , (x p is a positive 
quantity). 



Figure 7.41 The space charge density in 
a uniformly doped pn junction assuming 
the abrupt junction approximation. 


The electric field is determined from Poisson's equation which, for a one- 
dimensional analysis, is 

d 2 <p(x) —p(x) dE(x) 

- J rr- = -^- L = — -r 1 an) 

dx z e s dx 

where tp(x) is the electric potential, E(x) is the electric field, p(x ) is the volume 
charge density, and e s is the permittivity of the semiconductor. From Figure 7.4, the 
charge densities are 

p{x) = —eN a ~x p < x < 0 (7.12a) 

and 

p(x) — eNj O c x c x , (7.12b) 


The electric field in the p region is found by integrating Equation (7.11). We 
have that 


E=/£^, = -/'^A [ = ^x+C, 
J fy J e s Ci 


(7.13) 


where C\ is a constant of integration. The electric field is assumed to be zero in the 
neutral p region for x < — x p since the currents are zero in thermal equilibrium. As 
there are no surface charge densities within the pn junction structure, the electric field 
is a continuous function. The constant of integration is determined by setting E = 0 
at x = —Xp. The electric field in the p region is then given by 

—eN 

E= — (jc 4- Xp) —x„ < jc < 0 (7.14) 

€s 


In the n region, the electric field is determined from 


/ 


(eiV rf ) eN d 
dx — x + C -2 


(7.15) 
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where C 2 is again a constant of integration. The constant C 2 is determined by setting 
E = 0 at x = x,„ since the E-field is assumed to be zero in then region and is a con- 
tinuous function. Then 


-eN d 

E= (x„ - x) 0<x<x„ (7-16) 

The electric field is also continuous at the metallurgical junction, or at x = 0. Setting 
Equations (7.14) and (7.16) equal to each other at x = 0 gives 

N a x p = N d x„ (7.17) 

Equation (7.17) states that the number of negative charges per unit area in the p re- 
gion is equal to the number of positive charges per unit area in the n region. 

Figure 7.5 is a plot of the electric field in the depletion region. The electric field 
direction is from the n to the p region, or in the negative jr direction for this geome- 
try. For the uniformly doped pn junction, the E-field is a linear function of distance 
through the junction, and the maximum (magnitude) electric field occurs at the met- 
allurgical junction. An electric field exists in the depletion region even when no volt- 
age is applied between the p and n regions. 

The potential in the junction is found by integrating the electric field. In the 
p region then, we have 

<t>(x) — - j E(jc) dx = I — — (x + x p ) dx (7.18) 

or 

eN a ( x 2 \ 

( p(x) = —±\ — + x p -xj+C[ (7.19) 

where C J is again a constant of integration. The potential difference through the 
pn junction is the important parameter, rather than the absolute potential, so we may 
arbitrarily set the potential equal to zero at x = — x p . The constant of integration is 



Figure 7.5 I Electric field in the space 
charge region of a uniformly doped pn 
junction. 



7 . 2 Zero Applied Bias 




Figure 7.6 1 Electric potential through the space charge 
region of a uniformly doped pn junction. 
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built-in potential barrier. Then from Equation (7.25), we have a 

V bl =\4>{x = x„)\ = !L {N d x 2 n + A l aX ~) (7.26J 

The potential energy of an electron is given by E = — e<j>, which means that the 
electron potential energy also varies as a quadratic function of distance through the 
space charge region. The quadratic dependence on distance was shown in the energy- 
band diagram of Figure 7.3, although we did not explicitly know the shape of the curve 
at that time. 


7.2.3 Space Charge Width 

We can determine the distance that the space charge region extends into the p and 
n regions from the metallurgical junction. This distance is known as the space charge 
width. From Equation (7.17). we may write, for example, 


N d X/i 


(7.27) 


Then, substituting Equation (7.27) into Equation (7.26) and solving for jf„, we obtain 


\2e,Vu 

r Na 

r i u ,/2 

X n — j 

l e 

kJ 

LAk + JVrfJ! 


(7.28) 


Equation (7.28) gives the space charge width, or the width of the depletion region, x„ 
extending into the n-type region for the case of zero applied voltage. 

Similarly, if we solve for x„ from Equation (7.17) and substitute into Equation 
(7.26), we find 



\2c.Vu 

\N d ' 

1 

H 

x p — 

e 


k+AkJ 

1 


(7.29) 


where x p is the width of the depletion region extending into the p region for the case 
of zero applied voltage. 

The total depletion or space charge width W is the sum of the two components, cr 


W = x„ + x p 


Using Equations (7.28) and (7.29), we obtain 



r 7V a H- iV d 1 

1 e 

. N a N d . 


1/2 


(7.30) 


(7.31) 


The built-in potential barrier can he determined from Equation (7.10), and then the 
total space charge region width is obtained using Equation (7.31). 




7 . 3 Reverse Applied Bias 


Objective 


To calculate the space charge width and electric field in a pn junction. 

Consider a silicon pn junction at T = 300 K with doping concentrations of N u = 
10 ,f> cm - - 1 and N lt = 10 13 crrT 3 . 


■ Solution 

In Example 7.1. we determined the built-in potential barrier as V%, = 0.635 V. From Equa- 
tion (7.31), the space charge width is 



1 2 e, V hi 

4- ^ 

1 * 

L Wi J 


1/2 


2(1 1.7)(8.85 x I0 _l4 )(0.635) 

' 10 m + 10 15 ' 

1.6 x JO-' 9 

(10 lh )(I0 15 ). 


1/2 


= 0.951 x 10 4 cm = 0.951 pm 


Using Equations (7.28) and (7.29). we can find r,, = 0.864 pm, and x p — 0.086 pm. 

The peak electric field at the metallurgical junction, using Equation (7.16) for exam 
pie. is 


Ema» = 


-eN d x„ -(1-6 x 10- ,, )(10 l5 )(0.864 x 10' 4 ) 
G (U.7)(8.85 x 10 -14 ) 


= 1 . 3 4 x 10 4 V/cm 


■ Comment 

The peak electric field in the space charge region of a pn junction is quite large. We must 
keep in mind, however, that there is no mobile charge in this region; hence there will be no 
drift current. We may also note, from this example, that the width of each space charge region 
is a reciprocal function of the doping concentration: The depletion region will extend further 
into the lower-doped region. 


TEST YOUR UNDERSTANDING j 

E7.3 A silicon pn junction at T = 300 K with zero applied bias has doping concentrations 
of Nj - 5 x 10 lfl cm -3 and N a = 5 x 10 13 cm -3 . Determine x„,x p , W, and |E max |. 

( mo/ a r 01 x SIT = | VEUI Hl ‘tim £ oi x ZS'P = M ‘TO f _0I x ([ > = d x 
‘1217,-01 x WP-- suy) 

E7.4 Repeat E7. 3 for a GaAs pn junction. (tu^/A^OI x 98C = l VEU1 3l 

■tuo f _Q[ x 9 i '9 — M ‘1217 £ -01 xq 9'S= ri v‘uio 9 _ 0 l x 09'S = “v suy) 


7.3 I REVERSE APPLIED BIAS 

Ifwe apply a potential between the p and n regions, we will no longer be in an equi- 
librium condition — the Fermi energy level will no longer he constant through the 
system. Figure 7.7 shows the energy-band diagram of the pn junction for the case 
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Figure 7.7 J Energy-band diagram of a pn junction under 
reverse bias. 



when a positive voltage is applied to the n region with respect to the p region. As the 
positive potential is downward, the Fermi level on then side is below the Fermi level 
on the p side. The difference between the two is equal to the applied voltage in units 
of energy. 

The total potential barrier, indicated by F t otah has increased. The applied poten- 
tial is the reverse-bias condition. The total potential harrier is now given by 

Vjotal = )4 > Fn 1 -I- Wf/A + (7.32) 

where ly? is the magnitude of the applied reverse-bias voltage. Equation (7.32) can 
he rewritten as 

1'iouu = I 7 ;,; + V# (7.33) I 

where Vj,, is the same built-in potential barner we had defined in thermal 
equilibrium. . 

7.3.1 Space Charge Width and Electric Field 

Figure 7.8 shows a pn junction with an applied reverse-bias voltage V)?. Also indicated 
in the figure are the electric field in the space charge region and the electric field E ap p, 
induced by the applied voltage. The electric fields in the neutral p and n regions are es- 
sentially zero, or at least very small, which means that the magnitude of the electric 
field in the space charge region must increase above the thermal-equilibrium value 
due to the applied voltage. The electric field originates on positive charge and termi- 
nates on negative charge; this means that the number of positive and negative charges 
must increase if the electric field increases. For given impurity dopingconcentrations, 
the number of positive and negative charges in the depletion region can be increased 
only if the space charge width W increases. The space charge width W increases, 
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Figure 7.8 I A pn junction, with an applied reverse-bias 
voltage, showing the directions of the electric field induced 
by V K and the space charge electric field. 


therefore, with an increasing reverse-bias voltage Vf>. We are assuming that the elec- 
tric field in the hulk nand p regions is zero. This assumption will become clearer in the 
next chapter when we discuss the current-voltage characteristics. 

In all of the previous equations, the built-in potential barrier can be replaced by 
the total potential barrier. The total space charge widrh can he written from Equa- 
tion (7.31) as 

(7.34) 

showing that the total space charge widrh increases as we apply a reverse-bias volt- 
age. By substituting the total potential barrier F t01a [ into Equations ( 7 . 28 ) and (7.29), 
the space charge widths in the n and p regions, respectively, can be found as a func- 
tion of applied reverse-bias voltage. 



Objective | EXAMPLE 7.3 

To calculate the width of the space charge region in a pn junction when a reverse-bias voltage 
is applied. 

Again consider a silicon pn junction at T = 300 K with doping concentrations of 
N a = lO" 1 cm -3 and N d = 10 ls cm'. Assume that n, = 1.5 x 10 14 cm -3 and let Vr = 5 V. 

■ Solution 

The built-in potential barrier was calculated in Example 7. 1 for this case and is tv,.. = 0.635 V. 

The space charge width is determined from Equation (7. 34). We have 


1 2(11. 7) (8.85 x 10- |4 )(0.635 + 5) 

■ 10 15 + 10 15 

1/2 

i 1.6 xlO-' 9 

_(10 16 )(I0 15 ) 

J 


so that 

W = 2.83 x 10~ 4 cm = 2.83 pm 
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■ Comment 

The space charge width has increased from 0.95 1 q m at zero bias to 2.83 )i m at a reverse bias 
of 5 V. 


The magnitude of the electric field in the depletion region increases with an ap 
plied reverse-bias voltage. The electric field is still given by Equations (7.14) and 
(7.16) and is still a linear function of distance through the space charge region. Since 
X„ and x, increase with reverse-bias voltage, the magnitude of the electric field also 
increases. The maximum electric field still occurs at the metallurgical junction. 

The maximum electric field at the metallurgical junction, from Equations (7.14^ 


and (7.16), is 


Emas = 


-eNjx,, 


-eN a x„ 


e. 


(7.3 


1 


If we use either Equation (7.28)or (7.29) in conjunction with the total potential bar- 
rier, Vi-,, + Vr, then 



(7.36) j 


We can show that the maximum electric field in the pn junction can also be written as 

(7.37) 


Emax — 


-2(V bl + VY) 


W 


where Wis the total space charge width 
"| Objective ” 


To design a pn junction to meet maximum electric field and voltage specifications. 

Consider a silicon pi junction at T - 300 K with a p-type doping concentration of 
= I0 llf cm ■' . Determine the n-type doping concentration such that the maximum electric 
field is [E max | = 3 x 10 5 V/cm at a reverse-bias voltage of V R - 25 V. 


:1 


■ Solution 

The maximum electric field is given by Equation (7.36). Neglecting V/,; compared to V R , we 
can write 


i 




2eV R 

f N a N d \ 

c t 

[k + nJ 


1/2 


3 x 10 5 = 


2(1.6 x 10- ,9 )(25) 

( 10 IS • N d \ 

(11.7)(8.85 x 10- l4 ) 

V 10 18 + N J J 


1/2 
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which yields 


N d = 1.18 x 10 lfl cm' 3 


■ Conclusion 

A smaller value of N d results in a smaller value of |E max | for a given reverse-bias voltage. The 
value of N d determined in this example, then, is the maximum value that will meet the speci- 
fications. 


TEST YOUR UNDERSTANDING 

E7.5 (a) A silicon pn junction at T — 300 K is reverse-biased at V R — 8 V . The doping 
concentrations are N a — 5 x 10 16 cm' 3 and N d = 5 x 10 15 cm' 3 . Determine 
x n ,x p , W, and |E max |. ( b ) Repeat pan (a)for a reverse bias voltage of V K = 12 V. 
[uJYAsOI x K’l = r nm 3l 'tua„_0I x 061 = M ‘1UD s _oi x W\ = "Y 
‘uio^oi x ez/i = “x{q) :uia/A s oi x[fl = l xnul Hl x Li ' I = At 

‘uia 5 _oi x i - d x ‘uta r _oi x £f'l = ! 'y(»)'sny] 

E7.6 The maximum electric field in a reverse-biased GaAs pn junction at T — 300 K is to 
be |E max | — 2.5 x 10 5 V/cm. The doping concentrations are N d = 5 x I0 15 cm -3 and 
N a = 8 x 10 15 cm' 3 . Determine the reverse-hias voltage that will produce this maxi- 
mum electric field. (A i'ZL ' slI V) 


7.3.2 Junction Capacitance 


Since we have a separation of positive and negative charges in the depletion region, 
a capacitance is associated with the pn junction. Figure 7.9 shows the charge densi- 
ties in the depletion region for applied reverse-bias voltages of V r and Vr + d V r. An 
increase in the reverse-bias voltage d Vr will uncover additional positive charges in 
then region and additional negative charges in the p region. The junction capacitance 
is defined as 


i 

where 

* 


C' 


dff 

dV R 


(7.38) 


dQ' = eN d dx, - eN a dx p (7.39) 

The differential charge dQ ’ is in units of C/cm 2 so that the capacitance C is in units 
of farads per square centimeter (F/cm 2 ), or capacitance per unit area. 

For the total potential barrier. Equation (7.28) may be written as 

1/2 


X„ = 


2cJV h , + V R ) 

'N a ' 

1 1 

e 


k+JvJJ 


(7.40) 


The junction capacitance can be written as 
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Figure 7.9 I Differential change in the space charge width with 
a differential change in reverse-bias voltage for a uniformly 
doped pn junction. 


so that 


c' = 


ee s N u N d 


2 (Vbi + Vr)(N 0 + N d ) 


1/2 


I 



Exactly the same capacitance expression is obtained by considering the space charge 
region extending into the p region x p . The junction capacitance is also referred to a* 
the depletion layer capacitance. | 

] Objective 

To calculate the junction capacitance of a pn junction. 

Consider the same pn junction as that in Example 7.3. Again assume that V p = 5 V. 

■ Solution 

The junction capacitance is found from Equatiun (7.42) as 

, I (1.6 x 10" l9 )(l 1.7)(8.85 x I0-' 4 )(10 I6 )(10 15 ) } 1/2 
C ~ i 2(0.635 + 5)(10 16 + 10 15 ) j 
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If the cross-sectional area of the pi junction is, for example, A - 10 4 cm 2 , then the total 
junction capacitance is 

_ C = C' . A = 0.366 x 10' 12 F = 0.366 pF 

I 

■ Comment 

The value ofj unction capacitance is usually in the pF, or smaller, range. 


If we compare Equation (7.34) for the total depletion width W of the space 
charge region under reverse bias and Equation (7.42) for the junction capacitance C", 
we find that we can write 



(7.43) 


Equation (7.43) is the same as the capacitance per unit area of a parallel plate capac- 
itor. ConsideringFigure 7.9, we may have come to this same conclusion earlier. Keep 
in mind that the space charge width is a function of the reverse bias voltage so that 
the junction capacitance is also a function of the reverse bias voltage applied to the 
pn junction. 


73.3 One-Sided Junctions 


Consider a special pn junction called the one-sided junction. If, for example, 
N„ > this junction is referred to as a p + n junction. The total space charge width, 

from Equation (7.34), reduces to 


W « 


2 € f ( y M + y „) ] 1/2 

eN d J 


(7.44) 


Considering the expressions for a'„ and x„ we have for the p + n junction 


(7.45) 


and 


W 


(7.46) 


Almost the entire space charge layer extends into the low-doped region of the junc- 
tion. This effect can be seen in Figure 7.10. 

The junction capacitance of the p + n junction reduces to 

1/2 


C' 


ee,N :i 


2(V hi + V R ) 


(7.47) 


The depletion layercapacitance ofaone-sidedjunction is afunctionof the doping con- 
centration in the low-doped region. Equation (7.47) may be manipulated to give 
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Figure 7.10 I Space charge density of a Figure 7.11 I (1/C') 2 versus V R ofa 

one-sided p + n junction. uniformly doped pn junction. 


which shows that the inverse capacitance squared is a linear function of applied 
reverse-bias voltage. 

Figure 7.11 shows a plot of Equation (7.48). The built-in potential of the junc- 
tion can be determined by extrapolating the curve to the point where (I / C') 2 =0. 
The slope of the curve is inversely proportional to the doping concentration of the 
low-doped region in the junction; thus, this doping concentration can be experimen- 
tally determined. The assumptions used in the derivation of this capacitance include 
uniform doping in both semiconductor regions, the abrupt junction approximation, 
and a planar junction. 


j Objective 

To determine the impurity doping concentrations in a p + n junction given the parameters from 
Figure 7.11. 

Assume a silicon p+n junction at T = 300 K with n, = 15 x 10'° cm -3 . Assume that 
the intercept of the curve in Figure 7.11 gives V bi =0.855 V and that the slope is 
1.32 x 10 l5 (F/cm 2 ) -2 (V) 1 . 

■ Solution 

The slope of the curve in Figure 7.11 is given ty 2/e€ f N d , so we may write 


(slope) (1.6 x 10-‘ 9 )(1 1.7)(8.85 x 10- ,4 )(1.32 x 10 15 ) 


or 
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the expression for Vf ,, . which is 



e can solve for N u as 



h yields 


(1.5 x IQ 10 ) 2 
9.15 x 10 IS exp 



N a = 5.34 x 10 18 cm -3 


■ Comment 

He results of this example show that N a ; therefore the assumption of a one-sided 
junction was valid. 


A one-sided pn junction is useful for experimentally determining the doping 
concentrations and built-in potential. 


TEST YOUR UNDERSTANDING | 

E7.7 A silicon pn junction at T = 300 K has doping concentrations of N d — 3 x I0 1 * cm" 3 
and N t , = 8 x 10 15 cm" 5 , and has a cross-sectional area of A — 5 x 10 -5 cm 2 . Deter- 
mine thej unction capacitance at (a) Vr = 2 V and (b ) V# = 5 V . 

[Jd UVO ) 'd d WO (») suvl 

E7.8 The experimentally measured junction capacitance cf a one-sided silicon n + p junc- 
tion biased at V R = 4 V at T = 300 K is C = 1 . 10 pF. The built-in potential barrier 
is found to be V,„ = 0.782 17. The cross-sectional area is A = 10 -J cm 2 . Find the 
doping concentrations. I x L\ 'V~ P N 'c-^siOl x L ~ "N ' SU V) 


*7 A I NONUNIFORMLY DOPED JUNCTIONS 

In the pn junctions considered so far, we have assumed that each semiconductor re- 
gion has been uniformly doped. In actual pn junction structures, this is not always 
true. In some electronic applications, specific nonuniform doping profiles are used to 
obtain special pn junction capacitance characteristics. 

7.4.1 Linearly Graded Junctions 

If we start with a uniformly duped n-type semiconductor, for example, and diffuse 
acceptor atoms through the surface, the impurity concentrations will tend to be like 
those shown in Figure 7.12. The point x = x' on the figure corresponds to the 
metallurgical junction. The depletion region extends into the p and n regions from 
the metallurgical junction as we have discussed previously. The net p-type doping 
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Figure 7.12 1 Impurity concentrations of 
a pn junction with a nonuniformly doped 
p region. 


Figure 7.13 1 Space charge density 
linearly graded pn junction. 


concentration near the metallurgical junction may be approximated as a linear fu 
tion of distance from the metallurgical junction. Likewise, as a first approximate 
the net n-type doping concentration is also a linear function of distance exten 
into the n region from the metallurgical junction. This effective doping profile 
referred to as a linearly graded junction. 

Figure 7.13 shows the space charge density in the depletion region of the 
early graded junction. For convenience, the metallurgical junction is placed atx = 
The space charge density can he written as 


it 


p(x)~eax (1A 

where a is the gradient of the net impurity concentration. 

The electric field and potential in the space charge region can be determin 
from Poisson's equation. We can write 

d E p(x) eax 
dx e, 

so that the electric field can be found by integration as 


E = f — dx = ~ (x 

J 2e, V 


The electric field in the linearly graded junction is a quadratic function of distan 
rather than the linear function found in the uniformly doped junction. The maxim 
electric field again occurs at the metallurgical junction. We may note that the electri 
field is zero at both x = +xo and at x = — The electric field in a nonuniformt, 
doped semiconductor is not exactly zero, but the magnitude of this field is small, so 
setting E = 0 in the bulk regions is still a good approximation. 

The potential is again found by integrating the electric field as 
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* 

[f we arbitrarily set <p — 0 at x = —Xq, then the potential through the junction is 



The magnitude of the potential at x = -f-Xo will equal the built-in potential barrier for 
this function. We then have that 

2 eaxn 

0(x o ) = t ■ — = V bi (7.54) 

J ^ ^ 

Another expression for the built-in potential harrier for a linearly graded junc- 
tion can be approximated from the expression used for a uniformly doped junction. 
W: can write 



Vt,i = V, In 


N d (xu)N a (-x 0 ) 


(7.55) 


where Nd{x o) and N a (—x o) are the doping concentrations at the edges of the space 
charge region. We can relate these doping concentrations to the gradient, so that 



N c/ (x 0 ) ~ ax Q 


(7.56a) 


N a {-x o) = flx 0 


(7.56b) 


Tlren the built-in potential barrier for the linearly graded junction becomes 

| V* = K f l n (^)‘ (7.57) 

There may be situations in which the doping gradient is not the same on either side 
cf the junction, but we will not consider that condition here. 

If a reverse-bias voltage is applied to the junction, the potential barrier increases. 
Tire built-in potential barrier in the above equations is then replaced by the total 
potential harrier Vy,, + V K . Solving for xo from Equation (7.54) and using the total 
potential bamer, we obtain 

(36 1 1/3 

*>= }2‘^ (V,W + Vr) \ (7 ' 58) 


The junction capacitance per unit area can be determined by the same method as 
we used for the uniformly doped junction. Figure 7.14 shows the differential charge 
dQ' which is uncovered as a differential voltage (IVr is applied. The junction capaci- 
tance is then 
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Figure 7.14 I Differential change in space charge width with 
a differential change in reverse-bias voltage for a linearly 
graded pn junction. 


Using Equation (7.58), we obtain 1 

C' = I 


eac; 


{ \2(V bi + V R ) 


1/3 


( 7 . 60 ) 


We may note that C' is proportional to ( lj,,- + V/;) -1 / 3 for the linearly graded 
junction as compared to C'a( V b j + W^) - 1/2 for the uniformly doped junction. In the 
linearly graded junction, the capacitance is less dependent on reverse-bias voltage 
than in the uniformly doped junction. 


7.4.2 Hyperabrupt Junctions 

The uniformly doped junction and linearly graded junction are not the only possible 
doping profiles. Figure 7.15 shows a generalized one-sided p+n junction where the 
generalized n-type doping concentration for x > 0 is given by 

N = Bx m (7.61) 

The case of m — 0 corresponds to the uniformly doped junction and m = +1 corre- 
sponds to the linearly graded junction just discussed. The cases of m = +2 and 
m = +3 shown would approximate a fairly low-doped epitaxial n-type layer grown 
on a much more heavily doped n + substrate layer. When the value of m is negative, we 
have what is referred to as a hyperabrupt junction. In this case, the n-type doping is 
larger near the metallurgical junction than in the bulk semiconductor. Equation (7.61) 
is used to approximate the n-type doping over a small region near x = and does not 
hold at x = 0 when m is negative. 


'In a more exact analysis, V bl in Equation (7.60) is replaced by a gradient voltage. However, this 
analysis is beyond the scope of this text. 
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Figure 7.15 [ Generalized doping profiles of a one-sided 
n+njunction. 

( From Sze[!4J.) 


The junction capacitance can be derived using the same analysis method as he- 
re and is given by 


1 


(m + 2){V ln + V R ) 


en m is negative, the capacitance becomes a very strong function of reverse-bias 
voltage, a desired characteristic in varactor diodes. The term varactor comes from 
the words variable reuctor and means a device whose reactance can be varied in a 
controlled manner with bias voltage. 

If a varactor diode and an inductance are in parallel, the resonant frequency of 
the LC circuit is 


2 ns/LC 


(7.63) 


The capacitance of the diode, from Equation (7.62). can be written in the form 


C = C(\ ( Vfjj + V R ) 


-l/(m+2) 


In a circuit application, we would, in general, like to have the resonant frequency be 
linear function of reverse-bias voltage Vr , so we need 


C a V— 


(7.65) 
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From Equation (7.64). the parameter ill required is found front 


or 


m + 2 


m = — 


3 

2 


( 7 ‘ 66 a] 


(7.66. 


bfl 


A specific doping profile will yield the desired capacitance characteristic. '% 


7.5 I SUMMARY 

■ A uniformly doped pn junction was initially considered, in which one region of a 
semiconductor is uniformly duped with acceptor impurities and the adjacent region is 
uniformly doped with donor impurities. This type of junction is called a homojunction. 

■ A space charge region, or depletion region, is formed on either side of the metallurgical 

junction separating the n and p regions. This region is essentially depleted of any ; 

mobile electrons or holes. A net positive charge density, due to the positively charged 
donor impurity ions, exists in the n region and a net negative charge density, due to the 
negatively charged acceptor impurity ions, exists in the p region. 

■ An electric field exists in the depletion region due to the net space charge density. The 
direction of the electric field is from the n region to the p region, 

■ A potential difference exists across the space-charge region. Under zero applied bias, 
this potential difference, known as the built-in potential barrier, maintains thermal 
equilibrium and holds back majority carrier electrons in the n-region and majority 
carrier holes in the p region. 

■ An applied reverse bias voltage (n region positive with respect to the p region) increases I 
the potential barrier, increases the space charge width, and increases the magnitude of 
the electric field. 

■ As the reverse bias voltage changes, the amount of charge in the depletion region 
changes. This change in charge with voltage defines the junction capacitance, 

■ The linearly graded junction represents a nonuniformly doped pn junction. Expressions I 
for the electric field, built-in potential harrier, and junction capacitance were derived. 

The functional relationships differ from those of the uniformly doped junction. 

■ Specific doping profiles can be used to obtain specific capacitance characteristics. A 
hyperabrupt junction is one in which the doping decreases away from the metallurgical 
junction. This type ofjunction is advantageous in varactor diodes that are used in 
resonant circuits. 


GLOSSARY OF IMPORTANT TERMS 

abrupt junction approximation The assumption that there is an abrupt discontinuity in space 
charge density between the space charge region and neutral semiconductor region, 
built-in potential harrier The electrostatic potential difference between the p and n regions 
of a pn junction in thermal equilibrium, 
depletion layer capacitance Another term for junction capacitance, 
depletion region Another term for space charge region. 


hyperabrupt junction A pn junction in which the doping concentration on one side de- 
creases away from the metallurgical junction to achieve n specific capacitance-voltage 
characteristic. 

junction capacitance The capacitance of the pn junction under reverse bias, 
linearly graded junction A pn junction in which the doping concentrations on either side of 
the metallurgical junction are approximated by a linear distribution, 
metallurgical junction The interface between the p- and n-doped regions of a pn junction, 
une-sided junction A pn junction in which one side of the junction is much more heavily 
doped than the adjacent side. 

reverse bias The condition in which a positive voltage is applied to the n region with respect 
to the p region of a pn junction so that the potential barrier between the two regions in- 
creases above the thermal-equilibrium built-in potential barrier, 
space charge region The region on either side of the metallurgical junction in which there 
is a net charge density due to ionized donors in the n-region and ionized acceptors in the p 
region. 

space charge width The width of the space charge region, a function of doping concentra- 
tions and applied voltage. 

raractor diode A diode whose reactance can be varied in a controlled manner with bias 
voltage. 


CHECKPOINT 

After studying this chapter, the reader should have the ability to: 

■ Describe why and how the space charge region is formed. 

■ Draw the energy band diagram of a zero-biased and reverse-biased pn junction. 

■ Define and derive the expression of the built-in potential barrier voltage. 

■ Derive the expression for the electric field in space charge region of the pn junction. 

■ Describe what happens to the parameters of the space charge region when a reverse bias 
voltage is applied. 

■ Define and explain the junction capacitance. 

■ Describe the characteristics and properties of a one-sided pn junction. 

■ Describe how a linearly graded junction is formed. 

■ Define a hyperabrupt junction. 


REVIEW QUESTIONS 

Define the built-in potential voltage and describe how it maintains thermal equilibrium. 
Why is an electric field formed in the space charge region? Why is the electric field a 
linear function of distance in a uniformly doped pn junction? 

3. Where does the maximum electric field occur in the space charge region? 

4. Why is the space charge width larger in the lower doped side of a pn junction? 

5. What is the functional dependence of the space charge width on reverse bias voltage? 

6 . Why does the space charge width increase with reverse bias voltage? 

7. Why does a capacitance exist in a reverse-biased pn junction? Why dues the capacitance 
decrease with increasing reverse bias voltage? 
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8. What is a one-sided pn junction? What parameters can be determined in a one-sided 
pn junction? 

9. What is a linearly graded junction? 

10 . What is a hyperabrupt junction and what is one advantage or characteristic of such a 
junction'? 


PROBLEMS 


Section 7.2 Zero Applied Bias 

7.1 (a) Calculate V hi in a silicon pn junction at T = 300 Kfor ( a ) Nj = I0 15 cm~ 3 
and N t , — (i) 1 0 15 , (ii) 10 lc, ,(m) 10 17 ,(iv) I0 IS cm -5 . ("bjRepeat part fajfor 
N ( , = 10 18 cm-\ 

7.2 Calculate the built-in potential harrier, VV, , for Si. Ge, and GaAs pn junctions if they 
each have the following dopant concentrations at T — 300 K: 

(а) N,t — 10 14 cm ‘ 3 N a = 10 17 cm -1 

(б) N d =5 x 10 16 (V„ = 5 x 10 16 

(c) N„ = 10 17 N u = 10 17 


Oi 

§B 


7.3 

7.4 


7.5 


7.6 


( a JPlat the built-in potential barrier for a symmetrical (N, = Nj ) silicon pn junction 
at T = 300 K over the range 10 14 < N„ = Nj < 10 19 cm -3 , (b) Repeat pan (a) fora 
GaAs pn junction. 

Consider a uniformly doped GaAs pn junction with doping concentrations of N u = 

5 x 10 IS cm ~ 3 and Nj = 5 x 10 16 cm -3 . Plot the built-in potential barrier voltage. 

V',,, , versus temperature for 200 < T < 500 K. 

An abrupt silicon pn junction at zero bias has dopant concentrations of N a = 10 17 cm -3 
and Nj = 5 x lO 13 cm -3 . T = 300 K. (a)Calculate the Fermi level on each side of the 
junction with respect to the intrinsic Fermi level, (b) Sketch the equilibrium energy- 
band diagram for the junction and determine Vj,; from the diagram and the results of 
pan (a), (c) Calculate Vi„ using Equation (7.10). and compare the results to pan (b). 

(cl) Determiner,,, r,„ and the peakelectric field for thisjunction. 

Repent problem 7.5 for the case when the doping concentratinns are N, = AC = 

2 x 10 16 cm -3 . 


7.7 A silicon abrupt junction in thermal equilibrium at T = 300K is doped such that 
E,. — £/. — 0.21 eV in then region and Ej. — E, = 0.18eVin the p region. 

(a) Draw the energy band diagram of the pn junction, (b) Determine the impurity 
doping concentrations in each region, (c) Determine Vj,,. 

7.8 Consider the uniformly doped GaAs junction at T = 300 K. At zero bias, only 
20 percent of the total space charge region is to he in the p region. The built-in 
potential barrier is Vbi = 1.20 V. For zero bias, determine (a) N„. (b) jV,/, (c) x n , 
(d)x p , and (e) Emax- 

7.9 Consider the impurity doping profile shown in Figure 7. 1 6 in a silicon pn junction. 
For rero applied voltage, (a) determine V ) ?] , (b) calculate x„ and x p , (c) sketch the 
thermal equilibrium energy band diagram, and (d) plot the electric field versus 
distance through the junction. 





Figure 7.16 I Figure for Problem 7.9. 


Figure 7.17 | Figure for Problem 7.12. 


*7,10 A uniformly doped silicon pn junction is doped lo levels of Nj = 5 x lO 17 cm - - 1 and 
Af — 10 16 cm -3 . The measured built-in potential barrier is V b , = 0.40 V. Determine 
the temperature at which this result occurs. (You may have to use trial and error to 
solve thir problem.) 

7.11 Consider a uniformly doped silicon pn junction with duping concentrations N, = 

5 x 10 17 cm 3 and N d = 10 17 era -1 . (a) Calculate V bl at T = 300 K. (b) Determine 
the temperature at which V bl decreases by I percent. 

7.12 An "isotype" step junction is one in which the same impurity type doping changes 
from one concentration value to another value. An n-n isotype doping profile is shown 
in Figure 7.17. (a)Sketch the thermal equilibrium energy band diagram of the isotype 
junction, (b) Using the energy band diagram, determine the built-in potential barrier. 
(c)Discuss the charge distribution through the junction. 

7.13 A particular type of junction is an n region adjacent to an intrinsic region. This 
junction can he modeled as an n-type region to a lightly doped p-type region. Assume 
the doping concentrations in silicon at T = 300K are N d = 10 16 cm 1 and = 

10 12 cm'- 1 . For zero applied bias, determine (<7) V bi , (b) x„. (c).r p , and (d) E max |. 
Sketch the electric field versus distance through the junction. 

7.14 We are assuming an abrupt depletion approximation for the space charge region. That 
is, no free carriers exist within the depletion region and the semiconductor abruptly 
changes to a neutral region outside the space charge region. This approximation is 
adequate for most applications, but the abrupt transition does not exist. The space 
charge region changes over a distance of a few Debye lengths, where the Debye 
length in then region is given by 


7.15 


Calculate L» and find the ratio of L D /.>.„ for the following conditions. The p-type 
doping concentration is N a = 8 x !0 17 cm' 3 and the n-type doping concentration is 
(a) N d — 8 x I0 14 cm' 3 , (b)N d = 2.2 x lO 16 cm -3 a n d (c) N d == 8 x 10 17 cm' 3 . 


Examine how the electric field versus distance through a uniformly doped pn 
junction varies as the doping concentrations vary. For example, consider N d = 10 
cm' 3 and let 10 14 < N a < 10 ls cm -3 , then consider N d = 10 14 Cm' 1 and let 


is 
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10 18 cm 3 . and finally consider N t/ = I0 16 cm 


10 8 cm - . What can be said about the results for A'., 
Assume zero applied bias. 


1 and let 10 14 < N a < 
> 100 Nj or N d > I00A',? 


I 


Section 7.3 Reverse Applied Bias 


7.16 An abrupt silicon pnjunction has dopant concentrations of N„ = 2 x 10' 6 cm -3 and 
N d — 2 x 10 15 cm -3 at T - 300 K. Calculate (a JV/,,, (h )W at =0 and 

V R = 8 V, and (c) the maximum electric field in the space charge region at V' w = 0 
and Vr = 8 V. 

7.17 Consider the junction described in Problem 7.11. The junction has a cross-sectional 
area Of 10 -4 cm 2 and has an applied reverse-bias voltage of V R — 5 V. Calculate 

( a ) Vi ,, , ( b ) x n , x p , W. (c) E miK . and id ) the total junction capacitance. 

7.18 An ideal one-sided silicon n + p junction has uniform doping on both sides of the 
abrupt junction. The doping relation is Nj = 50Aj, . The built-in potential barrier is 
Vbi = 0.752 V, The maximum electric field in the junction is E raax — 1.14 x 10' V/cm 
for a reverse-bias voltage of 10 V. T — 300 K. Determine (a) /\{, , N d (b) x p for 

Vr — 10, and (c) Cj for == 10. 

7.19 A silicon n + p junction is biased at = 10 V. Determine the percent change in 

(a) junction capacitance and ( b ) built-in potential if the doping in the p region 
increases by a factor of 2. 

7.20 Consider two p~n silicon junctions at T — 300 K reverse biased at Vr = 5 V. The 
impurily doping concentrations injunction A are N a = I0 18 cm" 3 and 

N d — 10 15 crrT 3 , and those injunction B are N„ — 10 18 cm -3 and = 10 lfl cm -3 . 
Calculate the ratio of the following parameters for junction A to junction B : (fl) W. 

(b) |E max |, and (c) C ■ . 

7.21 f a jThe peak electric field in a reverse-biased silicon pn junction is 

|Emax! — 3 x 10 s Vlcrn. The doping concentrations are N, = 4 x 10 !S cm -3 and 
N a = 4 x 10 17 cm -3 . Find the magnitude of the reverse-bias voltage, (b) Repeat 
pan (a) for Nj — 4 x 10 16 cm -3 and N„ = 4 x 10 17 c m . (r) Repeat part (n) for 
N d = N, - 4 x 10’ 7 cm“ 3 

7.22 Consider a uniformly doped GaAs pn junction at T = 300 K. The junction capaci- 
tance at zero bias is C, (0)and the junction capacitance with a 10-V reverse-bias 
voltage is Cj, ( 1 0) . The ratio of the capacitances is 


Cj(0) 

Cj (10) 


3.13 


Also under reverse bias, the space charge width into the p region is 0.2 of the total 
space charge width. Determine ( a and (b) N,„ ,\j; . 

7.23 GaAs pnjunction at T = 300 K has impurity doping concentratians of N t , — 10 16 cm -3 
and N,i — 5 x 10 16 cm -3 . For a particular device application, the ratio ofjunction 
capacitances at two values of reverse bias voltage must he Cj ( V R \ )/ CJ ( Vr 2 ) = 3 where 
the reverse bias voltage = 1 V. Determine V R2 . 

7.24 An abrupt silicon pit junction at T = 300 K is uniformly doped with N„ = 10 18 cm' 3 
and A,/ = 10 15 cm -3 . The pnjunction area is 6 x 10 4 cm 2 . An inductance of 2.2 
millihenry is placed in parallel with the pn junction. Calculate the resonant frequency 
of the circuit for reverse-bias voltages of (a) V H = 1 V and ( b ) Vr = 10 V. 



(N a -N d )( cm- 3 )j 

+5 x (0 15 

■t 

i 

I 

X - 

= 0 

— in 14 
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Figure 7.18 I Figure for Problem 7.27. 


Figure 7.19 I Figure for Problem 7,28 


i 

7.25 A uniformly doped silicon p+n junction at T = 300 K is to be designed such that at a 
reverse-bias voltage of = 10 V, the maximum electric field is limited to 

Emax = 10 6 V/cill. Determine the maximum doping concentration in the n region. 

7.26 A silicon pn junction is to be designed which meets the following specifications at 
T = 300 K. At a reverse-bias voltage of 1,2 V, 10 percent of the total space charge 
region is to be in then region and the total junction capacitance is to be 3.5 x 10 12 F 
with a cross-sectional area of 5.5 x I0 -4 cm 2 . Detennine (a) N a , (b) N,j , and ( c ) Vj,, . 

7.27 A silicon pn junction at T = 300 K has the doping profile shown in Figure 7.18. 
Calculate (a) V h i. (b) x„ and x p at zero bias, and ( c )the applied bias required so that 
x n = 30 /um. 

7.28 Consider a silicon pn junction with the doping profile shown in Figure 7.19. 

T = 300 K. ( a /Calculate the applied reverse-bias voltage required so that the space 
charge region extends entirely through the p region. ( h ) Determine the space charge 
width into the n + -region with the reverse-bias voltage calculated in pan (a). 

(c) Calculate the peak electric field for this applied voltage. 

7.29 (a) A silicon p + n junction has doping concentrations of = 10 lii cm -3 and 

Nj = 5 x 10 15 cm -3 . The cross-sectional area of the junction is A = 5 x 10 _5 cm 2 . 
Calculate the junction capacitance for (/) Vr = 0, (i7) V r = 3 V, and (iii)V R — 6 V. 
Plot 1/C 2 versus Vr . Show that the slope uf the curve can be used to find Nj and that 
the intersection with the voltage axis yields Vf, : . (b) Repeat part fa) if the n-type 
doping concentration changes to Nj = 6 x 10 16 cm'. 

7.30 The total junction capacitance of a one-sided silicon pn junction at T = 300 K is 
measured at Vr = 50 mV and found to be 1 .3 pF. The junction area is 10 -5 cm 2 and 
V/,, — 0.95 V. ( a jFind the impurity doping concentration of the low-doped side of the 
junction, (b) Find the impurity doping concentration of the higher-doped region. 

7.31 Examine how the capacitance C' and the function (1/C') 2 vary with reverse-bias 
voltage Vr as the doping concentrations change. In particular, consider these plots 
versus A'., for N t , > 100 N d and versus N-$ for A// > lOOA',, 

*7.32 A pn junction has the doping profile shown in Figure 7.20. Assume that x n > x u for 
all reverse-bias voltages, fa) What is the built-in potential across the junction? ( b ) For 
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d 0 


N a - N t 
-N, 


do 


Figure 7.21) I Figuje for Problem 7.32. 



Figure 7.21 I Figure for Problem 7.33. 


_ If* abrupt ju nction approximation, cketch the charge density through the junction. 
(2) (Derive t te expression for the electric field through the space charge region. 
PflSf in 


*7,33" D^ilieon -PIN junction has the doping profile shown in Figure 7.21. The "I" corre- 
sponds to an ideal intrinsic region in which there is no impurity doping concentration. 
A reverse-hias voltage is applied to the PIN junction so that the total depletion width 
extends from —2 fi m to +2 /im. (a) Using Poisson's equation, calculate the magni- 
tude of the electric field at x — 0. (b) Sketch the electric field through the PIN junc- 
tion. (c) Calculate the reverse-bias voltage that must be applied. 


Section 7.4 
7.34 


Nonuniformly Doped Junctions 


( 


7.35 


Consider a linearly graded junction, (a) Starting with Equation (7.49), derive the 
expression for the electric field given in Equation (7.51). (b) Derive the expression 
for the potential through the space charge region given hy Equation (7.53). 

The built-in potential barrier of a linearly graded silicon pn junction at T = 300 K is 
V),: = 0.70 V The junction capacitance measured at Vr = 3.5 V is C' — 7.2 x 
F/cm 2 . Find the gradient, a, of the net impurity concentration. 


Summary and Review 


i 


7.36 Anne-sided p+n silicon diode at T = 300 K is doped at N a = 10 ls cm 3 . Design the 
junction so that C, = 0.95 pF at Vr = 3.5 V. Calculate the junction capacitance when 
V K = 1 .5 V. 

7.37 A one-sided p + n junction with a cross-sectional area of 10 _5 cm 2 has a measured 
built-in potential of V,„ — 0.8 Vat T = 300 K. A plot of (1/C,) 2 versus V R is linear 
for V R < 1 V and is essentially constant for > 1 V. The capacitance is C, = 

0.082 pF at Vr — 1 V Determine the doping concentrations on either side of the 
metallurgical junction that will produce this capacitance characteristic. 1 

*7.38 Silicon, at T = 300 K, is doped at = 10 15 cnT 3 for.r < 0 and /V,;j = 5 x 
10 16 cm - ' 1 for ,v > 0 to form an n ~ n step junction. («) Sketch the energy-band 
diagram. ( b ) Derive an expression for V) , . (c) Sketch the charge density, electric held, 
and potential through the junction. ( d ) Explain where the charge density came from 
and is located. 

*7.39 A diffused silicon pn junction has a linearly graded junction on the p side with 
a = 2 x 10 19 era -4 , and a uniform doping of 10 15 cnrT s on the n side, (a) If the 
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CHAPTER 



The pn Junction Diode 


PREVIEW 


I n the last chapter, we discussed the electrostatics of the pn junction in thermal 
equilibrium and under reverse bias. We determined the built-in potential barrier 
at thermal equilibrium and calculated the electric field in the space charge region. 
We also considered the junction capacitance. In this chapter, we will consider the pn 
junction with a forward-bias voltage applied and will determine the current -voltage 
characteristics. The potential barrier of the pn junction is lowered when a forward- 
bias voltage is applied, allowing electrons and holes to flow across the space charge 
region. When holes flow from the p region across the space charge region into the 
n region, they become excess minority carrier holes and are subject to the excess 
minority carrier diffusion, drift, and recombination processes discussed in Chapter 6. 
Likewise, when electrons from the n region flow across the space charge region into 
the p region, they become excess minority carrier electrons and are subject to these 
same processes. 

When semiconductor devices with pn junctions are used in linear amplifiers, for 
example, time-varying signals are superimposed on the dc currents and voltages. A 
small sinusoidal voltage superimposed on a dc voltage applied across a pn junction 
will generate a small-signal sinusoidal current. The ratio of the sinusoidal current to 
voltage yields the small-signal admittance of the pn junction. The admittance of a 
forward-biased pn junction contains both conductance and capacitance terms. The 
capacitance, called a diffusion capacitance, differs from the junction capacitance dis- 
cussed in the last chapter. Using the admittance function, the small-signal equivalent 
circuit of the pn junction will be developed. 

The last three topics considered in this chapter are junction breakdown, switch- 
ing transients, and the tunnel diode. When a sufficiently large reverse-bias voltage is 
applied across a pn junction, breakdown can occur, producing a large reverse-bias 
current in the junction, which can cause heating effects and catastrophic failure of the 
diode. Zener diodes, however, are designed to operate in the breakdown region. 
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Breakdown puts limits on the amount of voltage that can he applied across a pn junc- 
tion. When a pn junction is switched from one conducting state to the other, tran- 
sients in the diode current and voltage occur. The switching time of the pn junction 
will he discussed here, and again in later chapters which deal with the switching of 
transistors.. 


8.1 I pn JUNCTION CURRENT 

When a forward-bias voltage is applied to a pn junction, a current will he induced in 
the device. We initially consider a qualitative discussion of how charges flow in the 
pn junction and then consider the mathematical derivation of the current -voltage 
relationship. 

8.1.1 Qualitative Description of Charge Flow in a pn Junction 

We can qualitatively understand the mechanism of the current in a pn junction by 
again considering the energy hand diagrams. Figure 8,1a shows the energy band di- 
agram of a pn junction in thermal equilibrium that was developed in the last chapter. 
We argued that the potential barrier seen by the electrons, for example, holds hack 
the large concentration of electrons in the n region and keeps them from flowing into 
the p region. Similarly, the potential harrier seen by the holes holds hack the large 



Figure 8.1 I A pn junction and its associated energy band diagram for (a) zero bias, (b) re verse bias, and (c) forward bias. 
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concentration of holes in the p region and keeps them from flowing into then region. 
The potential barrier, then, maintains thermal equilibrium. 

Figure 8.1b shows the energy band diagram of a reverse-biased pn junction. The 
potential of the n region is positive with respect to the p region so the Fermi energy 
in the n region is lower than that in the p region. The total potential harrier is nnv. 
larger than for the zero-bias case. We argued in the last chapter that the incre; 
potential barrier continues to hold back the electrons and holes so that there is still 
essentially no charge flow and hence essentially no current. 

Figure 8.1c now shows the energy band diagram for the case when a positive 
voltage is applied to the p region with respect to the n region. The Fermi level in the 
p region is now lower than that in the rt region. The total potential barrier is now 
reduced. The smaller potential barrier means that the electric field in the depletion 
region is also reduced. The smaller electric field means that the electrons and holes 
are no longer held hack in then and p regions, respectively. There will be a diffusion 
of holes from the p region across the space-charge region where they now will How 
into the n region. Similarly, there will he a diffusion of electrons from the n region! 
across the space-charge region where they will (low into the p region. The flow of 
charge generates a current through the pn junction. 

The injection of holes into the n region means that these holes are minority car- 
riers. Likewise, the injection of electrons into the p-region means thar these electrons 
are minority carriers. The behavior of these minority carriers is described by the am- 
bipolar transport equations that were discussed in Chapter 6. There will be diffusion 
as well as recombination of excess carriers in these regions. The diffusion of carriers 
implies that there will be diffusion currents. The mathematical derivation of the 
pn junction current-voltage relationship is considered in the next section. 


8.1,2 Ideal Current-Voltage Relationship 


The ideal current-voltage relationship of a pn junction is derived on the basis of four 
assumptions. (The last assumption has three parts, but each part deals with current.) 
They are: 


1. The abrupr depletion layer approximation applies. The space charge regions I 

have abrupt boundaries and the semiconductor is neutral outside of the 
depletion region. i 

2. The Maxwell-Boltzmann approximation applies to carrier statistics. J| 

3. The concept of low injection applies. 

4a. The total current is a constant throughout the entire pn structure. 

4b. The individual electron and hole currents are continuous functions through the 
pn structure. 

4c. The individual electron and hole currents are constant throughout the depletion 1 
region. 


Notation can sometimes appear to be overwhelming in the equations in this 
chapter. Table 8.1 lists some of the various electron and hole concentration terms that 
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Table 8.1 I Commonly used terms and notation for this chapter 


Term 


N s 

N d 

n„ a = N d 
PpO = 

n P o = nj/N a 

p„v = n;/N d 

n F 

Rl 

n p (-x p ) 


pAx„) 


Sn /t -n p - n p0 
— Pn ~ PnQ 


Meaning 

Acceptor concentration in the p region of the pn junction 
Donor concentration in then region of the pn junction 
Thermal equilibrium majority carrier electron concentration in the n region 
Thermal equilibrium majority carrier hole concentration in the p region 
Thermal equilibrium minority carrier electron concentration in the 
p region 

Thermal equilibrium minority carrier hole concentration in then region 
Total minority carrier electron concentration in the p region 
Total minority carrier hole concentration in the n region 
Minority carrier electron concentration in the p region at the space- 
charge edge 

Minority carrier hole concentration in then region at the space charge 
edge 

Excess minority carrier electron concentration in the p region 
Excess minority carrier hole concentration in the n region 


appear. Many terms have already been used in previous chapters but are repeated 
here for convenience. 


8.1.3 Boundary Conditions 


Figure 8.2 shows the conduction-band energy through the pn junction in thermal 
equilibrium. Then region contains many more electrons in the conduction band than 
the p region; the built-in potential barrier prevents this large density of electrons from 
flowing into the p region. The built-in potential barrier maintains equilibrium be- 
tween the carrier distributions on either side of the junction. 

An expression for the built-in potential barrier was derived in the last chapter 
and was given by Equation (7.10) as 



Figure 8.2 I Conduction-band energy through a pn junction. 
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If we divide the equation by V, — kT/e, take the exponential of both sides, am 
then take the reciprocal, we obtain 




N, 


nf ( ~eV bi \ 

'^- eXP l kT ) 


(8 


If we assume complete ionization, we can write 

n „ o - N d 


( 8.2 


where n „ o is the thermal-equilibrium concentration of majority carrier electrons in 
then region. In the p region, we can write 


n r n 


N a 


(»i) 


where n p o is the thermal-equilibrium concentration of minority carrier electrons. 
Substituting Equations ( 8 . 2 ) and ( 8 . 3 ) into Equation (8.1) yields 


n p o = ttjio exp 



(8.4) 


This equation relates the minority carrier electron concentration on the p side of the 
junction to the majority earner electron concentration on the n side of the junction in 
thermal equilibrium. 

If a positive voltage is applied to the p region with respect to the n region, the po- 
tential barrier is reduced. Figure 8.3a shows a pn junction with an applied voltage !(,. 
The electric field in the bulk p and n regions is normally very small. Essentially all of 
the applied voltage is across the junction region. The electric field E app induced by the 
applied voltage is in the opposite direction to the thermal equilibrium space charge 
electric field, so the net electric field in the space charge region is reduced below the 
equilibrium value. The delicate balance between diffusion and the E-field force 



Figure 8.3 1 (a) A pn junction with an applied forward- bias voltage showing the directions of the electric field induced 
by V a and the space charge electric field, (b) Energy-band diagram of the forward-biased pn junction. 


achieved at thermal equilibrium is upset. The electric field force that prevented ma- 
jority carriers from crossing the space charge region is reduced; majority carrier elec- 
trons from the n side are now injected across the depletion region into the p material, 
and majority carrier holes from the p side are injected across the depletion region into 
then material. As long as the bias V cl is applied, the injection of carriers across the 
space charge region continues and a current is created in the pn junction. This bias 
condition is known as forward bias; the energy-band diagram of the forward-biased 
pi junction is shown in Figure 8.3b. 

The potential barrier V),, in Equation (8.4) can be replaced by (V)„ - V a ) when 
the junction is forward biased. Equation (8.4) becomes 

f-e(V hi -V a )\ (~eV hi \ (-eV a \ 

n p = n„ o exp I — 1 = n„ Q exp I — j exp I J (8.5) 

If we assume low injection, the majority carrier electron concentration h„q, for ex- 
ample, does not change significantly. However, the minority carrier concentration. 
Up, can deviate from its thermal-equilibrium value n p o by orders of magnitude. Using 
Equation (8.4), we can write Equation (8.5) as 


n P = n p o exp 



( 8 . 6 ) 


When a forward-bias voltage is applied to the pn junction, the junction is no longer 
in thermal equilibrium. The left side of Equation (8.6) is the total minority carrierelec- 
tron concentration in the p region, which is now greater than the thermal equilibrium 
value. The forward-bias voltage lowers the potential bamer so that majority carrier 
electrons from the n region are injected across the junction into the p region, thereby 
increasing the minority carrier electron concentration. We have produced excess 
minority carrier electrons in the p region. 

When the electrons are injected into the p region, these excess carriers are sub- 
ject to the diffusion and recombination processes we discussed in Chapter 6. Equa- 
tion (8.6). then, is the expression for the minority carrier electron concentration at the 
(edge of the space charge region in the p region. 

Exactly the same process occurs for majority carrier holes in the p region which 
are injected across the space charge region into the n region under a forward-bias 
voltage. We can write that 


Pn = PnO ex P 



(8.7) 


where p„ is the concentration of minority carrier holes at the edge of the space charge 
region in the n region. Figure 8.4 shows these results. By applying a forward-bias 
voltage, we create excess minority carriers in each region of the pn junction. 
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EXAMPLE 8.1 
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Figure 8.4 I Excess minority carrier concentrations at the 
space charge edges generated by the forward-bias voltage. 
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Objective 


To calculate the minority carrier hole concentration at the edge of the space charge region cf a 
pn junction when a forward bias is applied. 

Consider a silicon pn junction at T = 300 K so that n, = 1.5 x 10 I,J cm"' 1 . Assume ihe 
n-type doping is 1 x 10 16 cm -3 and assume that a forward bias of 0.60 V is applied to the 
pn junction. Calculate the minority carrier hole concentration at thr edge of the space charge 
region. 


■ Solution 


Front Equation (8.7) we have 


p„ = p„ o exp 




The thermal-equilibrium minority carrier hole concentration is 


P„[> ■ 


N„ 


(1.5 x 10 10 ) 2 

10 16 


= 2.25 x 1 0 4 cm 


We then have 


p„ = 2.25 x 10 4 exp ( ^ = 2.59 x 10 u cm ' 1 
v \ 0.0259 / 

■ Comment 

The minority carrier concentration can increase by many orders of magnitude when a forward- 
bias voltage is applied. Low injection still applies, however, since the excess-electron concen- 
tration (equal to the excess-hole concentration in order to maintain charge neutrality) is much 
less than the thermal-equilibrium electron concentration. 


TEST YOUR UNDERSTANDING 

E8.1 A silicon pn junction at T = 300 K is doped with impurity concentrations of Nj = 5 x 
10 16 cm -3 and iV u = 2x 10 16 cm -3 . The junction is forward biasedat V a =0.610V. 
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Determine the minority carrier concentrations at the space charge edges. 

I tl 0| x 06' [ n 0f x Z9'L = ("'T'<7 'suy! 

The impurity doping concentrations in a silicon pn junction at T = 300 K arc N d — 

5 x IQ 1 - 1 cm - ’ and N a = 5 x 10 lh cm - - 1 . The minority carrier concentration at either 
space charge edge is to be no larger than J 0 percent of the respective majority carrier 
concentration. Calculate the maximum forward bias voltage that can be applied to 
this junction and still meet the required specifications. lA 66S'0 = (xcuj)'/\ -suy] 
Repeat E8.2 for a GaAs pn junction with the same doping concentrations. 


[Ai.90'1 - (XBUJ) "a 'suvl 


The minority carrier concentrations at the space charge edges, given by Equations 
(8.6) and (8.7), were derived assuming a forward-bias voltage (V„ > 0) was applied 
across the pn junction. However, nothing in the derivation prevents V a from being 
negative (reverse bias). If a reverse-bias voltage greater than a few tenths of a volt is 
applied to the pn junction, then we see from Equations (8.6) and (8.7) that the minor- 
ity carrier concentrations at the space charge edge are essentially zero. The mino- 
rity carrier concentrations for the reverse-bias condition drop below the thermal- 
eauilibnum values. 


8.1,4 Minority Carrier Distribution 

W: developed, in Chapter 6, the ambipolar transport equation for excess minority 
carrier holes in an n region. This equation, in one dimension, is 


i dl( - Sp 

P dx 2 


- P r E 


d(Sp„) 

dx 



S(Sp„) 

dt 


( 8 . 8 ) 


where — p„ - p„o is the excess minority carrier hole concentration and is the 
difference between the total and thermal equilibrium minority carrier concentrations. 
The ambipolar transport equation describes the behavior of excess carriers as a func- 
tion of time and spatial coordinates. 

In Chapter 5, we calculated drift current densities in a semiconductor. We deter- 
mined that relatively large currents could be created with fairly small electric fields. 
/Isa first approximation, we will assume that the electric field is zero in both the neu- 
tral p and n regions. In the n region forx > x,„ we have that E = 0 and g' = 0. If we 
alsoassume steady state so d(Sp„)/dt = 0, then Equation (8.8) reduces to 


d 2 (8p n ) Sp„ _ 
" dx'- L\ ~ 


(X > x„) 


(8.9) 


where L~ — D p x For the same set of conditions, the excess minority carrier elec- 
tron concentration in the p region is determined from 


d 2 (Sn p ) Sn p 
dx 2 LI - 


(X < Xp) 


( 8 . 10 ) 
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The boundary conditions for the total minority carrier concentrations are 


p„(x„) = PM exp f 

(8. lit 

U t) 

, , (eV a \ 

n P (-x p ) = n pQ ex P 1 J 

(8.111 

p„(x -> +co) = pm 

(8.11c 

n p (x -oo) = ripo 

(8.11c 


As minority carriers diffuse from the space charge edge into the neutral semiconduc 
tor regions, they will recombine with majority carriers. We will assume that thi 
lengths W„ and W, shown in Figure 8.3a are very long, meaning in particular tha 
W„ 5S> L p and W p » L„.The excess minority carrier concentrations must approad 
zero at distances far from the space charge region. The structure is referred to as 
long pn junction. 

The general solution to Equation (8.9) is 

5 p„(x) - p,,(x) - p t , o = + Be~ x/L " ( x > x n ) (8.12 

and the general solution to Equation (8.10) is 

Sn p (x) = n p (x) — n p0 = Ce x/L " + De~* /Ln (x < — x P ) (8.13) 

Applying the boundary conditions from Equations (8.11c) and (8.1 Id), the coef- 
ficients A and D must be zero. The coefficients B and C may be determined from tie 
boundary conditions given by Equations (8.11a) and (8.11b). The excess carrier con- 
centrations are then found to be, for (x > x„). 


and, fc 

Spn(x) = p„(x) _ p n0 _ p„() 



exp 

)- -i 

ex p CV) — 

>r (x < -x p \ 



&n p (x) = n p {x) - n p(> = n /j0 

exp) 

XT) J 

(x p + x\ 

exp {—) 


(8.14> 


(8.15) 


The minority carrier concentrations decay exponentially with distance away from the 
junction to their thermal-equilibrium values. Figure 8.5 shows these results. Again, 
we have assumed that both the n-region and the p-region lengths are long compared 
to the minority carrier diffusion lengths. 

To review, a forward-bias voltage lowers the built-in potential barrier of a pi 
junction so that electrons from the n region are injected across the space charge re- 
gion, creating excess minority carriers in the p region. These excess electrons begin 
diffusing into the bulk p region where they can recombine with majority carrier 
holes. The excess minority carrier electron concentration then decreases with 
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distance from the junction. The same discussion applies to holes injected across the 
space charge region into the n region. 

8.1.5 Ideal pn Junction Current 

The approach we use to determine the current in a pn junction is based on the three 
parts of the fourth assumption stated earlier in this section. The total current in the 
junction is the sum of the individual electron and hole currents which are constant 
through the depletion region. Since the electron and hole currents are continuous func- 
tions through the pn junction, the total pn junction current will be the minority carrier 
holediffusion current at x — x n plus the minority carrier electron diffusion current at 
x - —x p . The gradients in the minority carrierconcentrations.as shown in Figure 8 . 5 , 
produce diffusion currents, and since we are assuming the electric field to be zero at 
the space charge edges, we can neglect any minority carrier drift current component. 
This approach in determining the pn junction current is shown in Figure 8.6. 



Figure 8.5 I Steady-state minority carrier concentrations in a 
pn junction under forward bias. 


Current j 



Figure 8.6 ) Electron and hole current densities through the 
space charge region of a pn junction. 
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We can calculate the minority carrier hole diffusion current density at x = 
from the relation 


dp (X/i 1 t- Dp 


dp„{x) 

dx 


Since we are assuming uniformly doped regions, the thermal-equilibrium carry 
concentration is constant, so the hole diffusion current density may be written as 


■!p(x„) = ~eD 


d(8p„(x)) I 


Taking the derivative of Equation (8.14) and substituting into Equation (8.17). W| 
obtain 


dp {x n ) — 


e Dpp, jO 


a? {w)- 


The hole current density for this forward-bias condition is in the +x direction, whi 
is from the p to the n region. j 

Similarly, we may calculate the electron diffusion current density at x — — x p $ 
This may be written as 


dp ( T ) — f? D n 


i/(5»n(T))| 


Using Equation (8.15). we obtain 


dn( Xp) — 


eD„n p o [" ( eV„ 


The electron current density is also in the +jc direction. 

An assumption we made at the beginning was that the individual electron and 
hole currents were continuous functions and constant through the space charge region 
The total current is the sum of the electron and hole currents and is constant throuA 
the entire junction. Figure 8.6 again shows a plot of the magnitudes of these curremj 
The total current density in the pn junction is then 


d — dp(x n ) “I" ./). ( Xp') 


P r . .0 , e D n npQ~\ 

I I ' 

p d-’fl J _ 


exp (jpjr j - 1 (8.21), 


Equation (8.21) is the ideal current-voltage relationship of a pn junction. 
We may define a parameter J s as 


^ddpP n o €D„npQ 


(8.2 
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Figure 8.7 I Ideal I-V characteristic of a pi junction diode 


so that Equadon (8.21) may he written as 



/ e V a \ "1 

J ~ ,/ s 



( 8 . 23 ) 


! Equation (8.23), known as the ideal-diode equation, gives a good description of the 
current-voltagecharacteristics of the pn junction over a wide range of currents and 
I voltages. Although Equation (8.23) was derived assuming a forward-bias voltage 
L ( V a > 0), there is nothing to prevent V a from being negative (reverse bias). Equation 
1 ( 8 . 23 ) is plotted in Figure 8.7 as a function of forward-bias voltage V a . If the voltage 
F V a becomes negative (reverse bias) by a few kT/e V, then the reverse-bias current 
[ density becomes independent of the reverse-bias voltage. The parameter J, is then 
j referred to as the reverse saturation current density. The current- voltage characteris- 
[ tics of the pn junction diode are obviously not bilateral. 


I Objective j 

' To determine the ideal reverse saturation current density in a silicon pn junction at T = 300 K. 

I Consider the following parameters in a silicon pn junction: 

N„ — Nj = 10 16 cm'-’ Hi — 1.5 x 10 1n cm -3 
D n — 25 cm 2 /s T p{) — r„o = 5 x 10~ 7 s 

D„ = 10cm 2 /s <r, =11.7 

■ Solution 

The ideal reverse saturation current density is given by 

. £' D r . I! ( .j0 cDpPn o 

= J 

L I 

L - , n ^ p 


EXAMPLE 8.2 
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DESIGN 
EXAMPLE 8.3 



which may be rewritten as 


Substituting the parameters, we obtain = 4.15 x 10 11 Alcm 2 

■ Comment 

The ideal reverse-bias saturation current density is very small. If the pn junction cross- 
sectional area were A = ]0 -4 cm 2 , for example, then the ideal reverse-bias diode current 
would be I, = 4.15 x 10“ 15 A. 





K — ► 


Figure 8.8 I Ideal 1-V 
characteristic of a 
pi junction diode with 
the current plotted on 
a log scale. 


If the forward-bias voltage in liquation (8.23) is positive by more than a few 
kT/ev olts, then the (— I) term in Equation (8.23) becomes negligible. Figure 8.8 
shows the forward-bias current— voltage characteristic when the current is plotted at 
a log scale. Ideally, this plot yields a straight line when V, is greater than a few 
kT /pvolts. The forward-bias current is an exponential function of the forward-bias 
voltage. 

] Objective 

To design a pn junction diode to produce particular electron and hole current densities at a 
given forward-bias voltage. 

Consider a silicon pn junction diode at T = 300 K. Design the diode such that J„ - 
20 A/cm 2 and J p = 5 A/cm 2 at V a = 0.65 V. Assume the remaining semiconductor parameters 
are as given in Example 8.2. 




t 
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Solution 

The electron diffusion current density is given by Equation (8.20) as 


= 


eD„n 


n ri pQ 


( ev,i \ ii f®” r ( eVa \ i 


Substituting the numbers, we have 


20 = (1.6 x IQ-' 9 ) 


25 


5 x 10- 7 


(1.5 x 10'°) ; 
N a 


h(e 


0259/ 


r hich yields 


N a = 1.01 x 10 15 cm" 3 


■be hole diffusion current density is given by Equation (8.18) as 


f Substituting the numbers, we have 
5 = (1.6 x 10-' 9 ) 
which yields 


- 1 


T,0 N., t H t ST ! 


\ 


/ 10 

(1.5 x 10 10 ) 2 

exp( 

( 0.65 \ ‘ 

^ 5 X 10- 7 

Nj 

^ 0.0259 / 


N d = 2.55 x 10 ls cm' 1 


Comment 

\ The relative magnitude of the electron and hole current densities through a diode can be var- 
ied by changing the doping concentrations in the device. 

► 

TEST YOUR UNDERSTANDING 

E8.4 Asilicon pn junction at T = 300 Khas the following parameters: N a = 5 x 10 16 cm -1 
N d - lx 10 16 cm -3 , D„ = 25 cm 2 /s, D„ — 10 cm 2 /s, r„o =5 x 10 _7 s,and 
| TpQ = 1 x 1 0" 7 s. The cross-sectional area is A - 1 0~ 7 cm 2 and the forward-bias volt- 

■ age is % = 0.625 V. Calculate the (a) minority electron diffusion current at the space 

charge edge, (b) minority hole diffusion current at the space charge edge, and (c) total 
current in the pn junction diode. [V 111 PZ'l C 7 ) ‘V 111 60' 1 (?) ‘V 1 * 1 TSrI’0 ( ,; ) SU V] 

E8.5 Repeat E8 . 4for a GaAs pn junction diode biased at V u - 1 . 10 V. 

[VUI s'9'l ( 7 ) ‘V™ PVl (?) ‘V™ TOt'O (») ' SU V] 


8.1.6 Summary of Physics 

We have been considering the case of a forward-bias voltage being applied to a pn 
junction. The forward-bias voltage lowers the potential barrier so that electrons and 
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holes are injected across the space charge region. The injected carriers become mino( 
ity carriers which then diffuse from thej unction and recombine with majority canidn 
We calculated the minority carrier diffusion current densities at the edge of I 
space charge region. We can reconsider Equations (8.14) and (8.15) and deten 
the minority carrier diffusion current densities as a function of distance through 1 
p- and n-regions. These results are 


J P (x) - -■ 


S DpP„o 




exp 


{x>x„) 


(8.24) 


and 


JAx) = 




n 


exp 



(x < -Xp) (8.25) 


The minority carrier diffusion current densities decay exponentially in each 
region. However, the total current through the pn junction is constant. The difference 
between total current and minority carrier diffusion current is a majority carrier cur- 
rent. Figure 8.9 shows the various current components through the pn structure. The 
drift of majority carrier holes in the p region far from the junction, for example, is to 
supply holes that are being injected across the space charge region into the n region 
and also to supply holes that are lost by recombination with excess minority carrier 
electrons. The same discussion applies to the drift of electrons in the n region. 

We have seen that excess caniers are created in a forward-biased pn junction. 
From the results of the ambipolar transport theory derived in Chapter 6, the behavior 
of the excess carriers is determined by the minority carrier parameters for low injec- 
tion. In determining the current- voltage relationship of the pn junction, we consider 
the Row of minority caniers since we know the behavior and characteristics of these 


Current f 



Majority carrier 
electron current 


Hole diffusion 
current 


Figure 8.9 1 Ideal electron and hole current components through a pn junction under 
forward bias. 
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particles. It may seem strange, at times, that we concern ourselves so much with 
minority carriers rather than with the vast number of majority carriers, but the reason 
for this can he found in the results derived from the ambipolar transport theory. 


TEST YOUR UNDERSTANDING 

E8.6 Consider the silicon pn junction diode described in E8.4. Calculate the electron and 
hole currents at (r/)x = ,t„, (b)x = x„ + L p , and (c)x = x n + lOL^, (see Figure 8.9). 
[0« Vv'inftc'l = '1 0) 1 V™ lOfr’O = 7 irig'O = 7 (<?) 

-V>n 601 = 7 ‘Vra WTO = 7 (») 'suvl 


The fact that we now have drift current densities in the p and n regions implies 
that the electric field in these regions is not zero as we had originally assumed. We 
can calculate the electric field in the neutral regions and determine the validity of our 
zero-field approximation. 


Objective I 1 

To calculate the electric field required to produce a given majority carrier drift current. 

Consider a silicon pn junction at T = 300 K with the parameters given in Example 8.2 
and with an applied forward-hias voltage V., = 0.65 V. 

■ Solution 

The total forward-hias current density is given by 

J ' A [ ex| ’O' 1 . 


We determined the reverse saturation current density in Example 8.2, so we can write 


J = (4.15 x 10 I! ) 


exp 


f 0.65 \ 
V 0.0259 / 


= 3.29 A/cm 2 


total current far from the junction in the n-region will he majority carrier electron drift 
'current. so we can write 

J ~ ~ e(i„Nj E 

The doping concentration is,N d — I0 lf> cnr\and,if we assume fi„ = 1350 cm 2 /V-s, then the 
electric field must he 


E = 


en„N d 


3.29 

( 1.6 x 10 _l9 )(1350)(10 16 ) 


= 1.52 V/cm 


■ Comment 

Wfe assumed, in the derivation of the current- voltage equation, that the electric field in the neu- 
tral pand n regions was rero. Although the electric field is not zero, this example shows that 
(he magnitude is very small — thus the approximation of zero electric field is very good. 


EXAMPLE 8.4 
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EXAMPLE 8.5 


8.1.7 Temperature Effects ’ 

The ideal reverse saturation current density J s , given by Equation (8.22), is a functioi 
of the thermal-equilibrium minority carrier concentrations n p o and p„ n- These minar 
ity carrier concentrations are proportional to which is a very strong function o: 
temperature . For a silicon pn j unction, the ideal reverse saturation current density wit 
increase by approximately a factor of four for every 10°C increase in temperature. 

The forward-bias current-voltage relation was given by Equation (8.23). This 
relation includes J s as well as the exp (eV a /kT) factor, making the forward-bias 
current-voltage relation a function of temperature also. As temperature increases, less 
forward-bias voltage is required to obtain the same diode current. If the voltage is held 
constant, the diode current will increase as temperature increases. The change in for- 
ward-bias current with temperature is less sensitive than the reverse saturation current 

| Objective " ] 

To determine the change in the forward-bias voltage on a pn junction with a change in tem- 
perature. 

Consider a silicon pn junction initially biased at 0.60 V at T = 300 K. Assume the tem- 
perature increases to T = 3 10 K. Calculate the change in the forward-bias voltage requited to 
maintain a constant current through the junction. 

■ Solution 

The forward-bias current can be written as follows: 

If the temperaturechanges, we may take the ratio of the diode currents at the two temperatures. 
This ratio is 

h _ tvp{-Eg/kT 2 )e^(eV a2 /kT 2 ) 

J, ~ expi-EJkT^expieV^/kTi) 

If current is to be held constant, then J \ - J 2 and we must have 

Eg - eV a2 __ Eg - eV a , 

kT 2 “ icTi ' 

Let 7) = 300 K, T 2 = 310 K, E , = 1.12 eV, and V al = 0.60 V Then, solving for V a2 , tve i 
obtain V a2 - 0.5827 V. 

■ Comment 

The change in the forward-bias voltage i s - 17.3 mV for a 10°C temperature change. 


8.1.8 The "Short" Diode 

We assumed in the previous analysis that both p and n regions were long compared 
with the minority carrier diffusion lengths. In many pn junction structures, one region 
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Figure 8.10 1 Geometry of a "shon” 
diode. 


may. in fact, he shon compared with the minority carrier diffusion length. Figure 8.10 
shows one such example: the length W„ is assumed to be much smaller than the mi- 
nority carrier hole diffusion length, L,. 

The steady-state excess minority carrier hole concentration in then region is de- 
termined from Equation (8.9), which was given as 

d 2 (Sp n ) Sp„ 

d * 2 L\ - 

The original houndary condition at,v = x„ still applies, given by Equation (8. 11a) as 

Pn(x„) = p M exp 

A second boundary condition needs to be determined. In many cases we will as- 
sume that an ohmic contact exists at x = (x„ + W,,), implying an infinite surface- 
recombination velocity and therefore an excess minority carrier concentration of 
zero. The second boundary condition is then written as 

P„ (x - x tl + W„) - pm (8.26) 

The general solution to Equation (8.9) is again given by Equation (8.12). which 
was 

J. Sp n (x) = p n (x) - Pm = Ae' /L <- + Be~ x/L >’ (jr > x„) 



In this case, because of the finite length of the n region, both terms of the general so- 
lution must be retained. Applying the boundary conditions of Equations (8.11b) and 
(8.26), the excess minority carrier concentration is given by 


SpJx) = pm exp ( 


r ( ev « 
r p Ur 


sinh |(.v„ + W n - x)/L p ] 
sinh [W n /L p \ 


Equation (8.27) is the general solution for the excess minority carrier hole concentra- 
tion in then region of aforward-biased pnjunction. If W , , » L p the assumption forthe 
long diode. Equation (8.27) reduces to the previous result given by Equation (8.14). If 
W„ <K L p , we can approximate the hyperbolic sine terms by 


sinh ^ n +]VT„-.r j % ^ 


( 8 . 28 a) 
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and 


sinh 



Then Equation (8.27) becomes 


= p n o 




(8.28b® 


(8.29® 


The minority carrier concentration becomes a linear function of distance 
The minority carrier hole diffusion current density is given by 


J,, — —eD p 


d(8p„(x)) 

dx 


so that in the short n region, we have 


V x) - 


€ Dp pn() 

W„ 



I 


(8.30® 


The minority carrier hole diffusion current density now contains the length W„ in tha 
denominator, rather than the diffusion length L,,. The diffusion current density is large™ 
for a short diode than for a long diode since W„ <?C L p . In addition, since the minority' 
carrier concentration is approximately a linear function of distance through the n re- 
gion, the minority carrier diffusion current density is a constant. This constant current 
implies that there is no recombination of minority carriers in the short region. 


| TEST YOUR UNDERSTANDING ~ [ 

E8.7 Consider the silicon pn junction diode described in ER.4. The p region is long and the I 
n region is short with W„ ~ 2 pm. (ajCalculate the electron and hole currents in the ' 
depletion region, (b) Why has the hole current increased compared to that found in E8.4?J 
[pssBSjau; seq juaipmS /Cqsuap 3|«q aqi (q) (yut ff'S = d I ‘V m r£I 0 = “! ( v ) s uy] j 


8.2 | SMALL-SIGNAL MODEL OF THE 
pn JUNCTION 

We have been considering the dc characteristics of the pn junction diode. When semi- 
conductor devices with pn junctions are used in linear amplifier circuits, for example, 
sinusoidal signals are superimposed on the dc currents and voltages, so that the 
small-signal characteristics of the pn junction become important. 

8 .„ Diffusion Resistance \ 

The ideal current- voltage relationship of the pn junction diode was given by Equa- 
tion (8.23), where J and 7, are current densities. If we multiply both sides of the 
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Figure 8.1 1 I Curve showing the concept of the 
small-signal diffusion resistance. 


equation by the junction cross-sectional area, we have 


Id — h 



(8.31) 


where 1 D is the diode current and l s is the diode reverse saturation current. 

Assume that the diode is forward-biased with a dc voltage Vo producing a dc 
diode current [qq. If we now superimposes small, low-frequency sinusoidal voltage 
as shown in Figure 8.1 1, then a small sinusoidal current will be produced, superim- 
posed on the dc current. The ratio of sinusoidal current to sinusoidal voltage is called 
the incremental conductance. In the limit of a very small sinusoidal current and 
voltage, the small-signal incremental conductance is just the slope of the dc current- 
voltage curve, or 


8d 


dip 

dV a 


v..=v a 


(8.32) 


Thereciprocal of the incremental conductance is the incremental resistance, defined as 


dV a 

r d = * 77 - 

dl D 


I[) = Idq 


(8.33) 


where log is the dc quiescent diode current. 

If we assume that the diode is biased sufficiently far in the fonvard-bias region, 
then the ( — 1) term can be neglected and the incremental conductance becomes 


8 d = 


dh 

dV, 


a = 



l DQ 

v, 


(8.34) 
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The small-signal incremental resistance is then the reciprocal function, or 

(8.35) 

The incremental resistance decreases as the bias current increases, and is inversely 
proportional to the slope of the I-V characteristic as shown in Figure 8.1 1. The in- 
cremental resistance is also known as the diffusion resistance. 



8.2.2 Small-Signal Admittance 


In the last chapter, we considered the pn junction capacitance as a function of th 
reverse-bias voltage. When the pn junction diode is forward-hiased, another capac 
tance becomes a factor in the diode admittance. The small-signal admittance, or 
pedance, of the pn junction under forward bias is derived using the minority earn 
diffusion current relations we have already considered. 


1 


Qualitative Analysis Before we delve into the mathematical analysis, we can qu 
itatively understand the physical processes that lead to a diffusion capacitance, wbi 1 
is one component of the junction admittance. Figure 8.12a schematically showS 
pn junction forward biased with a dc voltage. A small ac voltage is also superimposed 
on the dc voltage so that the total forward-biased voltage can he written 
F, = F dc + 0 sin (ot . 

As the voltage across the junction changes, the number of holes injected aero 
the space charge region into the n region also changes. Figure 8.12b shows the hoi 
concentration at the space charge edge as a function of time. At t — to, the ac vol 



Figure 8.12 I (a) A pn junction with an ac voltage superimposed on a forward-biased 
dc value; (b) the hole concentration versus time at the space charge edge; (c) the 
hole concentration versus distance in then region at three different times. 
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is zero so that the concentration of holes at ,v = 0 is just given by />„(0) = 
p„o exp (Vj c / V r ), which is what we have seen previously. 

Now, as the ac voltage increases during its positive half cycle, the concentration 
cf holes at x = 0 will increase and reach a peak value at t — t\ , which corresponds 
to the peak value of the ac voltage. When the ac voltage is on its negative half cycle, 
the total voltage across the junction decreases so that the concentration of holes at 
,v —0 decreases. The concentration reaches a minimum value at t — fy. which corre- 
sponds to the time that the ac voltage reaches its maximum negative value. The mi- 
nority carrier hole concentration at x = 0, then, has an ac component superimposed 
on the dc value as indicated in Figure 8. 12b. 

As previously discussed, the holes at the space charge edge {x — 0) diffuse into 
the n region where they recombine with the majority carrier electrons. We will as- 
sume that the period of the ac voltage is large compared to the time it takes carriers 
to diffuse into the n region. The hole concentration as a function of distance into the 
n region can then be treated as a steady-state distribution. Figure 8.12c shows the 
steady-state hole concentrations at three different times. At t — r 0 , the ac voltage is 
zero, so the r — /q curve corresponds to the hole distribution established by the dc 
voltage. The t — t\ curve corresponds to the distribution established when the ac 
voltage has reached its peak positive value, and the t — ty curve corresponds to the 
distribution established when the ac voltage has reached its maximum negative 
value. The shaded areas represents the charge A Q that is alternately charged and dis- 
charged during the ac voltage cycle. 

Exactly the same process is occurring in the p region with the electron concentra- 
tion. The mechanism of charging and discharging of holes in then region and electrons 
in the p region leads to a capacitance. This capacitance is called diffusion capacitance. 
The physical mechanism of this diffusion capacitance is different from that of the 
junction capacitance discussed in the last chapter. We will show that the magnitude of 
the diffusion capacitance in a forward-biased pn junction is usually substantially 
larger than the junction capacitance. 


Mathematical Analysis The minority carrier distribution in the pn junction will 
he derived for the case when a small sinusoidal voltage is superimposed on the dc 
junction voltage. We can then determine small signal, or ac, diffusion currents from 
these minority carrier functions. Figure 8.13 shows the minority carrier distribution 
in a pn junction when a forward-biased dc voltage is applied. The origin, x = 0, 
is set at the edge of the space charge region on the n-side for convenience. 
The minority carrier hole concentration at x —0 is given by Equation (8.7) as 
p„( 0) = p„ o exp ( eV a jkT ), where V a is the applied voltage across the junction. 

Now let 

V o = V 0 + i MO (8.36) 


where V'i ;l is the dc quiescent bias voltage and tq ( t ) is the ac signal voltage which is 
superimposed on this dc level. We may now write 


P„ (x = 0) = p llQ exp 


e(V 0 + iq(f))‘ 


- Pn( 0 . t) 


kT 


(8.37) 
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Figure 8.13 I The dc characteristics of a forward-biased 
pn junction used in the small-signal admittance calculations. 


Equation (8.37) may he written as 

p„(0, t ) = pdc exp 

where 



Pdc = PnO SXp 




If we assume that |t't(f)| 4C (kT/e) — V j , then the exponential term in Ei 
tion (8.38) may be expanded into a Taylor series retaining only the linear terms, 
the minority carrier hole concentration at x = 0 can he written as 


P„(0, t) - Pdc 


( 1 + T) 


( 8 . 


1 


If we assume that the time-varying voltage iq(/) is a sinusoidal signal, we can 
write Equation (8.40) as 

P„(0. t) = Pdc (l + l^"') ( 8 - 4 | 

where V\ is the phasor of the applied sinusoidal voltage. Equation (8.41) will he used 
as the boundary condition in the solution of the time-dependent diffusion equation 
for the minority canier holes in the n region. 

In the neutral n region (x >0), the electric field is assumed to be zero, thus the 
behavior of the excess minority carrier holes is determined from the equation 


i 1 _ 

P dx 2 dr 


(8.42) 


where 8p„ is the excess hole concentration in the n region. We are assuming that the 
ac signal voltage iq (f) is sinusoidal. We then expect the steady-state solution for 8p n 
to he of the form of a sinusoidal solution superimposed on the dc solution, or 

Sp„(x, t) = 8po(x) + p,(x)e JWI 


(8.43) 
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where 8po(x) is the dc excess carrier concentration and p\ (.v) is the magnitude of the 
ac component of the excess carrier concentration. The expression for 8po(x) is the 
same as that given in Equation (8.14). 

Substituting Equation (8.43) into the differential Equation (8.42), we obtain 


' d 2 (8p«( 
’[ a.v- 


(fyo(x)) d 2 p t (x ) Jwl 
dx 2 dx 2 


Sp Q (x) + p\(x)e J 


= jwpi{x)e Jlor (8.44) 


Vfe may rewrite this equation, combining the time-dependent and time-independent 
terms, as 


, f 3 2 (5 
9 n 

u p 

c 


(&p Q (x)) & P() (X ) d 2 p]{x) Pi(x) h 

+ D p ^~ - J0>p { (x) e J ‘” = 0 

ox- r ,, 0 J L ox 2 r , ;0 


If the ac component, pi(x), is zero, then the first bracketed term is just the differen- 
tial Equation (8. 10). which is identically zero. Then vvehave. from the second brack- 
eted term. 


d~p { (x) p i(.v) 


r ,J p — j— — jiop\ (x) = 0 

dx- z,,o 

Noting that L , = D p r /)0 . Equation (8.46 ) may be rewritten in the form 


d 2 p i (a ) (14-y'wTpo) 


P t(x) - 0 


d 2 p\(x) , n 


,2 (1 + ju)Xpo) 


The general solution to Equation (8. 48) is 

pi(x) = K x e~ c ‘ >s + K 2 e +C <" (8.50) 

One boundary condition is that p\ (x -->* +oc) = 0, which implies that the coef- 
ficient K; — 0. Then 


Pi(x) = K\e c "' 

Applying the boundary condition at x — 0 from Equation (8.41 ) we obtain 


(8.51) 


pi(0)-Ki- p lk y— 
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The hole diffusion current density can he calculated at x =0. This will he give 


Jrr — € D 1 1 


If we consider a homogeneous semiconductor, the derivative of the hole concentra- 
tion will be just the derivative of the excess hole concentration. Then 


, n 9(Sp„) 

Jp ' eDp 3x 


= -eD, 


d(8po(x)) I 


dpi (x) I 


We can write this equation in the form 


J p = J p o + jp(t) 


where 


Jm = eD. 


d(8p 0 (x)) I 


eD p p„o 

In 


h{wY{ 


Equation (8.56) is the dc component of the hole diffusion current density and is ex- 
actly the same as in the ideal I—V relation derived previously. 

The sinusoidal component of the diffusion current density is then found from 


j P (t) = J P e j<01 = -eD, 


dp, (jt) 


where J p is the current density phasor. Combining Equations (8.57). (8.51), and 
(8.52), we have 


J p - -eDp(-Cp) pj^) e c <* 

L V Ti / J *=o 


We can write the total ac hole current phasor as 

ip = AJp - eADpCpP^^j (8.59) 

where A is the cross-sectional area of the pn junction. Substituting the expression for 
C,„ we obtain 


/, = ‘-iSte* v t 


+ j<OT p o 


If we define 


eADpPd c eADpp n Q / € Vq 

, '“ = — ^ = 


then Equation (8.60) becomes 


p — W» j<° T rO 
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We can go through the same type of analysis for the minority carrier electrons in 
the p region. We will obtain 


61 — f«0V 1 + JMT„o 


eAD„n P ti ( eV 0 


The total ac current phasor is the sum of l p and The pn junction admittance 
is the total ac current phasor divided by the ac voltage phasor, or 

T = 4- = ^4^ = ( -4 ) [/pov/ 1 + jcozpo + W'l + jeoT„ 0 ] (8.65) 

V\ V'i V v i / 

There is not a linear, lumped, finite, passive, bilateral network that can be syn- 
thesized to give this admittance function. However, we may make the following 
approximations. Assume that 


OJTpO « 1 


(8.66a) 


«r„o « I 


(8.66b) 


These two assumptions imply that the frequency of the ac signal is not too large. 
Then we may write 


f \ -i- jcotpo 1 + 


(8.67a) 


1 + jo)T n () % 1 + 


(8.67b) 


Substituting Equations (8.67a) and (8.67b) into the admittance Equation (8.65) 
yields 


vJM 1 


Ai0 ( l + ■ 


If we combine the real and imaginary portions, we get 


= (^) ( /,o + /,») + ;<»{ (A) 


\IpQ T pO + ^nO r K0] 


Equation (8.69) may be written in the form 


Y = 8d + JioC<i 


(8.70) 
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EXAMPLE 8.6 



Figure 8.14 1 Minority carrier concentration changes with changing 
forward-bias voltage. 


The parameter is called the diffusion conductance and is given by 


Sd - ( (f/>o + fit)) — ~ 


(8.71), 


where I[ } q is the dc bias current. Equation (8.71) is exactly the same conductance a s 
we obtained previously in Equation (8.34). The parameter C d is called the diffusit 
capacitance and is given by 


C d = 



( IpO T'pO “H ?nO*no) 


(8.72) 

i 


The physics of the diffusion capacitance may be seen in Figure 8.14. The dc val- 
ues of the minority carrier concentrations are shown along with the changes due to 
the ac component of voltage. The A Q charge is alternately being charged and dis- 
charged through the junction as the voltage across the junction changes. The change 
in the stored minority carrier charge as a function of the change in voltage is the dif- 
fusion capacitance. One consequence of the approximations toipo I and tor n Q 1 
is that there are no "wiggles" in the minority carrier curves. The sinusoidal frequency 
is low enough so that the exponential curves are maintained at all times. 


Objective 

To calculate the small-signal admittance of a pn junction diode. 

This example is intended to give an indication of the magnitude of the diffusion capaci- 
tance as compared with the junction capacitance considered in the last chapter. The diffusion 
resistance will also be calculated. Assume that N a » JVj so that p, ir , » This assumption 
implies that I„„ 2> /„ u . Let T = 300 K, r^, = 10~ 7 s, and I„„ = I t >Q - 1 raA, 
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_ Solution 

The diffusion capacitance, with these assumptions, is given by 


C d 



(IpOtpO) 


1 

(2X0.0259) 


(10- 3 )(l(r 7 ) = 1.93 x 10' 9 


F 


The diffusion resistance is 


■ Comment 

The value of 1 .93 nF for the diffusion capacitance of a forward-biased pn junction is 3 to 4 
orders of magnitude larger than the junction capacitance of the reverse-biased pn junctiun, 
which wc calculated in Example 7.5. 


The diffusion capacitance tends to dominate the capacitance terms in a forward- 
biased pn junction. The small-signal diffusion resistance can be fairly small if the 
diode current is a fairly large value. As the diode current decreases, the diffusion 
resistance increases. We will consider the impedance of forward-biased pn junctions 
again when we discuss bipolar transistors. 


TEST YOUR UNDERSTANDING 

E8.8 A silicon pi junction diode at T = 300 K has the Following parameters: N d = 8 x 
10 IA cm" 3 , N a = 2 x 10 ,fl cnT 3 , D„ = 25 cmVs, D„ = 10 cnr/s, t„ 0 = 5 x 10- 7 s, 
and r r a — 10 -7 s. The cross-sectional area is A = 10“ 3 cm 2 . Determine the diffusion 
resistance and diffusion capacitance if the diode is forward biased at («) V a = 0.550 V 
and (b) V u = 0.610 V. 

Idu 6 03 = P D '73 9' 1 1 = Pj W) -d u LO'Z = P D 81 1 = Pj (») ' su Vl 
E8.9 A GaAs pn junction diode at T = 300 K has the same parameters given in E8.8 except 
thet D„ = 207 cm'ls and D p = 9.80 cnr/s. Determine the diffusion resistance and 
diffusioncapacitance if the diode is forward biased at (a) Tj = 0.970 V and (b) V a = 
1.045 V. l JU 0'il = "3 "O 9'tl = Pj (9) ; d u 0f6'0 = "3 'o £9c = p J (») 'suyl 


| 8.2.3 Equivalent Circuit 

* The small-signal equivalent circuit of the forward-biased pn junction is derived from 
Equation (8.70).This circuit is shown in Figure 8. 15a. We need to add the junctionca- 
[ pacitance, which will be in parallel with the diffusion resistance and diffusion capac- 
itance. The last element we add, to complete the equivalent circuit, is a series resis- 
tance. The neutral n and p regions have finite resistances so the actual pn junction will 
include a series resistance. The complete equivalent circuit is given in Figure 8. 15b. 
t The voltage across the actual junction is V a and the total voltage applied to 
[the pn diode is given by V^pp. The junction voltage V a is the voltage in the ideal 
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r d 



(a) (b) 


Figure 8.15 I (a) Small-signal equivalent circuit of ideal forward-biased 
pn junction diode; (b) Complete small-signal equ i valent circuit of pn 
junction. 



Figure 8.161 Forward-biased I-V 
characteristics of a pn junction diode 
showing the effect of series resistance. 


current-voltage expression. We can write the expression 1 

V m = V a + Ir, (8.73) 

Figure 8. 16 is a plot of the current- voltage characteristic from Equation (8.73) show- 
ing the effect of the series resistance. A larger applied voltage is required to achieve 
the same current value when a series resistance is included. In most diodes, the series 
resistance will be negligible. In some semiconductor devices with pn junctions, how- 
ever, the series resistance will be in a feedback loop: in these cases, the resistance is 
multiplied by a gain factor and becomes non-negligible. 


8.3 Generation-Recombination Currents 


J 


TEST YOUR UNDERSTANDING | 

:E8.10 A silicon pn junction diode at T = 300 K has the same parameters as those described 
in E8.8. The neutral n-region and neutral p-region lengths are 0.01 cm. Estimate the 
scries resistance of the diode (neglect ohmic contacts). (£5 99 = y 'suy) 


(8.3 I GENERATION-RECOMBINATION CURRENTS 

I II the derivation of the ideal current-voltage relationship, we neglected any effects 
occurring within the space charge region. Since other current components are gener- 
ated within the space charge region, the actual I—V characteristics of a pn junction 
diode deviate from the ideal expression. The additional currents are generated from 
the recombination processes discussed in Chapter 6. 

The recombination rate of excess electrons and holes, given by the 
Shockley-Read-Hall recombination theory, was written ns 


C„C p N,(np — nj) 

R = — V '-!■ (8.74) 

C„(n + a') + C p (p + p') V ' 

j The parameters n and p are, as usual, the concentrations of electrons and holes, 
-i-iespectively. 

*u.3.1 Reverse-Bias Generation Current 

f 

For a pn junction under reverse bias, we have argued that the mobile electrons and 
. holes have essentially been swept out of the space charge region. Accordingly, within 
tile space charge region, n % p % 0. The recombination rate from Equation (8.74) 


-C„CpN,n] 
C„n' + C p p’ 


The negative sign implies a negative recombination rate; hence, we are really 
generating electron -hole pairs within the reverse-biased space charge region. The re- 
combination of excess electrons and holes is the process whereby we are trying to 
reestablish thermal equilibrium. Since the concentration of electrons and holes is es- 
sentially zero within the reverse-biased space charge region, electrons and holes are 
being generated via the trap level to also try to reestablish thermal equilibrium. This 
generation process is schematically shown in Figure 8.17. As the electrons and holes 
are generated, they are swept out of the space charge region by the electric field. The 
(low of charge is in the direction of a reverse-bias current. This reverse -bias genera- 
tion current, caused by the generation of electrons and holes in the space charge 
region, is in addition to the ideal reverse-bias saturation current. 

We may calculate the density of the reverse-bias generation current by consider- 
ing Equation (8.75). If we make a simplifying assumption and let the trap level be at 
the intrinsic Fermi level, then from Equations (6.92) and (6.97), we have that n’ = n. 
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Figure 8.17 I Generation process in a reverse-biased pn 
junction. 

and p' — n,. Equation (8.75) now becomes 


11 

N,C P + N r C„ 

Using the definitions of lifetimes from Equations (6.101) and (6.104), we may wri 
Equation (8.76) as 


— i 

T/iO + T„y 

If we define a new lifetime as the average of r^o and r„o, or 

T/jO + t„o 


then the recombination rate can he written as 


— Hi 

r = t j - = -g 
2t 0 




The negative recombination rate implies a generation rate, so G is the generation rate 
of electrons and holes in the space charge region. 

The generation current density may he determined from J 


eG dx 


(8.80) 
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where the integral is over the space charge region. If we assume that the generation 
rate is constant throughout the space charge region, then we obtain 


Jpen — 


en, W 

2 To 


( 8 . 81 ) 


The total reverse-bias current density is the sum of the ideal reverse saturation 
current density and the generation current density, or 

f Jr — Js + ■/gen ( 8 . 82 ) 

The ideal reverse saturation current density J s is independent of the reverse-bias 
voltage. However, J gcn is a function of the depletion width W , which in turn is a func- 
tion of the reverse-bias voltage. The actual reverse-bias current density, then, is no 
longer independent of the reverse-bias voltage. 


f Objective 

To determine the relative magnitudes of the ideal reverse saturation current density and the 
generation current density in a silicon pn junction at T — 300 K. 

Consider the silicon pn junction described in Example 8.2 and Jet Tq = T p q ~ r„Q — 
5 x 10 -7 s. 

■ Solution 

The ideal reverse saturation current density was calculated in Example 8.2 and was found to 
be/, =4.15 x 10'" A/cnr. The generation current density is again given by Equation (8.81) 
as 


EXAMPLE 8.7 


-'gen 


en, W 

2 r ( ) 


and the depletion width is given liy 


W = 



/ Ng + N,l \ 

V N,N d ) 


(V w + V K ) 


1/2 


If we assume, for example, that V)„ + V R = V, then using the parameters given in 
Example 8.2 we find that W = 1.14 x 10' 4 cm. and then calculate the generation current 
density to he 

/ £ c = 2.74 x I0" 7 A/cm 2 


■ Comment 

Comparing the solutions for the two current densities, it is obvious that, for the silicon pn junc- 
tion diode at room temperature, the generation current density is approximately four orders of 
magnitude larger than the ideal saturation current density. The generation current is the domi- 
nant reverse-bias current in a silicon pn junction diode. 
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TEST YOUR UNDERSTANDING 

E8.ll A GaAs pn junction diode has the same parameters as described in E8.9. (a) Calcu- 
late the reverse-bias generation current if the diode is reverse biased at Vg = 5 V. 
(b) Determine the ratio of / gen calculated in part (a) to the ideal reverse-saturation 
current / s - [ L 0l x £6't W) ‘V £l - 0 l x £ 0 'U = “ a Y (») suyl 


8.3.2 Forward-Bias Recombination Current 


For the reverse-biased pn junction, electrons and holes are essentially completel] 
swept out of the space charge region so that n ^ p ^ 0. Under forward bias, how 
ever, electrons and holes are injected across the space charge region, so we do, i| 
fact, have some excess carriers in the space charge region. The possibility exists tha 
some of these electrons and holes will recombine within the space charge region ant 
not become pan of the minority carrier distribution. 

The recombination rate of electrons and holes is again given from Equa 
tion (8.74) as 

C„C p N,(np-nj) ! 

c„(« +«') + Cp(p+ p') 


Dividing both numerator and denominator by C n C p N, and using the definitions o 
t„d and T p o, we may write the recombination rate as 


R = 


ftp ~ n] 

Tpo(n+n’) + z ntl (p + p') 



Figure 8.18 shows the energy-band diagram of the forward-biased pn junction 
Shown in the figure are the intrinsic Fermi level and the quasi-Fermi levels fo. 



Figure 8.18 ! Energy-band diagram of a forward-biased pn 
junction including quasi-Fermi levels. 
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electrons and holes. From the results of Chapter 6, we may write the electron con- 
centration as 


n = m exp 


Ef„ ~ Efj 
kT 


and the hole concentration as 


p — nj exp 


Ef i ~ Ef p 
kT 


(8.84) 


(8.85) 


where Ep n and Ep p are the quasi-Fermi levels for electrons and holes, respectively. 
From Figure 8.18, we may note that 

( Ef„ — Ep,) + (E Fi — Efp) — eV„ (8.86) 

where V a is the applied forward-bias voltage. Again, if we assume that the trap level 
is at the intrinsic Fermi level, then n' = p' = n , . Figure 8.19 shows a plot of the 
relative magnitude of the recombination rate as a function of distance through the 
space charge region. This plot was generated using Equations (8.83), (8.84). (8.85), 
and (8.86). A very sharp peak occurs at the metallurgical junction (.t — 0). 

At the center of the space charge region, we have 

Efn ~ Ep, = Epi - f p = (8.87) 



Relative distance through space 
charge legion 

Figure 8.19 I Relative magnitude of the 
recombination rate through the space 
charge region of a forward-biased pn 
junction. 
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Equations (8.84) and (8.85) then become 


n — n, exp 


/ fK 

\2kT 


2k T ) 


( 8 . 88 " 


and 


p — n, exp 


\2kT 


(8.89) 


If we assume that n' — p' — n, and that r„o = r^o = Tg, then Equation (8.83) 
becomes 


R 11’. T V = 


"i [exp(eVJkT) - 1] 


(8.90) 


\exp(eV c ,/2kT) + 1] 

which is the maximum recombination rate for electrons and holes that occurs at th 
center of the forward-biased pn junction. If we assume that V„ » kT/e, we maj 
neglect the (— 1 ) term in the numerator and the (+1) term in the denominat( 
Equation (8.90) then becomes 


Rn 


- i4 exp ( 


eV„ 


\2kT 


The recombination current density may be calculated from 


A 


.=/' 


e R dx 


(8.921 


where again the integral is over the entire space charge region. In this case, however, 
the recombination rate is not a constant through the space charge region. We have 
calculated the maximum recombination rate at the center of the space charge region, 
so we may write 


Jtec — exp 

2t (1 


\2kT 


(8.93) 


where x' is a length overwhich the maximum recombination rate iseffective. However, 
since Tq may not be a well-defined or known parameter, it is customary to write 



( 8.941 


where W is the space charge width. 


TEST YOUR UNDERSTANDING 

E8.12 Considera silicon pn junction diode at T = 300 K with the same parameters given in 
E8.8. The diode is forward biased at V, = 0.50 V. (a )Calculate the forward-biased 
recombination current. ( h ) Determine the ratio of calculated in pan (a) to the 

ideal diffusioncurrent. U -01 x IcT(9)‘V ^ 01 X 0£T= 7 1°) su Vl 
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P n 



Figure 8.20 1 Because of recombination, additional holes 
from the p region must be injected into the space charge 
region to establish the minority carrier hole concentration in 
the n region. 


8.3.3 Total Forward-Bias Current 


The total forward-bias current density in the pn junction is the sum of the recombi- 
nation and the ideal diffusion current densities. Figure 8.20 shows a plot of the mi- 
nority carrier hole concentration in the neutral n region. This distribution yields the 
ideal hole diffusion current density and is a function of the minority carrier hole dif- 
fusion length and the applied junction voltage. The distribution is established as a 
result of holes being injected across the space charge region. If, now, some of the in- 
jected holes in the space charge region are lost due to recombination, then additional 
holes must be injected from the p region to make up for this loss. The flow of these 
additional injected carriers, per unit time, results in the recombination current. This 
added component is schematically shown in the figure. 

The total forward-bias current density is the sum of the recombination and the 
ideal diffusion current densities, so we can write 

f J = J Ki - + J D (8-95) 

where J KC is given by Equation (8.94) and Jo is given by 


J D = J s exp 



(8.96) 


The (—1) term in Equation (8.23) has been neglected. The parameter J s is the ideal 
reverse saturation current density, and from previous discussion, the value of J r o 
from the recombination current is larger than the value of J s . 



Figure 8.21 1 Ideal diffusion. recombination, and total 

current in a forward-biased pn junction. i 


If we take the natural log of Equations (8.94) and (8.96). we obtain I 

In 7 rec = In - In ,/ r0 + ^ (8.97al 

and 

In J D = In .A + ( -pp = In (8.97b) 

Figure 8.21 shows the recombination and diffusion current components plotted on a 
log current scale as a function of V a /W„ The slopes of the two curves are not the 
same. Also shown in the figure is the total current density — the sum of the two cur- 
rent components. We may notice that, at a low current density, the recombination cur- 
rent dominates, and at a higher current density, the ideal diffusion current dominates. 
In general, the diode current-voltage relationship may he written as 



(8-98) 


where the parameter n is called the ideality factor. For a large forward-bias voltage. 
n % 1 when diffusion dominates, and for low forward-bias voltage, n ^ 2 when 
recombination dominates. There is a transition region where I c n <2. 






8.4 Junction Breakdown 




.4 I JUNCTION BREAKDOWN 


the ideal pn junction, a reverse-bias voltage will result in a small reverse-bias cur- 
rent through the device. However, the reverse-bias voltage may not increase without 
limit; at some particular voltage, the reverse-bias current will increase rapidly. The 
pplied voltage at this point is called the breakdown voltage. 

Two physical mechanisms give rise to the reverse-bias breakdown in a pn junc- 
tion: the Zener effect and the avalanche effect. Zener breakdown occurs in highly 
oped pn junctions through a tunneling mechanism. In a highly doped junction, the 
conduction and valence bands on opposite sides of the junction are sufficiently close 
during reverse bias that electrons may tunnel directly from the valence band on the 
p side into the conduction band on the n side. This tunneling process is schematically 
shown in Figure 8.22a. 

The avalanche breakdown process occurs when electrons and/or holes, moving 
across the space charge region, acquire sufficient energy from the electric field to cre- 
ate electron-hole pairs by colliding with atomic electrons within the depletion 
region. The avalanche process is schematically shown in Figure 8.22b. The newly 
created electrons and holes move in opposite directions due to the electric field and 
thereby add to the existing reverse-bias current. In addition, the newly generated 
electrons and/or holes may acquire sufficient energy to ionize other atoms, leading to 
the avalanche process. For most pn junctions, the predominant breakdown mecha- 
nism will be the avalanche effect. 

If we assume that a reverse-bias electron current /„ q enters the depletion region 
at x — 0 as shown in Figure 8.23, the electron current I„ will increase with distance 
through the depletion region due to the avalanche process. At x — W, the electron 


p region n region 



Figure 8.22 [ (a) Zener breakdown mechanism in a reverse-biased pn junction; (b) avalanche breakdown 
process in a reverse-biased pn junction. 
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Figure 8.23 I Electron and hole current 
components through the space charge 
region during avalanche multiplication. 


current may he written as 1 

IJW) = M„/„ 0 (8.99)! 

where M„ is a multiplication factor. The hole current is increasing through the de-l 
pletion region from the n to p region and reaches a maximum value at x = 0. The: 
total current is constant through the pn junction in steady state. 

We can write an expression for the incremental electron current at some point .vas 

dl„{x) = I„(x)a n dx + l P (x)a p dx (8.100) 

where a„ and a, are the electron and hole ionization rates, respectively. The ioniza- 
tion rates are the number of electron-hole pairs generated per unit length by an elec- 
tron (a ,,) or by a hole (a p ). Equation (8.100) may he written as 

dl„(x) ! 

— — = In (X)a„ + Ip(x)a p (8.101) 

ax 

The total current I is given by 

/ = /„(jc) + I p (x) (8.102) 

which is a constant. Solving for I p (x) from Equation (8.102) and substituting into 
Equation (8.101), we obtain 


dl n (x) 

dx 


{Up - U„)I„{x) = dpi 


(8.103) 


If we make the assumption that the electron and hole ionization rates are equal so 
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then Equation (8.103) may be simplified and integrated through the space charge 
region. We will obtain 

f w 

/„W ) - 1,(0) = 1 / ad. x 
Jo 

Using Equation (8.99), Equation (8. 105) may be written as 

M„/„o-/„(0) f w l 

= f u dx 

1 Jo 

Since A/„/„n ~ I and since /„(0) ^ 1, M , Equation (8 106) becomes 

1 [ w 

I = / adx (8.107) 

i 

The avalanche breakdown voltage is defined to be the voltage at which M„ ap- 
proaches intinity. The avalanche breakdown condition is then given by 

iv 

a dx — I (8.108) 


(8.105) 


(8.106) 


The ioniration rates are strong functions of electric field and, since the electric field is 
notconstant through the space charge region. Equation (8. 108) is not easy toevaluate. 

If we consider, for example, a one-sided p+n junction, the maximum electric 
field is given by 


c _ eN d x„ 
Emax — 

<?v 

The depletion width r„ is given approximately as 

2e s Vr _l_ 
e ' N d 


1/2 


(8.109) 


( 8 . 110 ) 


where Vr is the magnitude of the applied reverse-hias voltage. We have neglected the 
built-in potential V)„ . 

If we now detine to he the breakdown voltage Vr, the maximum electric 
field. E milx , will be defined as a critical electric field, E cr jt, at breakdown. Combining 
Equations (8. 109) and (8.1 10), wc may write 



( 8 . 111 ) 


where ;V/> is the semiconductordoping in the low-doped region of the one-sided junc- 
tion. The critical electric field, plotted in Figure 8.24, is a slight function of doping. 

We have been considering a uniformly doped planar junction. The breakdown 
voltage will decrease for a linearly graded junction. Figure 8.25 shows a plot of the 
breakdown voltage for a one-sided abrupt junction and a linearly graded junction. If 
we take into account the curvature of a diffused junction as well, the breakdown volt- 
age will be further degraded. 
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8 . 5 Charge Storage and Diode Transients 


I 

Far a doping concentration of 4 x 10 13 cm - 1 , the critical electric field, from Figure 8.24, 
^approximately 3.7 x 10 s V/cm. Then from Equation (8. Ill), the breakdown voltageis 110V, 
which correlates quite well with the results from Figure 8.25. 

■ Conclusion 

Pb Figure 8.25 showc. the breakdown voltage increases as the doping concentrationdecreases 
in the low-doped region. 


TEST YOUR UNDERSTANDING 

E8.13 Aone-sided, planar, uniformly doped silicon pn junction diode is required to have 
a reverse-bias breakdown voltage of V B — 60 V. What is the maximum doping 
concentration in the low -doped region such that this specification is met! 

( t -iuo fl 0I xg* v) 

E8.14 Repeat E8. 13 for a GaAs diode, (f- 1113 9,01 x £T S N ' slI V) 

* 

*8.5 I CHARGE STORAGE AND DIODE TRANSIENTS 

The pn junction is typically used as an electrical switch. In forward bias, referred to 
as the on state, a relatively large current can be produced by a small applied voltage; 
in reverse bias, referred to as the off state, only a very small current will exist. Of pri- 
mary interest in circuit applications is the speed of the pn junction diode in switching 
states. We will qualitatively discuss the transients that occur and the charge storage 
effects. We will simply state the equations that describe the switching times without 
any mathematical derivations. 

8.5.1 The T urn-off T ransient 

Suppose we want to switch a diode from the forward bias on state to the reverse-bias 
off state. Figure 8.26 shows a simple circuit that will switch the applied bias at t — 0. 
Fort < 0, the forward-bias current is 

VA _ v 

I — I F = - ( 8 . 112 ) 

K F 

The minority carrier concentrations in the device, for the applied forward voltage VV, 
are shown in Figure 8,27a. There is excess minority carrier charge stored in both the 
p and n regions of the diode. The excess minority carrier concentrations at the space 
charge edges are supported by the forward-bias junction voltage V a . When the volt- 
age is switched from the forward- to the reverse-bias state, the excess minority car- 
rier concentrations at the space charge edges can no longer be supported and they 
start to decrease, as shown in Figure 8.27b. 

The collapse of the minority carrier concentrations at the edges of the space 
charge region leads to large concentration gradients and diffusion currents in the 
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Figure 8.26 I Simple circuit for switching a diode from 
forward to reverse bias. 


reverse-bias direction. If we assume, for the moment, that the voltage across tl 
diode junction is small compared with V K , then the reverse-bias current is limited to| 
approximately 


I = -I R 


-V R 


R * 


(8.113; 


The j unction capacitances d o not allow the j unction voltage to change instantaneously. 
If the current In were larger than this value, there would be a forward-bias voltage 
across the junction, which would violate our assumption of a reverse-bias current. If 
the current In were smaller than this value, there would be a reverse-bias voltage 
across the junction, which means that the junction voltage would have changed in- 
stantaneously. Since the reverse current is limited to the value given by Equation 
(8.113), the reverse-bias density gradient is constant; thus, the minority carrier con- 
centrations at the space charge edge decrease with time as shown in Figure 8.27b. 

This reverse current Ir will be approximately constant for 0 + <t < f s , where t s I 
is called the storage time. The storage time is the length of time required for the 
minority carrier concentrations at the space charge edge to reach the thermal- 
equilibrium values. After this time, the voltage across the junction will begin to 
change. The current characteristic is shown in Figure 8.28. The reverse current is the 
Row of the stored minority carrier charge, which is the difference between the minor- 
ity carrier concentrations at t — 0^ and t = oo, as was shown in Figure 8.27b. 

The storage time r s can be determined by solving the time-dependent continuity 
equation. If we consider a one-sided p + n junction, the storage time is determined 
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(b) 

Figure 8.27 I (a) Steady-state forward-bias minority carrier 
concentrations: (b) minority carrier concentrations at various 
times during switching. 



Figure 8.28 I Current characteristic 
versus time during diode switching. 
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from the equation 


y V> -f //f 

where erf (x) is known as the error function. An approximate solution for the stor^ 
time can he obtained as 


_ ] + r R . 


The recovery phase fort > t s is the time required for the junction to reach its 
steady-state reverse-bias condition. The remainder of the excess charge is be i 
removed and the space charge width is increasing to the reverse-bias value. 1 .. 
decay time h is determined from 


exp (~t 2 /T p o) 

y/nt 2 /T p a 


= 1+ol l77 


( 8 . 116 ) 


The total turn-off time is the sum oft, and t 2 . 

To switch the diode quickly, we need to he able to produce a large reverse cur- 
rent as well as have a small minority carrier lifetime. In the design of diode circuits, 
then, the designer must provide a path for the transient reverse-bias current pulse in 
order to he able to switch the diode quickly. These same effects will be considered 
when we discuss the switching of bipolar transistors. 


TEST YOUR UNDERSTANDING 

E8.15 A one-sided p + n silicon diode, that has a forward-bias current of I, = 1.75mA, is 
switched to reverse bias with an effective reverse-bias voltage of V R = 2 V and at 
effective series resistance of R r — 4 k£2. The minority carrier hole lifetime is 
10" 7 s. (a) Determine the storage time r,. (6) Calculate the decay time a. (c)What 
is the turn-off time of the diode? 

[s t _oi xz«w s i _oi x eri (r/)‘s t -oi x^ro^rsuvi 


8.5.2 The Tum-on Transient 

The turn-on transient occurs when the diode is switched from its "off" state into the 
forward-hias "on" stale. The turn-on can be accomplished by applying a forward- 
bias current pulse. The first stage of turn-on occurs very quickly and is the length of 
time required to narrow the space charge width from the reverse-bias value to it$< 
thermal-equilibrium value when V', = 0. During this time, ionized donors and aci 
ceptors are neutralized as the space charge width narrows. 

The second stage of the turn-on process is the time required to establish the 
minority-carrier distributions. During this time the voltage across the junction is in- 1 
creasing toward its steady-state value. A small turn-on time is achieved if the minor- 
ity carrier lifetime is small and if the forward-bias current is small. 


8 . 6 The Tunnel Diode 


*8.6 [ THE TUNNEL DIODE 

The tunnel diode is a pn junction in which both the n and p regions are degenerately 
doped. As we discuss the operation of this device, we will find a region that exhibits 
a negative differential resistance. The tunnel diode was used in oscillator circuits in 
the past, but other types of solid-state devices are now used as high-frequency oscil- 
lators: thus, the tunnel diode is really only of academic interest. Nevertheless, this de- 
vice does demonstrate the phenomenon of tunneling we discussed in Chapter 2. 

Recall the degenerately doped semiconductors we discussed in Chapter 4: the 
Fermi level is in the conduction band of a degenerately doped n-type material and in 
the valence band of a degenerately doped p-type material. Then, even at T = 0 K, 
electrons will exist in the conduction hand of the n-type material, and holes (empty 
states) will exist in the p-type material. 

Figure 8.29 shows the energy-band diagram of a pn junction in thermal equilib- 
rium for the case when both the n and p regions are degenerately doped. The deple- 
tion region width decreases as the doping increases and may be on the order of 
approximately 100 A for the case shown in Figure 8.29. The potential barrier at the 
junction can be approximated by a triangular potential barrier, as is shown in Fig- 
ure 8.30. This potential harrier is similar to the potential barrier used in Chapter 2 to 
illustrate the tunneling phenomenon. The barrier width is small and the electric field 
in the space charge region is quite large; thus, a finite probability exists that an elec- 
tron may tunnel through the forbidden band from one side of the junction to the other. 

We may qualitatively determine the current- voltage characteristics of the 
tunnel diode by considering the simplified energy-band diagrams in Figure 8.31. 


Potential 


n region 


p region 



Figure 8.29 1 Energy-hand diagram of a pn junction in 
thermal equilibrium in which both the nand p regions are 
degenerately doped. 


Figure 8.30 1 Triangular potential 
harrier approximation of the potential 
harrier in the tunnel diode. 
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(e) 

Figure 8.31 I (concluded) (d) A higher forward bias showing less tunneling current; (e) a 
forward bias for which the diffusion current dominates. 


Figure 8.31a shows the energy-band diagram at zero bias, which produces zero 
current on the I—V diagram. If we assume, for simplicity, that we are near 0 K, then 
all energy states! are filled below Ef.- on both sides of the junction. 

Figure 8.31b shows the situation when a small forward-bias voltage is applied to 
the junction. Electrons in the conduction band of the n region are directly opposite to 
empty states in the valence band of the p region. There is a finite probability that some 
of these electrons will tunnel directly into the empty states, producing a forward- 
bias tunneling current as shown. With a slightly larger forward-bias voltage, as in 
Figure 8.31c, the maximum number of electrons in the n region will be opposite the 
maximum number of empty states in the p region; this will produce a maximum tun- 
neling current. 

As the forward-bias voltage continues to increase, the number of electrons on 
the n side directly opposite empty states on the p side decreases, as in Figure 8.3 Id, 
and the tunneling current will decrease. In Figure 8,31 e, there are no electrons on the 
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Figure 8.32 I (a) Simplified energy-band diagram of a tunnel diode with a reverse- 1 
bias voltage: (b) I-V characteristic of a tunnel diode with a reverse-bias voltage. ■ 

n side directly opposite available empty states on the p side. For this forward-bias 
voltage, the tunneling current will be zero and the normal ideal diffusion current wiB 
exist in the device as shown in the 1-V characteristics. 

The portion of the curve showing a decrease in current with an increase in volt- 
age is the region of differential negative resistance. The range of voltage and current 
for this region is quite small; thus, any power generated from an oscillator using this 
negative resistance property would also be fairly small. 

A simplified energy-band diagram of the tunnel diode with an applied reverse- 
bias voltage is shown in Figure 8.32a. Electrons in the valence band on the p side are 
directly opposite empty states in the conduction band on the n side, so electrons can 
now tunnel directly from the p region into the n region, resulting in a large reverse- 
bias tunneling current. This tunneling current will exist for any reverse-bias voltage. 
The reverse-bias current will increase monotonically and rapidly with reverse-bias 
voltage as shown in Figure 8.32b. 


8.7 I SUMMARY 

■ When a forward-bias voltage is applied across a pi junction (p region positive with 
respect to the n region), the potential barrier is lowered so that holes from the p region 
and electrons from the n region can Row across the junction. 

■ The boundary conditions relating the minority carrier hole concentration in then region 
at the space charge edge and the minority carrier electron concentration in the p region 
at the space charge edge were derived. 

H The holes that are injected into the n region and the electrons that are injected into the 
p region now become excess minority carriers. The behavior of the excess minority 
carrier is described bv the ambioolar transoon eauation develooed and described in 
Chapter 6. Solving the ambipolar transpon equation and using the boundary conditions, 
the steady-state minority carrier hole and electron concentrations in the n region and 
p region, respectively, were derived. 
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Gradients exist in the minority carrier hole and electron concentrations so that minority 
carrier diffusion currents exist in the pn junction. These diffusion currents yield the 
ideal current-voltage relationship of the pn junction diode. 

The small-signal equivalent circuit of the pn junction diode was developed. The twu 
parameters of interest are the diffusion resistance and the diffusion capacitance. 

Excess carriers are generated in the space charge region of a reverse-biased pn junction. 
These carriers are swept out by the electric field and create the reverse-bias generation 
current that is another component of the reverse-bins diode current. Excess carriers 
recombine in the space charge region of a forward-biased pn junction. This recombination 
pmcess creates the forward-bias recombination current that is another component of the 
forward-bias diode current. 

Avalanche hreakdown occurs when a sufficiently large reverse-bias voltage is applied to 
the pn junction. A large reverse-hias current may then be induced in the pn junction. 

The breakdown voltage as a function of the doping levels in the pn junction was 
derived. In a one-sided pn junction, the breakdown voltage is a function of the doping 
concentration in the low-doped region. 

When a pn junction is switched front forward bias to reverse bias, the stored excess 
minority carrier charge must be removed from the junction. The time required to 
remove this charge is called the storage time and is a limiting factor in the switching 
speed of a diode. 


GLOSSARY OF IMPORTANT TERMS 

avalanche breakdown The process whereby a large reverse-bias pn junction current is cre- 
ated due to the generation of electron-hole pairs by the collision of electrons and/or holes 
with atomic electrons within the space charge region, 
carrier injection The flow of carriers across the space charge region of a pn junction when 
a voltage is applied. 

critical electric field The peak electric field in the space charge region at breakdown, 
diffusioncapacitance The capacitance of a forward-biased pn junction due to minority car- 
rier storage effects. 

diffusion conductance The ratio of a low-frequency, small-signal sinusoidal current to volt- 
age in a forward-biased pn junction, 
diffusion resistance The inverse of diffusion conductance. 

forward bias The condition in which a positive voltage is applied to the p region with re- 
spect to then region of a pn junction so that the potential barrier between the two regions 
is lowered below the thermal-equilibrium value, 
generation current The reverse-bias pn junction current produced by the thermal genera- 
tion of electron-hole pairs within the space charge region. 

"long" diode A pn junction diode in which both the neutral p and n regions are long com- 
pared with the respective minority carrier diffusion lengths, 
recombination current The forward-bias pn junction current produced as a result of the 
How of electrons and holes that recombine within the space charge region, 
reverse saturation current The ideal reverse-bias current in a pn junction. 

"short" diode Apn junction diode in which at least one of the neutral porn regions is short 
compared to the respective minority carrier diffusion length. 
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storage time The time required for the excess minority carrier concentrations at thr spare 
charge edge to go from their steady-state values to zero when the diode is switched 
forward to reverse bias. 


CHECKPOINT 


After studying this chapter, the reader should hare the ability to: 


■ Describe the mechanism of charge (low across the space charge region of a pn junction 
when a forward-bias voltage is applied. 

■ State the boundary conditions for the minority carrier concentrations at the edge of the 
space charge region. 

■ Derive the expressions for the steady-state minority carrier concentrations in the 
pn junction. 

■ Derive the ideal current-voltage relationship for a pn junction diode. 

■ Describe the characteristics of a "short" diode. 

■ Describe what is meant by diffusion resistance and diffusion capacitance. 

■ Describe generation and recombination currents in a pn junction. 

■ Describe the avalanche breakdown mechanism in a pn junction. 

■ Describe the turn-oil transient response in a pn junction. 


t 


REVIEW QUESTIONS 

1. Why does the potential barrier decrease in a forward-biased pn junction? 

2. Write the boundary conditions for the excess minority carriers in a pn junction (a)under 
forward bias and (b) under reverse bias. 

3. Sketch the steady-state minority carrier concentrations in a forward-biased pn junction. 

4. Explain the procedure that is used in deriving the ideal current- voltage relationship in a 
pn junction diode. 

5. Sketch the electron and hole currents through a forward-biased pn junction diode. 

6. What is meant by a "short" diode? 

7. (a)Explain the physical mechanism of diffusion capacitance, (b) What is diffusion 
resistance? 

8. Explain the physical mechanism of the (a)generation current and (b) recombination 
current. 

9. Why docs the breakdown voltage of a pn junction decrease as the doping concentration 
increases'? 

10 . Explain what is meant by storage time. 

PROBLEMS 

Section 8.1 pn Junction Current 

8.1 (a) Consider an ideal pn junction diode at T ~ .300 K operating in the forward-bias 

region. Calculate the change in diode voltage that will cause a factor of 10 increase 
in current, (fj) Repeat part (a) for a factor of 100 increase in current. 
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Calculate the applied reverse-bias voltage at which the ideal reverse current in a pn 
junction diode at T = 300 K reaches 90 percent of its reverse saturation current value. 
An ideal silicon pn junction at T — 300 K is under forward bias. The minority carrier 
lifetimes are r„ ( , — 10 -6 sand r pl) = I0 -7 s. The doping concentration in the n region 
is N d — 10 l& cm - '' . Plot the ratio of hole current to the total current crossing the 
space charge region as the p-region doping concentration varies over the range 
10 1J < N, < 10 18 cm 3 . (Use a log scale for the doping concentrations.) 

A silicon pn junction diode is to be designed to operate at T = 300 K such that the 
diode current is I - 10 jnA at a diode voltage of V D = 0.65 V. The ratio of electron 
current to total current is to be 0.10 and the maximum current density is to be no more 
than 20 A/cnr. Use the semiconductor parameters given in Example 8.2. 

For a silicon pn junction at T = 300 K, assume r /)0 — 0. 1 r„o and /tt„ =2.4 fj. fl . The 
ratio of electron current crossing the depletion region to the total current is defined as 
the electron injection efficiency. Determine the expression for the electron injection 
efficiency as a function of (a) N d /N„ and (b) the ratio of n-type conductivity to p-type 
conductivity. 

Consider a p^n silicon diode at T = 300 K with doping concentrations of N t , = 

10 IS cm -1 and Nj — LO 16 cm" 1 . The minority carrier hole diffusion coefficient is 
D p — 12 cnr/s and the minority carrier hole lifetime is r,,o = 10" 7 s. The cross- 
sectional area is A = 10 -4 cm 2 . Calculate the reverse saturation current and the 
diode current at a forward-bias voltage of 0.50 V. 

Consider an ideal silicon pn junction diode with the following parameters: r n0 = t> 0 = 
0. 1 x 10 -6 s. D n = 25 cm 2 /s. D fi = 10 cnr/s. What must be the ratio of N a /N d so that 
95 percent of the current in the depletion region is carried by electrons? 

A silicon pn junction with a cross-sectional area of 10 -4 cm 2 has the following prop- 
erties at T = 300 K: 


n region 

p region 

N d = 10 17 cm" 3 

N a = 5 x 10 15 cm -3 

T p o = 10" 7 s 

t„o = I0" 6 s 

- 850 cm 2 /V-s 

fi, i = l250cnr/V-s 

lip = 320 cnrr/V-s 

Up = 420 cm 2 /V-s 


(o) Sketch the thermal equilibrium energy-band diagram of the pn junction, including 
the values of the Fermi level with respect to the intrinsic level on each side of the 
junction, (b) Calculate the reverse saturation current l s and determine the forward- 
bias current I at a forward-bias voltage of 0.5 V. (c) Determine the ratio of hole 
current to total current at the space charge edge x„ . 

A germanium p + n diode at T = 300 K has the following parameters: N a — 10 ltf cm -5 , 
N d = 10 lf> cm -3 , D p = 49 cnr/s, D„ = 100 cnr/s, z p o = r„ 0 = 5 fis t and A = 

10" 4 cm 2 . Determine the diode current for (a) a forward-bias voltage of 0.2 V and 
(b) a reverse-bias voltage of 0.2 V. 

8,10 An n + p silicon diode at T = 300 K has the following parameters: N d = 10 ls cm -3 , 
N u - 10 16 cm -3 , D„ = 25 cm 2 /s, D p — 10cm : /s, t„o = r^o = l s, and 
A n 10 -4 cm 2 . Determine the diode current for (a) a forward-bias voltage of 0.5 V 
and (b) a reverse-bias voltage of 0.5 V. 
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8.11 


8.12 


8.13 


8.14 


8.15 


8.16 


8.17 



A silicon step junction has uniform impurity doping concentrations of N a =5 x 1 
10 15 cm -3 and N<i = 1 x 10 11 cm \ and a cross-sectional area of A = 10' 4 cm 2 . 1 
Let r„(i — 0.4 /rsand i,, n — 0. ] )j,s. Consider the geometry in Figure 8. 3 3. Calculate ] 
(a) the ideal reverse saturation current due to holes, (b) the ideal reverse saturation 
current due to electrons, (c) the hole concentration at x„ if V a =. ^ V) : , . and ( d) the 
electron current at x = x„ + ■; L r for V a = \ V':,, 

Consider the ideal long silicon pn junction shown in Figure 8.34. T — 300 K. The 
n region is doped with 10"' donor atoms per cm' and the p region is doped with 
5 x 10"’ acceptor atoms per cm 1 . The minority carrier lifetimes are z„t\ = 0.05/«a 
r /i(l =- 0.01 /is. The minority carrier diffusion coefficients are D„ = 23 cra : /s and 
D p = 8 cm 2 /s. The forward-bias voltage is L„ = 0.610 V. Calculate (a)the excess 
hole concentration as a function of x for x > 0, (b) the hole diffusion current densitj 
at.v = 3 x 10 -4 cm. and (r)the electron current density at .v — 3 x I0 -4 cm. 

The limit of low injection is normally defined to he when the minority carrier concen- 
tration at the edge of the space charge region in the low-doped region becomes equal I 
to one-tenth the majority carrier concentration in this region. Determine the value of 
the forward-bias voltage at which the limit of low injection is reached for the diode , 
described ill («) Problem 8.9 and (h) Problem 8.10. 

The cross-sectional area of a silicon pn junction is 10 1 cm 2 . The temperature of the 
diode is T — 300 K, and the doping concentrations are Nj = 10 16 cm -1 and N„ = 

8 x 10 15 cm -3 . Assume minority carrier lifetimes of t„ ( | = 10 -6 s and z p{l — 10 -7 s. 
Calculate the total number of excess electrons in the p region and the total number of 
excess hales in the n region for(a) V„ = 0.3 V, (h) V, — 0.4 V, and (c) V„ = 0.5 V. 


Consider two ideal pn junctions at T = 300 K. having exactly the same electrical and 
physical parameters except for the bandgap energy of the semiconductor materials. 
The tint pn junction has a bandgap energy of 0.525 eV and a forward-bias current of 
10 mA with V a - 0.255 V. For the second pn junction, "design" the bandgap energy 
so that a forward-bias voltage of V a — 0.32 V will produce a current of 10 /r A. 

The reverse-bias saturation current is a function of temperature, {a) Assuming that I, 
varies with temperature only from the intrinsic carrier concentration, show that we 
can write I, = CT' exp (—E s /kT) where Cis a constant and a function only of the 
diode parameters. (6) Determine the increase in I, as the temperature increases from 
T = 300 K to !' -- 400 K for a fi) germanium diode and (ii) silicon diode. 

Assume that the mobilities, diffusion coefficients, and minority carrier lifetime 
parameters are independent of temperature (use the T — 300 K values). Assume that 
T„ () = 10" fc s, T^o - 10 - " 7 s, Nj = 5 x 10' 3 cm' 1 , and N„ = 5 x lO'* 1 cm -1 . Plot the 
ideal reverse saturation current density front T = 2CU K to T = 500 K for (a) silicon, 




t (b) germanium, and (c)gallium arsenide ideal pn junctions. (Use a log scale for the 
current density.) 

18 An ideal uniformly doped silicon pn junction diode has a cross-sectional area of 

10 -4 cm 2 . The p region is doped with 5 x 10 ls acceptor atoms per cm 3 and then region 
is doped with 1 0 1 donor atoms per cm 3 . Assume that the following parameter values 
are independent of temperature: £j, = 1.10 eV, t„ 0 = t p u = 1 □“ 7 s. D„ = 25 cm 2 /s, 
D r - 10 cm 2 /s,N t =2.8x !0 19 cm' 3 , and /V,. = 1.04 x 10 19 citT 3 . The ratio of the 
forward to reverse current is to be no less than 1 0 4 with forward- and reverse-bias 
voltages of 0.50 V. Also, the reverse saturation current is to be no larger than I /. tA . 
What is the maximum temperature at which the diode will meet these specifications? 
*8.19 A p + n silicon diode is fabricated with a narrow n region as shown in Figure 8.10, 
in which W„ < L„. Assume the boundary condition of p„ = p„o at x = x n + W n 
( a (Derive the expression for the excess hole concentration Sp„(x) as given by 
Equation (8.27). ( b ) Using the results of pan (a), show that the current density in 
the diode is given by 


eDpPnO 



8.20 A silicon diode can be used to measure temperature by operating the diode at a fixed 
forward-bias current. The forward-bias voltage is then a function of temperature. At 
T = 300 K. the diode voltage is found to be 0.60 V. Determine the diode voltage at 
(a) T = 310 K and (h) T = 320 K. 

8.21 A forward-biased silicon diode is to be used as a temperature sensor. The diode is for- 
ward biased with a constant current source and l is measured as a function of temper- 
ature. («) Derive an expression for V U (T) assuming that Dj L for electrons and holes, 
and E s are independent of temperature, (b) If the diode is biased at Id — 0. 1 mA and if 
I, = 10 15 Aat T — 300 K, plot l'j, versus Tfor 20"C <; T < 200"C. (c) Repeat part 

(. b } if 1 1 , = 1 mA. (d)Determine any changes in the results of parts (fl)through (c) if 
the change in bandgap energy with temperature is taken into account. 


Section 8.2 Small-Signal Model of the pn Junction 

822 Calculate the small-signal ac admittance of a pn junction biased at V a — 0.72 V 
and Idq = 2.0 mA. Assume the minority carrier lifetime is I /rs in both the n and 
p regions. T = 300 K. 

8.23 Consider a p + n silicon diode at T = 300 K. The diode is forward biased at a current of 
1 mA. The hole lifetime in the n region is 10~ 7 s. Neglecting the depletion capacitance, 
calculate the diode impedance at frequencies of 10 kHz, 100 kHz, I MHz, and 10MHz, 

8.24 Consider a silicon pn junction with parameters as described in Problem 8.8. 

((i) Calculate and plot the depletion capacitance and diffusion capacitance over the 
voltage range — 10 < V, 5 0.75 V . (b) Determine the voltage at which the two 
capacitances are equal. 

8.25 Consider a p + n silicon diode at T = 300 K. The slope of the diffusion capacitance 
versus forward-bias current is 2.5 x 10 -f> F/A. Determine the hole lifetime and the 
diffusion capacitance at a forward-bias current of 1 mA. 

8.26 A one-sided n*p silicon diode at T = 300 K with a cross-sectional area of 10 3 cm’ 
is operated under forward bias. The doping levels are Nj — 10 ls cnT 3 and 
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8.27 


8.28 


8.29 


8.30 


N a = 10 16 cm -3 , and the minority carrier parameters are r /)( , = 10" 8 s. r,,,> = 10-' S, 
Dp = 10 cm ; /s, and D„ — 25 cm 2 /s. The maximum diffusion capacitance is to be 1 nfl 
Determine ( a Jthe maximum current through the diode, (b) the maximum forward-biar 
voltage, and (r) the diffusion resistance, 

A silicon pn junction diode at T = 300 K has a cross-sectional area of 10“ 2 cm 
length of the p region is 0.2 cm and the length of the n region is 0.1 cm. The dopi 
concentrations are N a ~ 10 !S cm -3 and N u = 10’ 6 cm -5 . Determine (a) approxi 
mately the series resistance of the diode and (b) the current through the diode that 
produce a 0.1 V drop across this series resistance. 

We want to consider the effect of a series resistance on the forward bias voltage 
required to achieve a particular diode current, (a) Assume the reverse saturation 
current in a diode is I, = 10“ 111 A at T = 300 K. The resistivity of the n region is 
0.2 £2-cm and the resistivity of the p region is 0. 1 R-cm. Assume the length of eac 
neutral region is 10 -2 cm and the cross-sectional area is 2 x 10 5 cm 2 . Determine 
the required applied voltage to achieve a current of (i) 1 mAand (ii) 10 mA. 

( h (Repeat part (a) neglecting the series resistance. 

The minimum mall-signal diffusion resistance of an ideal forward-biased silicon 
pn junction diode at T = 300 K is to be r d = 48 fj. The reverse saturation current 
/, = 2 x 10~ 11 A. Calculate the maximum applied forward-bias voltage that can 
applied to meet this specification. 

(a) An ideal silicon pn junction diode at T = 300 K is forward biased at V, = 

+20 mV. The reverse-saturation current is I, = 10 " 13 A. Calculate the small-signal 
diffusion resistance. ( b ) Repeat pan f a (for an applied reverse-bias voltage of 
V a = -20mV, 




Section 8.3 Generation-Recombination Currents 1 

8.31 Consider a reverse-biased gallium arsenide pn junction at T = 300 K. Assume that a 
reverse-bias voltage, Vr = 5 V, is applied. Assume parameter values of: N a = Nj = 
10 lft crrT 3 , D/» " 6 cm 2 /s, D„ - 200 cnr/s, and r p a — r ll0 = Tq = s. Calculate 
the ideal reverse saturation current density and the reverse-biased generation current 
density. How does the relative value of these two currents compare to those of the 
silicon pn junction? 

*8.32 (a) Consider Example 8.7. Assume that all parameters except are independent of 
temperature. Determine the temperature at which J, and will be equal. What are 
the values of ./. and J een at this temperature? (b) Using the results of Example 8.7, 
calculate the forward-bias voltage at which the ideal diffusion current is equal to the 
recombination current. 

8.33 Consider a GaAs pn diode at T = 300 K with N a = N, = 10 17 crrT 3 and with a cross- 
sectional area of 10 -3 cm 2 . The minority carrier mobilities are n n = 3000 cm 2 /V-sand 
Up = 200cm 2 /V-s.The lifetimes are r ( ,o — t„o — r 0 = 10~ 8 s. As a first approxima- 
tion, assume the electron-hole generation and recombination rates are constant across 
the space charge region, (cf) Calculate the total diode current at a reverse-bias voltage 
of 5 V and at forward-bias voltages of 0.3 V and 0.5 V. ( h jCompare the results of pan 
(a) to an ideal diode at the same applied voltages. 

8.34 Consider the pn junction diode described in Problem 8.33. Plot the diode recombina- 
tion current and the ideal diode current (on a log scale) versus forward bias voltage 
over the range 0. 1 < V„ < 1.0 V. 


Problems 


Illumination 



Figure 8.35 I Figure for 
Problem 8.38 and 8.39. 


8.35 A silicon pn junction diode at T = 300 K has the following parameters \N„ = Nj - 
I0 19 cm" \ r ; ,o - t m( | = to = 5 x 10"' s, D p — lOcnr/s, D„ — 25 cm 2 /s, and a 
cross-sectional area of 10“ 4 cm : . Plot the diode recombination current and the ideal 
diode current (on a log scale) versus forward bias voltage over the range 0.1 <: 

V„ < 0.6 V. 

8.36 Consider a GaAs pn diode at T = 300 K with N„ = Nj — 10 17 cm" 3 and with a 
cross-sectional area of 5 x 10“ 3 cm’. The minority carrier mobilities are fi„ -= 
3500crrr/V-s and n p = 220 cm 2 /V-s. The electron-hole lifetimes are r, l( > = t iM = 
ro — 10 s, Plot the diode forward-bias current including recombination current 
between diode voltages of 0. 1 < Vn < 1 .0 V. Compare this plot to that for an ideal 
diode. 

*8.37 Starting with Equation (8.83) and using the suitable approximations, show that the max- 
imum recombination rate in a forward-biased pn junction is given by Equation (8.9 1 i. 

8.38 Consider, as shown in Figure 8.35, a uniformly doped silicon pn junction at T = 300 K 
with impurity doping concentrations of N, = N a = 5 x I0 IS cm -5 and minority 
carrier lifetimes of r„ 0 = t> 0 = r 0 = 10“ 7 s. A reverse-bias voltageof V R = 10V is 
applied. A light source is incident only on the space charge region, producing an excess 
carrier generation rate of g' — 4 x 10 19 cm" 3 s" 1 . Calculate the generation current 
density. 

8.39 Along silicon pn junction diode has the following parameters: Nj = 10 ls cm -3 , 

N„ = 3 x 10’" cm . t„o -= r /lU = r« = 10“ 7 s, D„ = 18 cm 2 /s, and D p = 6 cm : /s. 

A light source is incident on the space charge region such as shown in Figure 8.35, 
producing a generation current density of J G — 25 mA/ctrr . The diode is open 
circuited. The generation current density forward biases the junction, inducing a 
forward-bias current in the opposite direction to the generation current. A steady-state 
condition is reached when the generation current density and forward-bias current 
density are equal in magnitude. What is the induced forward-bias voltage at this 
steady-state condition? 


Section 8.4 Junction Breakdown 

8.40 The critical electric field for breakdown in silicon is approximately Ecrit = 4 X 

lO 7 V/cin. Determine the maximum n-type doping concentration in an abrupt p + n 
junction such that the breakdown voltage is 30 V. 
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8.41 

8.42 

8.43 

8.44 

8.45 


Design an abrupt silicon p + n junction diode that has a reverse breakdown voltage 
1 20 V and has a forward-bias current of 2 mA at V = 0.65 V. Assume that r,, (1 = 
10“ 7 s, and find fi /t from Figure 5.3. 

Consider an abrupt n+pGaAs junction with a p-type doping concentration of N a ■ 
I0 lh cm -3 . Determine the breakdown voltage. 



j 


A symmetrically doped silicon pn junction has doping concentrations of N a = Nj = 

5 x 10 16 cm -3 . If the peakelectric field in the junction at breakdown is E = 4 x 
10 5 Vlcm. determine the breakdown voltage of this junction. 

An abrupt silicon p + n junction has an n-region doping concentration of N lt — 

5 x 10 15 cm“ 3 . What must be the minimum n-region width such that avalanche breal 
down occurs before the depletion region reaches an ohmic contact (punchthrough)? 

A silicon pn junction diode is doped with N u = Nj = 10 18 cm -3 . Zener breakdown 
occurs when the peak electric field reaches 10° V/cm. Determine the reverse-bias 
breakdown voltage. ■ 


8.46 Adiode will very often have the doping profile shown in Figure 7.19. which is known 
as an n + pp + diode. Under reverse bias, the depletion region must remain within the 

p region to avoid premature breakdown. Assume the p region doping is 10 15 cm -3 ,. 
Determine the reverse-bias voltage such that the depletion region remains within 
the p region and does not reach breakdown if the p region width is in) 75 pm and 
(b) 150 pm. For each case, state whether the maximum depletion width or the 
breakdown voltage is reached first. 

8.47 Consider a silicon pn junction at T = 300 K whose doping profile varies linearly 
from N a = 10 IS c m 1 to N d — 10 18 cm -3 over a distance of 2 pm. Estimate the 
breakdown voltage. 

Section 8.5 Charge Storage and Diode Transients % 

8.48 (a) In switching a pn junction from forward to reverse bias, assume that the ratio of ‘ 
reverse current, to forward current. If, is 0.2. Determine the ratio of storage time 
to minority carrier lifetime, /, / r f ,o. ( b ) Repeat part (a) if the ratio of In to />■ is 1.0. 

8.49 A pn junction is switched from forward to reverse bias. We want to specify that 

f, — 0.2t p o. Determine the required ratio of l K to I/, to achieve this requirement. In 
this case, determine 

8.50 Consider a diode with a junction capacitance of 1 8 pF at zero bias and 4.2 pF at a 
reverse bias voltage of V R — 10 V. The minority carrier lifetimes are 10 -7 s. The 
diode is switched from a forward bias with a current of 2 mA to a reverse bias voltage 
of 10 V applied through a 10 k£2 resistur. Estimate the tum-off time. 

Section 8.7 The Tunnel Diode j 


8.51 Consider a silicon pn junction at T = 300 K with doping concentration of Nj - 

At, — 5 x 10 19 cm -3 . Assuming the abrupt junction approximation is valid, determine 
the space charge width at a forward-bias voltage of V, = 0.40 V. 

8.52 Sketch the energy-band diagram of an abrupt pn junction under zero bias in which the 
p region is degenerately doped and E c = E f in the n region. Sketch the forward- and 
reverse-bias current -voltage characteristics. This diode is sometimes called a back- 


Summary and Review 

8.53 (n) Explain physically why the diffusion capacitance is not important in a reverse- 
biased pn junction. ( b ) Consider a silicon, a germanium, and gallium arsenide pn 
junction. If the total current density is the same in each diode under forward bids, 
discuss the expected relative values of electron and hole current densities. 

* 8.54 Asilicon pn junction diode at T = 300 K is to be designed to have a reverse-bias break- 
down voltage of at least 50V and to handle a forward-bias current of / D ~~ 100mA 
while still operating under low injection. The minority carrier diffusion coefficients and 
lifetimes are D n — 25 cm 2 /s, D„ — 10 cm 2 /s, and r„,;> = T p o = 5 x 10~ 7 s. The diode 
is to be designed for minimum cross-sectional area. 

* 8.55 The donor and acceptor concentrations on either side of a silicon step junction are 
equal, f a jDerive an expression for the breakdown voltage in terms of the critical 
electric field and doping concentration. ( b ) If the breakdown voltage is to be V B — 

50 V, specify the range of allowed doping concentrations. 
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Metal -Semiconductor and 
Semiconductor Heterojunctions 


PREVIEW 


I n the preceding two chapters, we considered the pn junction and assumed that 
the semiconductor material was the same throughout the entire structure. This 
type of junction is referred to as a homojunction. We developed the electrostat- 
ics of the junction and derived the current-voltage relationship. In this chapter, we 
will consider the metal-semiconductor junction and the semiconductor heterojunc- 
tion, in which the material on each side of the junction is not the same. These junc- 
tions can also produce diodes. 

Semiconductor devices, or integrated circuits, must make contact with the out- 
side world. This contact is made through nonrectifying metal- semiconductor junc- 
tions, or ohmic contacts. An ohmic contact is a low-resistance junction providing 
current conduction in both directions. We will examine the conditions that yield 
metal - semiconductor ohmic contacts . . 


9.1 | THE SCHOTTKY BARRIER DIODE 

One of the first practical semiconductor devices used in the early 1900s was the 
metal-semiconductor diode. This diode, also called a point contact diode, was made 
by touching a metallic whisker to an exposed setniconductor surface. These metal- 
semiconductor diodes were not easily reproduced or mechanically reliable and were 
replaced by the pn junction in the 1950s. However, semiconductor and vacuum tech- 
nology is now used to fabricate reproducible and reliable metal-semiconductor con- 
tacts. In this section, we will consider the metal- semiconductor rectifying contact, or 
Schottky barrier diode. In most cases, the rectifying contacts are made on n-type 
semiconductors; for this reason we will concentrate on this type of diode. 



9 . 1 The Schottky Barrier Diode 


9.1.1 Qualitative Characteristics 

The ideal energy-band diagram for a particular metal and n-type semiconductor be- 
fore making contact is shown in Figure 9.1a. The vacuum level is used as a reference 
level. The parameter <p m is the metal work function (measured in volts), (f> 5 is the 
semiconductor work function, and x is known as the electron affinity. The work 
functionsof various metals are given in Table 9.1 and the electron affinities of sev- 
eral semiconductors are given in Table 9.2. In Figure 9.1a, we have assumed that 

> 0j. The ideal thermal-equilibrium metal-semiconductorenergy-band diagram, 
for this situation, is shown in Figure 9.1b, Before contact, the Fermi level in the 
semiconductor was above that in the metal. In order for the Fermi level to become a 
constant through the system in thermal equilibrium, electrons from the semiconduc- 
tor flow into the lower energy states in the metal. Positively charged donor atoms re- 
main in the semiconductor, creating a space charge region. 

The parameter (pm j is the ideal barrier height of the semiconductor contact, the 
potential barrier seen by electrons in the metal trying to move into the semiconductor. 


Vacuum level 



Figure 9.1 1 (a) Energy-band diagram of a metal and 
semiconductor beforecontact; (b) ideal energy-hand diagram 
of a metal-n-semiconductor junction for </>,„ > (j>, . 
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Table 9.1 1 Work functions of some elements 


Element 

Wnrk function, tj> m 

Ag, silver 

4.26 

Ai, aluminum 

4.28 

Au, gold 

5.1 

Cr, chromium 

4.5 

Mo, molybdenum 

4.6 

Ni, nickel 

5.15 

Pd, palladium 

5.12 

Pt, platinum 

5.65 

Ti, titanium 

4.33 

W. tungsten 

4.55 


Table 92 I Electron affinity of some 
semiconductors 


Element 

Electron affinity, % 

Ge, germanium 

4.13 

Si, silicon 

4.01 

GaAs, gallium arsenide 

4.07 

AlAs, aluminum arsenide 

3.5 


This barrier is known as the Schottky burrier and is given, ideally, by 


( 9 . 


On the semiconductor side, Vj,,- is the built-in potential barrier. This barrier, similarto 
the case of the pn junction, is the barrier seen by electrons in the conduction band try- 
ing to move into the metal. The built-in potential barrier is given by 


(9.2) 

which makes V/,, a slight function of the semiconductor doping, as was the case in a 
pn junction. 

If we apply a positive voltage to the semiconductor with respect to the metal, the 
semiconductor-to-metal barrier height increases, while (j )^ o remains constant in this 
idealized case. This bias condition is the reverse bias. If a positive voltage is applied 
to the metal with respect to the semiconductor, the semiconductor-to-metal barrier 
Vj,,- is reduced while <Pbq again remains essentially constant, in this situation, elec- 
trons can more easily flow from the semiconductor into the metal since the barrier 
has been reduced. This bias condition is the forward bias. The energy-band diagrams 
for the reverse and forward bias are shown in Figures 9.2a and 9.2b, where is the 
magnitude of the reverse-bias voltage and V u is the magnitude of the forward-bias 
voltage. 

The energy-band diagrams versus voltage for the metal-semiconductor junction 
shown in Figure 9.2 are very similar to those of the pn junction given in the last chap- 
ter. Because of the similarity, we expect the current- voltage characteristics of the 
Schottky barrier junction to be similar to the exponential behavior of the pn junction 
diode. The current mechanism here, however, is due to the flow of majority carrier 
electrons. In forward bias, the barrier seen by the electrons in the semiconductor is 
reduced, so majority carrier electrons How more easily from the semiconductor into 
the metal. The forward-bias current is in the direction from metal to semiconductor; 
it is an exponential function of the forward-bins voltage V,. 



4 >bo = (0m - X) 





9 . 1 The Schottky Barrier Diode 



Figure 9.2 1 Ideal energy-hand diagram of a mctal-semi conductor junction (a) under reverse bias and (b) under 
■i forward bias. 


9.1.2 Ideal Junction Properties 

We can determine the electrostatic properties of the junction in the same way as we 

r A ' A for the pn junction. The electric field in the space charge region is determined 
m Poisson’s equation. We have that 

wnere p(x) is the space charge volume density and r. is the permittivity of the semi 
conductor. If we assume that the semiconductor doping is uniform, then by integral 


d E 

dx 


Pix) 


(9.3) 


/ 


eN d 


dx 


eN d x 


+ C, 


(9.4) 


where Q is a constant of integration. The electric field is zero at the space charge 
edge in the semiconductor, so the constant of integration can he found as 


C, = — 


eN lt x„ 

fv 


(9.5) 


The electric field can then be written as 


eN d 

E= -(x„-x) (9.6) 

which is a linear function of distance, for the uniformly doped semiconductor, and 
reaches a peak value at the metal-semiconductor interface. Since the E-held is zero 
inside the metal, a negative surface charge must exist in the metal at the metal- 
semiconductor junction. 


CHAPTER 9 Metal-Semiconductor and Semiconductor Heterajunctions 


EXAMPLE 9.1 


The space charge region width, W, may be calculated as we did for the pn junc- 
tion. The result is identical to that of a one-sided p + n junction. For the uniformly 
doped semiconductor, we have 


W — x n — 


2 5 ( V , !>) + Vr) 

eNj 


1/2 


where Vr is the magnitude of the applied reverse-bias voltage. We are again assum- 
ing an abrupt junction approximation. 


Objective 


To calculate the theoretical harrier height, built-in potential barrier, and maximum electric 
field in a me Val-semiconductor diode for zero applied bias. 

Consider a contact between tungsten and n-type silicon doped to N,i = 10 1( ’ cnr at 
T = 300 K. 

■ Solution 

The metal work function for tungsten (W) from Table 9.1 is <(>„, — 4.55 V and the electroj 
affinity for silicon from Table 9.2 is x = 4.01 V. The barrier height is then 

= 4>,„ - x = 4.55 - 4.01 = 0.54 V 

where 4>uo is the ideal Schottky barrier height. We can calculate @„as 

' 2.8 x 10 19 \ = 0.206 V 


, kT (N r 
4 >>, = — In ( — ) = 


/ N, \ ( 2.8 x I0 19 \ 

( — ) = 0.0259 In — 

\Nj \ 10 l& ) 


Then 



'2e x V„r 

1/2 

x n — 




V bi = <p B o - <t>„ = 0.54 - 0.206 = 0.33 V 
The space charge width at zero bias is 

2(1 1 ,7)(8.85 x ]Q- |4 K0.33) l' /2 

(1.6x 10- ,9 )(10 ,e ) J 

or 

=0.207 x 10' 4 cm 

Then the maximum electric field is 

eN d x n (1-6 x 10 — 19 )( 10 16 ) (0.207 x 1Q- J ) 


l^maxl = 


or finally 


e, (1 1.7)(8.85 x 


|E nla xl = 3.2 X I0 4 V/cm 
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r i Comment 

The values of space charge width and electric field are very similar to those ohtained for a 
pi junction. 


A junction capacitance can also be determined in the same way as we did for the 
pn junction. We have that 


c' = eN d 


dX n 

dV R 


e^N d 


l '/2 


L2(V W + V R ) 


(9.8) 


where C' is the capacitance per unit area. If we square the reciprocal of Equa- 
tion (9.8). we obtain 


/ 1 V _ 2(Vb< + Vr) 
\C‘) ee s N d 


(9.9) 


We can use Equation (9.9) to obtain, to a first approximation, the built-in potential 
barrier V)„ , and the slope of the curve from Equation (9.9) to yield the seniiconductor 
doping N d . We can calculate the potential <p„, and then determine the Schottky barrier 
<j>B0 from Equation (9.2). 


TEST YOUR UNDERSTANDING 

E9.1 Consider an ideal chromium-lo-n-type silicon Schottky diode at T = 300 K. Assume 
the semiconductor is doped at a cuncentration of N d = 3 x 10" cm -3 . Determine the 
( a )ideal Schottky barrier height, (b) built-in potential harrier, ( c ) peak electric field 
with an applied reverse-bias voltage of V K = 5 V, and (d) junction capacitance per 
unit area for V R = 5 V. [ s _01 x 88'9 = ,J if) ‘uio/a *,01 x L = r c,u g| (•>) 

'A ESJ'O = "A (.4) 'A 6T'0 = ns< P (») ' SU VJ 

E9.2 Repeat E9, 1 for an ideal palladium-to-n-type GaAs Schottky diode with the same 
impurity concentration. [jUio/j 6 _0I x 98'9 = ,J (p) ‘ Ul:) /A *01 x /_ — j xclu g| (J) 

'A 616'0 — "A (9) 'A fO'l = ’suvl 


^ Objective [ EXAMPLE 9.2 

To calculate the semiconductor doping and Schottky barrier height from the silicon diode 
f experimental data shown in Figure 9.3. T = 300 K. 

■ Solution 

The intercept of the tungsten-silicon curve is approximately at = 0.40 V From Equa- 
. tion (9.9), we can write 

d(\/C‘) 2 _ A(l/C') 2 2 

dV R " A V s ~ ~ d 
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Figure 9.3 I 1 /C 2 versus V K for W-Si and W-GaAs 
Schottky barrier diodes. 

(From Sze 114],) 


Then, from the figure, we have 


so that 


A(l/C') 2 

A F/t 


■ 4.4 x i0 ! 


Nj 


(1.6 x 10-' 9 )(11.7)(8.85 x 10- ,J )(4.4x I0 13 ) 
We can calculate 


= 2.7 x 10 17 cm- 


if 

4>n = — 

e 


/ N c \ ( 2.8 x 10 9 \ 

In — = (0.0259) In = 0.12 V 

\N d ) \2.7 x 10 17 / 


so that 


<S> Rn - V bl +4>„= 0.40 + 0. 12 = 0.52 V 
where <j> B „ is the actual Schottky barrier height, 

■ Comment 

The experimental value of 0.52 V can be compared with the ideal barrier height of <p BI) - 
0.54 V found in Example 9.1. These results agree fairly well. For other metals, the discrepancy 
between experiment and theory is larger. 
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I We can see that the built-in potential barrier of the gallium arsenide Schottky 
i diode is larger than that of the silicon diode. This experimental result is normally ob- 
. served for all types of metal contacts. 

V.1.3 Nonideal Effects on the Barrier Height 

'Several effects will alter the actual Schottky barrier height from the theoretical value 
given hy Equation (9.1). The first effect we will consider is the Schottky effect, or 
image-force-induced lowering of the potential barrier. 

| An electron in a dielectric at a distance .r from the metal will create an electric 
|field. The field lines must be perpendicular to the metal surface and will be the same 
as if an image charge, +e. is located at the same distance from the metal surface, but 
inside the metal. This image effect is shown in Figure 9.4a. The force on the electron, 
due to the coulomb attraction with the image charge, is 


F 


O 

—e~ 

477-6.1 ,(2jt) 2 


eE 


(9.10) 



(a) 


E{x) 



m 

x = 0 


(c) 

Figure 9.4 I (a) Image charge and electric fieldlines at a metal-dielectric interface, (b) Distortion of 
the potential barrier due to image forces with zero electric field and (c) with a constant electric field. 
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W 


EXAMPLE 9.3 


The potential can then be found as 


~4>(x) — + 


f Ed '' = + f 


4tt € v ■ 4(.r') 2 


dx 


> 




(9.11) 


where x' is the integration variable and where we have assumed that the potential is 
zero at x = OG. 

The potential energy of the electron is —e<j>(x)\ Figure 9.4b is a plot of the 
potential energy assuming that no other electric fields exist. With an electric field 

present in the dielectric, the potential is modified and can be written as ^ 

* 

-Mx) Ex (9.12) 

1 071 ( f X 


The potential energy of the electron, including the effect of a constant electric field, 
is plotted in Figure 9,4c. The peak potential barrier is now lowered. This lowerinpof 
the potential barrier is the Schottky effect, or image-force-induced lowering. 

We can find the Schottky barrier lowering, A@,and the position of the maxi- 
mum barrier, x„„ from the condition that 


We find that 


and 


d(e<p(x)) 

dx 


16jt 6 v E 



(9.13) 


(9.14) 


(9.15) 


| Objective 

To calculate the Schottky barrier lowering and die position of the maximum barrier height 
Consider a gallium arsenide metal- semiconductor contact in which the electric field in the 
semiconductor is assumed to be E = 6.8 x I0 4 V/cm. 


Solution 

The Schottky barrier lowering is given by Equation (9.15). which in this case yields 


A0 = 



(1.6 x 10- '0(6.8 x lo") 
4 zr (13.! ) (8.85 X 1 0“ 14 > 


0.0273 V 


The position of the maximum barrier height is 


167T£,.E 


(1.6 x I0 -1? ) 


16^(13.1)(8.85 x 10 l4 )(6.8 x 10 4 ) 
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x 


or 

x m = 2 x 10~ 7 cm = 20 A 


■ Comment 

Although the Schottky bamer lowering may seem like a small value, the barrier height and the 
barrier lowering will appear in exponential terms in the current-voltage relationship. A small 
change in the barrier height can thus have a significant effect on the current in a Schouky har- 
rier diode. 


TEST YOUR UNDERSTANDING 

E9.3 Determine the Schottky barrier lowering and the position of the maximum barrier 
height for the junction described in E9.I. Use the value of the electric field found in 
this exercise. (V It = "A ‘A3 £6Z0’O = 0V ’™V) 

E9.4 Repeat E9.3 for the junction described in E9.2. (V8'61 = “*'A 8/TO'O = 4>V ’suy) 


Figure 9.5 shows the measured barrier heights in gallium arsenide and silicon 
Schottky diodes as a function of metal work functions. There is a monotonic relation 
between the measured hanier height and the metal work function, but the curves 
do not fit the simple relation given in Equation (9.1). The barrier height of the 



Figure 9.5 I Experimental banier heights as a function of 
metal work functions for GaAs and Si. 

(From Crowley and Sze f 2} .) 
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Figure 9.6 I Energy-band diagram of a metal-semiconductor 
junction with an interfacial layer and interface states. 


metal-semiconductor junction is determined by both the metal work function and 
semiconductor surface or interface states. 

A more detailed energy-band diagram of a metal to n-type semiconductor con 
in thermal equilibrium is shown in Figure 9.6. We will assume that a narrow interfaci 
layer of insulator exists between the metal and semiconductor. The interfacial layerc 
support a potential difference, hut will be transparent to the flow of electrons betW' 
the metal and semiconductor. The semiconductor also shows a distribution of surf: 
states at the metal- semiconductor interface. We will assume that all states below 
surface potential 0o are donor states, which will be neutral if the state contains an eh 
tron and positively charged if the slate does not contain an electron. We will also 
sume that all states above (fo are acceptor states, which will be neutral if the state dc 
not contain an electron and negatively charged if the state contains an electron. 

The diagram in Figure 9.6 shows some acceptor states above <po and below Ef 
These states will tend to contain electrons and will be negatively charged. We ma 
assume that the surface state density is constant and equal to Dj r states/cm 2 -eV.T 
relation between the surface potential, surface state density, and other semiconduc; 
parameters is found to be 


(Eg - e<Po ~ e<j> B n) = 


/lee.NjicpBn ~~<h) r .— - (/ +<t>B„)\ 

eDi,d 


We will consider two limiting cases 

Case 1 Let ~+ oc. In this case, the right side of Equation (9.16) goes to zero . 1 
We then have 


4>Bn = - (Eg - e<j>o) 
e 


The barrier height is now fixed by the bandgap energy and the potential <^o- The bar-j 
rier height is totally independent of the metal work function and the semiconductor 
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electron affinity. The Fermi level becomes "pinned” at the surface, at the surface po- 
tential <Pq. 

Case 2 Let Dj,8 — 0, Equation (9.16) reduces to 

= (< Pm — X ) 

which is the original ideal expression. 

The Schottky barrier height is a function of the electric field in the semiconduc- 
tor through the barrier lowering effect. The barrier height is also a function of the sur- 
face states in the semiconductor. The barrier height, then, is modified from the ideal 
theoretical value. Since the surface state density is not predictable with any degree of 
certainty, the barrier height must be an experimentally determined parameter. 


9.1.4 Current-Voltage Relationship 

The current transport in a metal-semiconductor junction is due mainly to majority 
carriers as opposed to minority carriers in a pn junction. The basic process in the 
rectifying contact with an n-type semiconductor is by transport of electrons over the 
potential barrier, which can be described by the thermionic emission theory. 

The thermionic emission characteristics arc derived by using the assumptions 
that the barrier height is much larger than kT, so that the Maxwell-Boltzmann 
approximation applies and that thermal equilibrium is not affected by this process. 
Figure 9.7 shows the one-dimensional barrier with an applied forward-bias voltage 
V a and shows two electron current density components. The current J s ^ m is the elec- 
tron current density due to the flow of electrons from the semiconductor into the 
metal, and the current 7 HI _ f is the electron current density due to the flow of elec- 
trons from the metal into the semiconductor. The subscripts of the currents indicate 
the direction of electron How. The conventional current direction is opposite to elec- 
tron flow. 

The current density J s -+ m is a function of the concentration of electrons which 
have x-directed velocities sufficient to overcome the barrier. We may write 

u, dn (9.18) 

I where E[ is the minimum energy required for thertnionic emission into the metal, i 1 ,- 
is the carrier velocity in the direction of transport, and e is the magnitude of the elec- 
j tronic charge. The incremental electron concentration is given by 



| dn = g c (E)fp(E) dE (9.19) 

[ where g c (E) is the density of states in the conduction band and f F (E) is the 
Fermi-Dirac probability function. Assuming that the Maxwell-Boltrmann approxi- 
mation applies, we may write 


47r ( 2w!*) 3/2 


E c exp 


-(E-E f ) 

kT 
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Figure 9.7 I Energy-band diagram of a forward-biased 
metal-semiconductor junction including the image 
lowering effect. 


If all of the electron energy above £ t .is assumed to be kinetic energy, then we hay 


-m*y — E - E c 


The net current density in the metal-to-semiconductor junction can be written as 

J = - J m ^ s (9.23^ 

which is defined to be positive in the direction from the metal to the semiconductor. 
We find that 


J = A*T 2 exp 




47 zem*k~ 
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« 

The parameter A* is called the effective Richardson constant for thermionic 
emission. 

Equation (9.23 ) can be written in the usual diode form as 



r ( ev A i 

J = J,t 



(9.25) 


where is the reverse-saturation current density and is given by 



(9.26) 


We may recall that the Schottky barrier height <p n „ changes because of the image- 
force lowering. We have that <pg„ = (pgo — A0. Then we can write Equation (9.26) as 


J sT = A*T" exp 


~_e<hm\ / e&<p '\ 

kT j eXp l kT ) 


(9.27) 


The change in barrier height, A @. will increase with an increase in the electric field, 
or with an increase in the applied reverse-bias voltage. Figure 9.8 shows a typical 
reverse-bias current-voltage characteristic of a Schottky barrier diode. The reverse- 
bias current increases with reverse-bias voltage because of the barrier lowering effect. 
This figure also shows the Schottky barrier diode going into breakdown. 



Figure 9.8 1 Experimental and theoretical 
reverse-bias currents in a PtSi-Si diode. 

( From Sip [14].) 
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EXAMPLE 9.4 


| Objective 


To calculate the effective Richardson constant from the l-V characteristics. 

Consider the tungsten- silicon diode curve in Figure 9.9 and assume a harrier height of 
<j>n„ — 0.67 V. From the figure, J s r 6 x 10~ 5 A/cm 2 . 


■ Solution 

We have that 


so that 


Then 



■ Comment 

The experimentally determined value of A' is a very strong function of <pn n since 4>u„ is in thi 
exponential term. A small change in will change the value of the Richardson constan 
substantially. i 



0 0.1 0.2 0.3 


V„ (volt) 


Figure 9.9 I Forward-bias current 
density //. versus V„ forWi-Si and 
W-GaAs diodes. 

(From Szell 4],) 
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| TEST YOUR UNDERSTANDING ( 

E9.5 The Schottky barrier height of a silicon Schottky junction is 4>b„ - 0.59 V, the effective 
Richardson constant is A 1 - 114A/K : -cm : , and the cross-sectional area is A -= 
10 -4 cm 2 . For T = 300 K, calculate (a) the ideal reverse-saturation current and (b) the 
diode current for V„ =0.30 V. IV^ I'M = / (?) ‘Vi-01 x I£'l = 1 'I W SU V) 


We may note that the reverse-saturation current densities of the tungsten- silicon 
and tungsten-gallium arsenide diodes in Figure 9.9 differ by approximately 2 orders 
cf magnitude. This 2 order of magnitude difference will be reflected in the effective 
Richardson constant, assuming the harrier heights in the two diodes are essentially 
the same. The definition of the effective Richardson constant, given by Equa- 
tion (9.24), contains the electron effective mass, which differs substantially between 
silicon and gallium arsenide. The fact that the effective mass is in the expression for 
the Richardson constant is a direct result of using the effective density of states func- 
tion in the thermionic emission theory. The net result is that A* and J s j will vary 
widely between silicon and gallium arsenide. 


9.1.5 Comparison of the Schottky Barrier Diode 
and the pn Junction Diode 


Although the ideal current-voltage relationship of the Schottky barrier diode given 
by Equation (9.25) is of the same form as that of the pn junction diode, there are two 
important differences between a Schottky diode and a pn junction diode: The first is 
in the magnitudes of the reverse-saturation current densities, and the second is in the 
switching characteristics. 

The reverse-saturation current density of the Schottky barrier diode was given 
by Equation (9.26)and is 


J s t = A*T~ exp 


—e<S>Bn 

kT 


The ideal reverse-saturation current density of the pn junction diode can be written as 


J, = + eI ^- (9.28) 

kn L p 

The form of the two equations is vastly different, and the current mechanism in the 
two devices is different. The current in a pn junction is determined by the diffusion 
of minority carriers while the current in a Schottky barrier diode is determined by 
thermionic emission of majority carriers over a potential barrier. 


Objective I 

To calculate the reverse-saturation current densities of a Schottky barrier diode and a pn junc- 
tion diode. 

Consider a tungsten barrier on silicon with a measured barrier height of e<j> B „ =-. 0.67 eV. 

The effective Richardson constant is A 1 = 1 14 A/K : -cm 2 . Let T = 300 K. 


EXAMPLE 9.5 
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Solution 

If we neglect the barrier lowering effect, we have for the Schottky barrier diode 

, = A*r 2 exp^— = (114) (30°) ' exp ( = 5 - 98 x A/cm 2 

Consider a silicon pn junction with the following parameters at T = 300 K. 

iV u = 10' 8 cm- 3 N d = 10 16 cm- 3 

D„ = lOcmVs D„ — 25 cm'ls 

T po - 10“ 7 T„„ - to -7 

We can then calculate the following parameters: 

L p = 1.0 x !0 3 cm L„ = 1.58 x 10“ 3 cm 

p„ 0 — 2.25 x 10 4 cm -5 n,„ = 2.25 x 10 2 cm -3 

The ideal reverse-saturation current density of the pn junction diode can be determined ft 
Equation (9.28) as 

, (1.6 x 10 _!9 )(25)(2.25 x 10 2 ) (1.6 x 10“ ,9 )(10)(2.25 x 10 4 ) 

(1.58 xlO- 3 ) + (LOx 10-- 3 ) 

= 5.7 x 10-' 3 +3.6 x 10“" =3.66 x lO -11 A/cm 2 

8 Comment 

The ideal reverse-saturation current density of the Schottky barrier junction is orders of 
magnitude larger than that of the ideal pn junction diode. 


8 

6 


< 

£ 

2 


0 0.2 0.4 0.6 

V D (volts) ►- 

Figure 9.10 I Comparison of forward, 
bias /—V characteristics between a 
Schottky diode and a pn junction 
diode. 
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Recall that the reverse-bias current in a silicon pn junction diode is dominated 
by the generation current. A typical generation current density is approximately 
10~ 7 Atari 2 . which is still 2 to 3 orders of magnitude less than the reverse- 
saturation current density of the Schottky bamer diode. A generation current also ex- 
ists in the reverse-biased Schottky bamer diode; however, the generation current is 
negligible compared with the J s j value. 

Since J s j » , the forward-bias characteristics of the two types of diodes will 

also be different. Figure 9.10 shows typical I-V characteristics of a Schottky barrier 
idiode and a pn junction diode. The effective turn-on voltage of the Schottky diode is 
less than that of the pn junction diode. 

I T 

Objective [ 

: To calculate the forward-bias voltage required to generate a forward-bias current density of 
10 A/cm 2 in a Schottky barrier diode and a pn junction diode. 

Considerdiodes with the paramctrrs given in Example9.5.Wecan assume that thepn junc- 
l tion diode will be sufficiently forward biased so that the ideal diffusion current will dominate. 

Let T = 300 K. 


■ Solution 

Rx the Schottky barrier diode, we have 


1 

I 


J — J , 7 


exp 


eVj, 

kT 


- 1 


Neglecting the (—1) term, we can solve for the forward-bias voltage. We find 


‘kT \ 

To — — 1 In 


<? / 


x) = (x) = <0 ' 0259) "■ ( ' 113,2 ' 


For the pn junction diode, we have 

V.,V, 0 . 0259 , 1.(5^^^), 0 . 682 V 


W Comment 

A comparison of the two forward-bias voltages shows that the Schottky barrier diode has a 
I turn-on voltage that m this case, is approximately 0.37 V smaller than the tom-on voltage of 
' the pn junction diode: 


The actual difference between the turn-on voltages will be a function of the bar- 
[ rier height of the metal- semiconductor contact and the doping concentrations in the 
pn junction, but the relatively large difference will always be realized. We will con- 
sider one application that utilizes the difference in turn-on voltage in the next chap- 
ter, in what is referred to as a Schottky clamped transistor. 


EXAMPLE 9.6 


CHAPTER 9 Metal-Semiconductor and Semiconductor Heteroiunctions 


TEST YOUR UNDERSTANDING 


E9.6 


E9.7 


(a) The reverse saturation currents of a pn junction and a Seholtky diode arc ] 0~ 14 A 
and ] 0 9 A, respectively. Determine the required forward-bias voltages in the 
pi junction diode and Schottky diode to produce a current of 100 pA in each diode 
ihi Repeat pan (a) for forward bias currents of L mA. 

[A 8iT0 'A 9£9'0 (<?) 'A 86£'0 A 96<T0 (») ’Suy] 

A pn junction diode and a Schottky diode have equal cross-sectional areas and bave^ 
forward-biased currents of 0.5 mA. The reverse-saturationcurrent of the Schottky 
diode is 5 x 10 -7 A. The difference in forward-bias voltage between the two diodes] 
is 0.30 V Determine the reverse-saturationcurrent of the pi junction diode. 

(V rl -0l x 99'fsuv) 


The second major difference between a Schottky barrier diode and a pn junctio 
diode is in the frequency response, or switching characteristics. In our discussion, t 
have considered the current in a Schottky diode as being due to the injection of majoij 
ity earners over apotential barrier. The energy-band diagram of Figure 9.1. foreman 
pic, showed that there can he electrons in the metal directly adjacent to empty staesil 
the semiconductor. If an electron from the valence hand of the semiconductor weretl 
flow into the metal, this effect would be equivalent to holes being injected into I 
semiconductor. This injection of holes would create excess minority carrier hole; id 
then region. However, calculations as well as measurements have shown that the tatiq 
of the minority carrier hole current to the total current is extremely low in most casesj 
The Schottky harrier diode, then, is a majority carrier device. This fact mea 
that there is no diffusion capacitance associated with a forward-hiased Schottl 
diode. The elimination of the diffusion capacitance makes the Schottky diode 
higher-frequency device than the pnj unction diode. Also, when switching a Schott 
diode from forward to reverse bias, there is no minority carrier stored charge 
remove, as was the case in the pn junction diode. Since there is no minority earner 
storage time, the Schottky diodes can be used in fast-switching applications. Atypi- 
cal switching time for a Schottky diode is in the picosecond range, while for i 
pn junction it is normally in the nanosecond range. 


9.2 I METAL-SEMICONDUCTOR OHMIC CONTACTS 


Contacts must be made between any semiconductor device, or integrated circuit, and 
the outside world. These contacts are made via ohmic contacts. Ohmic contacts are 
metal-to-semiconductor contacts, but in this case they are not rectifying contacts. An 
ohmic contact is a low-resistance junction providing conduction in both directions 
between the metal and the semiconductor. Ideally, the current through the ohmic con- 
tact is a linear function of applied voltage, and the applied voltage should be very 
small. Two general types of ohmic contacts are possible: The first type is the ideal 
nonrectifying barrier, and the second is the tunneling barrier. We will define a spe- 
cific contact resistance that is used to characterize ohmic contacts. 


i 
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9.2.1 Ideal Nonrectifying Barriers 

We considered an ideal metal-to-n-type semiconductor contact in Figure 9.1 for the 
case when > <p, . Figure 9.1 1 shows the same ideal contact for the opposite case 
of <p m < <p : , . In Figure 9.11a we see the energy levels before contact and, in Fig- 
ure 9. lib. the barrier after contact for thermal equilibrium. To achieve thermal equi- 
librium in this junction, electrons will Row from the metal into the lower energy 
states in the semiconductor, which makes the surface of the semiconductor more 
ntype. The excess electron charge in the n-type semiconductor exists essentially as a 
surface charge density. If a positive voltage is applied to the metal, there is no harrier 
to electrons flowing from the semiconductor into the metal. If a positive voltage is 
applied to the semiconductor, the effective barrier height for electrons flowing from 
the metal into the semiconductor will be approximately <pn„ — <pn* which is fairly 
small for a moderately to heavily doped semiconductor. For this bias condition, elec- 
trons can easily flow from the metal into the semiconductor. 

Figure 9. 1 2a shows the energy-hand diagram when a positive voltage is applied 
to the metal with respect to the semiconductor. Electrons can easily flow "downhill" 
from the semiconductor into the metal. Figure 9, 12b shows the case when a positive 
voltage is applied to the semiconductor with respect to the metal. Electrons can eas- 
ily Row over the barrier from the metal into the semiconductor. This junction, then, 
is an ohmic contact. 

Figure 9 13 shows an ideal nonrectifying contact between a metal and a p-type 
semiconductor. Figure 9.13a shows the energy levels before contact for the case 
when <j>„, > <p s . When contact is made, electrons from the semiconductor will flow 
into the metal to achieve thermal equilibrium, leaving behind more empty states, or 
holes. The excess concentration of holes at the surface makes the surface of the semi- 
conductor more p type. Electrons from the metal can readily move into the empty 
states in the semiconductor. This charge movement corresponds to holes flowing 



Figure 9.11 1 ideal energy-band diagram (a) before contact and (h) aftercontact for a metal-n-semiconductor junction 
for <P,n < </>s 


rn 
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(a) (b) 


Figure 9.12 I Ideal energy-band diagram of a metal-n-semiconductor ohmic contact (a)wit 
a positive voltage applied to the metal and (b) with a positive voltage applied to the 
semiconductor. 



(a) (b) 


Figure 9.13 I Ideal energy-band diagram (a)before contact and (b)after contact for a 
metal-p-semi conductor junction for<^,„ > <p s 


from the semiconductor into the metal. We can also visualize holes in the metal flow- 
ing into the semiconductor. This junction is also an ohmic contact. 

The ideal energy hands shown in Figures 9. 1 1 and 9. 1 3 do not take into account 
the effect of surface states. If we assume that acceptor surface states exist in the 
upper half of the semiconductor bandgap, then, since all the acceptor states are below 
E f, for the case shown in Figure 9.11b, these surface states will he negatively 
charged, and will alter the energy-band diagram. Similarly, if we assume that donor 
surface states exist in the lower half of the bandgap, then all of the donor states will 
be positively charged for the case shown in Figure 9. 13b; the positively charged sur- 
face states will also alter this energy-band diagram. Therefore, if (p,„ < <p s for the 
metal-n-type semiconductor contact, and if <fi ni > <j> x for the metal-p-type semicon- 
ductor contact, we may not necessarily form a good ohmic contact. J 

9.2.2 Tunneling Barrier ] 

The space charge width in a rectifying metal- semiconductor contact is inversely pro- 
portional to the square root of the semiconductor doping. The width of the depletion 
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Figure 9.14 I Energy-band diagram of 
a heavily doped n-semiconductor-to- 
metal Junction. 

(gion decreases as the doping concentration in the semiconductor increases; thus, as 
thedoping concentration increases, the probability of tunneling through the barrier in- 
creases. Figure 9.14 shows ajunction in which the metal is in contact with a heavily 
Idoped n-type epitaxial layer. 


Objective 


%calculate the space charge width for a Schottky barrier on a heavily doped semiconductor. 
Consider silicon at T = 300K doped at N d = 7 x 1 0 l!i cm 3 . Assume a Shottky barrier 
with$ fi „ = 0.67 V. For this case, we can assume that V bi <p B0 . Neglect the barrier lowering 
.effect. 


Solution 

From Equation (9.7). we have lor zero applied bias 





I" 2e s V hi 1 

1/2 

'2(1 1.7)(8.85 x 10 _u )(0.67)" 

X n — 

L eN d \ 


(1.6 x 10-‘ 9 )(7 x 10 18 ) 


1/2 


1.1 x 10 -6 cm = 110 A 


Comment 

In a heavily doped semiconductor, the depletion width is on the order of angstroms, so that 
tunneling is now a distinct possibility. For these types of barrier widths, tunneling may become 
the dominant current mechanism. 


The tunneling current has the form 


where 

i 


J, oc exp 


e*pBn 


E 


OO 


_ eh I N d 
2 y e s m* 


( 9 . 29 ) 


( 9 . 30 ) 


EXAMPLE 9.7 


The tunneling current increases exponentially with doping concentration 
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9.2.3 Specific Contact Resistance 

A figure of merit of ohmic contacts is the specific contact resistance. R,. This para 
eter is defined as the reciprocal of the derivative of current density with respect I 
voltage evaluated at zero bias. We may write 

-ii 


= ( T77 


/' dj 

\dv 


S2-cnr 


(9.311 


v=o 


We want to be as small as possible for an ohmic contact. 

For a rectifying contact with a low to moderate semiconductor doping concen 
tratiou, the current-voltage relation was given by Equation (9.23) as 


J n = A*T 2 exp 


kT 


eV 


The thermionic emission current is dominant in this junction. The specific contad 
resistance for this case is then 


K = 


v)“ p ( 


+e<pBn 

kT 


A*T 2 


(9.32* 


The specific contact resistance decreases rapidly as the barrier height decreases. 

For a metal- semiconductor junction with a high impurity doping concentration^ 
the tunneling process will dominate. From Equations (9.29) and (9.30), the specific 
contact resistance is found to be 


R c ex exp 


+2 y'Ejffl* 4>Hn ' 

n ' 


(9.33) 


which shows that the specific contact resistance is a very strong function of semi- 
conductor doping. 

Figure 9.15 shows a plot of the theoretical values of R c as a function of semi- 
conductor doping. For doping concentrations greater than approximately 10” cm -3 , 
the tunneling process dominates and R c shows the exponential dependence on N d . 
For lower doping concentrations, the R c values are dependent on the barrier heights 
and become almost independent of the doping. Also shown in the figure are experi- 
mental data for platinum silicide- silicon and aluminum-silicon junctions. 

Equation (9.33) is the specific contact resistance of the tunneling junction, 
which corresponds to the metal-to-n + contact shown in Figure 9.14. However, the 
n + n junction also has a specific contact resistance, since there is a barrier associated 
with this junction. For a fairly low doped n region, this contact resistance may actu- 
ally dominate the total resistance of the junction. 

The theory of forming ohmic contacts is straightforward. To form a good ohmic 
contact, we need to create a low barrier and use a highly doped semiconductor at the 
surface. However, the actual technology of fabricating good, reliable ohmic contacts 
is not as easy in practice as in theory. It is also more difficult to fabricate good ohmic 


I0 17 


I 

I 

I 


N d ( cm 3 ) 



Figure 9. 15 I Theoretical and experimental 
specific contact resistance as a function 
of doping. 

(FromSze 114].) 


contacts on wide-bandgap materials. In general, low barriers are not possible on 
these materials, so a heavily doped semiconductor at the surface must be used to 
form a tunneling contact. The formation of a tunneling junction requires diffusion, 
ion implantation, or perhaps epitaxial growth. The surface doping concentration in 
the semiconductor may be limited to the impurity solubility, which is approxi- 
mately 5 x 10 19 cm -3 for n-type GaAs. Nonuniformities in the surface doping con- 
centration may also prevent the theoretical limit of the specific contact resistance 
from being reached. In practice, a good deal of empirical processing is usually re- 
quired before a good ohmic contact is obtained. 


9.3 I HETEROJUNCTIONS 

In the discussion of pn junctions in the previous chapters, we assumed that the semi- 
conductor material was homogeneous throughout the entire structure. This type of 
junction is called a homojunction. When two different semiconductor materials are 
used to form a junction, the junction is called a semiconductor heterojunction. 

As with many topics in this text, our goal is to provide the basic concepts con- 
cerning the heterojunction. The complete analysis of heterojunction structures 
involves quantum mechanics and detailed calculations that are beyond the scope of 
this text. The discussion of heterojunctions will, then, be limited to the introduction 
of some basic concepts. 
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9.3.1 Heterojunction Materials ■ 

Since the two materials used to form a heterojunction will have different enM* 
bandgaps, the energy band will have a discontinuity at the junction interface. We 
have an abrupt junction in which the semiconductor changes abruptly from a narrow 
bandgap material to a wide-bandgap material. On the other hand, if we have P 
GaAs-Al jGai^ As system, for example, the value ofx may continuously vary o\\ 
distance of several nanometers to form a graded heterojunction. Changing the van». 
of x in the AlvGai_ v As system allows us to engineer, or design, the bandgap energy. 

In order to have a useful heterojunction, the lattice constants of the two materials 
must be well matched. The lattice match is important because any lattice mismatch 
can introduce dislocations resulting in interface states. For example, germanium anti 
gallium arsenide have lattice constants matched to within approximately (). 13 per- 
cent. Germanium- gallium arsenide hetcroj unctions have been studied quite exten- 
sively. More recently, gallium arsenide-aluminum gallium arsenide (GaAs-AlGaAs) 
junctions have been investigated quite thoroughly, since the lattice constants ofGaAs 
and the AlGaAs system vary by no more than 0.14 percent. 

9.3.2 Energy-Band Diagrams 

In the formation of a heterojunction with a narrow-bandgap material and a wide- 
bandgap material, the alignment of the bandgap energies is important in determining 
the characteristics of the junction. Figure 9. 16 shows three possible situations. In Fig- 
ure 9.16a we see the case when the forbidden bandgap of the wide-gap material 
completely overlaps the bandgap of the narrow-gap material. This case, called strad- 
dling, applies to most heterojunctions. We will consider only this case here. The other 
possibilities are called staggered and broken gap and are shown in Figures 9.16h 
and 9.16c. 

There are four basic types of heterojunction. Those in which the dopant type 
changes at the junction are called anisotype. We can form nP or Np junctions, where 
the capital letter indicates the larger-bandgap material. Heterojuncrions with the sar 
dopant type on either side of the junction are called isotype. We can form nN and 
isotype heterojunctions. 

Figure 9.17 shows the energy-band diagrams of isolated n-type and P-type 
materials, with the vacuum level used as a reference. The electron affinity of the 
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Figure 9.16 I Relation between narrow-bandgapand wide-bandgap energies: (a) straddling, (b) staggered, and 
(c) broken gap. 


9 . 3 Heterojunctions 




! 


Vanillin level 



Figure 9.17 I Energy-band diagrams of a narrow-bandgep 
and a wide-bandgap material before contact. 


wide-bandgap material is less than that of the narrow-bandgap material. The differ- 
ence between the two conduction band energies is denoted by AE,, and the differ- 
ence between the two valence band energies is denoted by AE,. From Figure 9.17. 
we can see that 


AE C = e(x„ - Xp) (9.34a) 

AE C + AE V = E g p - E gn — AE g (9.34b) 

In the ideal abrupt heterojunction using nondegenerately doped semiconductors, the 
vacuum level is parallel to both conduction bands and valence bands. If the vacuum 
level is continuous, then the same AE, and A E , discontinuities will exist at the het- 
erojunction interface. This ideal situation is known as the electron affinity rule. There 
is still some uncertainty about the applicability of this rule, but it provides a good 
starting point for the discussion of heterojunctions. 

Figure 9.18 shows a general ideal nP heterojunction in thermal equilibrium. In 
order for the Fermi levels in the two materials to become aligned, electrons from the 
narrow-gap n region and holes from the wide-gap P region must flow across the junc- 
tion. As in the case of a homojunction, this flow of charge creates a space charge 
region in the vicinity of the metallurgical junction. The space charge width into the 
n-type region is denoted by x,, and the space charge width into the P-type region is 
denoted by Xp. The discontinuities in the conduction and valence bands and the 
change in the vacuum level are shown in the figure. 

9.3.3 Two-Dimensional Electron Gas 

Before we consider the electrostatics of the heterojunction, we will discuss a unique 
characteristic of an isotype junction. Figure 9.19 shows the energy-band diagram of 
an nN GaAs-AlGaAs heterojunction in thermal equilibrium. The AlGaAs can he 
moderetely to heavily doped n type, while the GaAs can be more lightly doped or 
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Figure 9.18 1 Ideal energy -hand diagram of an nP 
heterojunction in thermal equilibrium. 



Figure 9.191 Ideal energy-hand diagram of an nN 
Ueteroiunctioti in thermal equilibrium. 


even intrinsic. As mentioned previously, to achieve thermal equilibrium, electro™ 
from the wide-bandgap AlGaAs Row into the GaAs. forming an accumulation layel 
of electrons in the potential well adjacent to the interface. One basic quantum-* 
mechanical result that we have found previously is that the energy of an electron con.-! 
tained in a potential well is quantized. The phrase two-dimensional electron gar 
refers to the condition in which the electrons have quantized energy levels in one 
spatial direction (perpendicular to the interface), but are free to move in the other two 
spatial directions. 

The potential function near the interface can be approximated by a triangular po- 
tential well. Figure 9,20a shows the conduction band edges near the abrupt junction 
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Figure 9.20 I (a) Conduction-band edge at N-AlGaAs, n-GaAs heterojunction; (b) triangular well 
approximation with discrete electron energies. 



Figure 9.21 I Electron density in 
triangular potential well. 


interface and Figure 9.20b shows the approximation of the triangular potential well. 
We can write 

V(j) = cEz z > 0 (9.35a) 

V(z) = oo ?. < 0 (9.35b) 

Schrodinger's wave equation can be solved using this potential function. The quan- 
tized energy levels are shown in Figure 9.20b. Fligher energy levels are usually not 
considered. 

The qualitative distribution of electrons in the potential well is shown in Fig- 
ure 9.21. A current parallel to the interface will be a function of this electron concen- 
tration and of the electron mobility. Since the GaAs can be lightly doped or intrinsic, 
the two-dimensional electron gas is in a region of low impurity doping so that impu- 
rity scattering effects are minimized. The electron mobility will be much larger than 
if the electrons were in the same region as the ionized donors. 


w tn r>3 
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Figure 9.22 I Conduction-hand edge at 
a graded heterojunction. 


The movement of the electrons parallel to the interface will still be influenced ty 
the coulomb attraction of the ionized impurities in the AlGaAs. The effect of these 
forces can be further reduced by using a graded AlGaAs-GaAs heterojunction. The 
graded layer is Al,Gai_ v As in which the mole fraction x varies with distance. In this 
case, an intrinsic layer of graded AlGaAs can be sandwiched between the N-type 
AlGaAs and the intrinsic GaAs. Figure 9.22 shows the conduction-band edges across 
a graded AlGaAs-GaAs heterojunction in thermal equilibrium. The electrons in the 
potential well are further separated from the ionized impurities so that the electron 
mobility is increased above that in an abrupt heterojunction. 


*9.3.4 Equilibrium Electrostatics | 

We will now consider the electrostatics of the nP heterojunction that was shown in Fig- 
ure 9.18. As in the case of the homojunction, potential differences exist across the 
space charge regions in both then region and the Pregion. These potential differences 
correspond to the built-in potential barriers on either side of the junction. The built-in 
potential barrier for this ideal case is defined as shown in Figure 9. 1 8 to be the poten- 
tial difference across the vacuum level. The built-in potential barrier is the sum of the 
potential differences across each of the space charge regions. The heterojunction built- 
in potential barrier, however, is not equal to the difference between the conduction 
bands across the junction or the difference between the valence bands across the junc- 
tion, as we defined for the homojunction. 

Ideally, the total built-in potential barrier V b j can be found as the difference be- 
tween the work functions, or 


1 

tc 

II 


(9.36) 

Equation (9.36). from Figure 9.17, can be wntten as 



eV bi = [exp + E gP - (E FP - £»] - [ex» + E gn 
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(9.37a) 

or 
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eViu = e(xr - Xu) + (£> ^ £* 11 ) 4- (Efu - 
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(9.37b) 
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which can be expressed as 


f 


eVb, = + AE, + kT in 

Finally, we can write Equation (9.38) as 

eV bl — A E v + kT In 


A 'vp 
Ppo 


-kT\n — (9.38) 


Ppo N vn \ 
Pi io A),/' } 


( 9 . 39 ) 


where p p „ and p,,, are the hole concentrations in the Pand n materials, respectively, 
and N,,,and N vP are the effective density of states functions in then and P materials, 
respectively. We could also obtain an expression for the built-in potential barrier in 
terms of the conduction band shift as 


eVu = —AE C +kT In 


n „ 0 NcP_\ 
ftpn Af k / 


(9.40) 


Obj ective 

To determine AE,. At , . and V hi for an n-Ge to P-GaAs heterojunction using the electron 
affinity rule. 

Consider n-type Ge doped with N lt — 10 lh cm -3 and P-type GaAs doped with N„ = 
IO 16 cm -3 . Let T — 300 K so that n, — 2.4 x 10 13 cm -3 for Ce. 


■ Solution 

From Equation (9.34a), we have 

AE, =e(x„ ~Xp) = ^(4. 13 — 4.07) = 0.06 eV 
and from Equation (9.34b), we have 


AE, - AE,-AE,= (1.43 - 0.67) - 0.06 = 0.70 eV 
Todetermine V hl using Equation (9.39), wc need to determine p„„ in Ge. or 

(2.4 x 10")' 


P “" 


10 1(J 


- 5.76 sc 10 cm' 


eV bl - 0.70 + (0.0259) In 


( 10 lfi )(6 x I0 IB ) 

‘(5 76 x 10 10 )(7 x I0 IS ) 


or, finally. 


V„, *8 1.0 V 
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EXAMPLE 9.8 


■ Comment 

There is a nonsymmetry in the AE, and AE, values that will tend to make the potential harriers 
seen by electrons and holes different. This nonsymmetry does not occur in homojunctions. 
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We can determine the electric field and potential in the junction from Poisson’ 
equation in exactly the same way as we did for the homojunction. For homogeneo 1 
doping on each side of the junction, we have in then region 


and in the P region 


E„ = + x) 


eN a p 

Ep = {x P - x ) 

fp 


(~x n < x < 0) 


(0 < -T < Xp) 


where e„ and ep are the permittivities of the n and P materials, respectively. We ma; 
note that E, ( = 0 at t = —x„ and Ep = 0 at x = x p . The electric flux density D 
continuous across the junction, so 


which gives 


= 0) = e P E P (x =0) 


Nj n x„ — N„pXp 


Equation (9.42b) simply states that the net negative charge in the P region is equal to 
the net positive charge in the n region — the same condition we had in a pn homo- 
junction. We are neglecting any interface states that may exist at the heterojunction. 

The electric potential can be found by integrating the electric field through the' 
space charge region so that the potential difference across each region can then be de 
termined. We find that 


V«„ = 


eN dn x 2 n 


(9.43a) 


vw = 


eN a pXp 


(9,43b) 


Equation (9.42b) can be rewritten as 

x„ N a p 

~ ~ ~ (9.44) 

xp N dn 

The ratio of the built-in potential baniers can then be determined as 

Vfoin = £ P # _ €pN a p ^ ^ 

V biP N a p X?p € n Nj n 

Assuming that e n and cp are of the same order of magnitude, the larger potential dif- 
ference is across the lower-doped region. 

The total built-in potential barrier is 


Vfc,' — Vhin + VbiP 


eN d „xl : eN„pXp 
2e„ ^ 2 e P 
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If we solve for xp , for example, from Equation (9.42b) and substitute into Equa- 
tion (9.46), we can solve for x„ as 


Wti can also find 


2( n (pN aP Vbi 

eN,i„{e n Nii n 4- €pN a p ) 

2€„€pN l j„Vbi 

eN aP (€,,N dn +epN aP ) 


(9.47a) 


(9.47b) 


The total depletion width is found to be 

u . I 2e n c p {N dn 4- N uP ) 2 V b i 

W = X Xp =: < 

l eN dn N a p(.€„Ndn +£pN aP ) 


If a reverse-bias voltage is applied across the heterojunction, the same equations 
apply if Vf,i is replaced by \'t„; + Vr. Similarly, if a forward bias is applied, the same 
equations also apply if V),., is replaced by V;, 7 — V a - As before, Vr is the magnitude 
cf the reverse-bias voltage and V a is the magnitude of the forward-bias voltage. 

As in the case of a homojunction, a change ill depletion width with a change in 
junction voltage yields a junction capacitance. We can find for the nP junction 


eNj,,N aP (;„€p 

2(tnNdn + €pN„p)(Vbj 4- Vr) 


(F/cnr) 


Aplot of (I jC'j ) 2 versus V R again yields a straight line. The extrapolation of this plot 
of (1 jCj) 2 — 0 is used to find the built-in potential harrier, V';,, . 

Figure 9.1 8 showed the ideal energy-band diagram for the nP abrupt heterojunc- 
tion. The experimentally determined values of A E c and AE, may differ from the 
ideal values determined using the electron affinity rule. One possible explanation for 
this difference is that most heterojunctions have interface states. If we assume that 
the electrostatic potential is continuous through the junction, then the electric flux 
density will he discontinuous at the heterojunction due to the surface charge trapped 
in the interface states. The interface states will then change the energy-band diagram 
of the semiconductor heterojunction just as they changed the energy-band diagram of 
the metal-semiconductor junction. Another possible explanation for the deviation 
from the ideal is that as the two materials are brought together to form the hetero- 
junction, the electron orbitals of each material begin to interact with each other, re- 
sulting in a transition region of a few angstroms at the interface. The energy bandgap 
is then continuous through this transition region and not a characteristic of either ma- 
terial. However, we still have the relation that 

AE C + AE V = AE, (9.50) 

for the straddling type of heterojunction, although the A E c and A E , values may dif- 
fer from those determined from the electron affinity rule. 

We may consider the general characteristics of the energy-hand diagrams of the 
other types of heterojunction. Figure 9.23 shows the energy-band diagram of an Np 
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Figure 9.23 1 Ideal energy-band diagram of an 
Np heterqjunction in thermal equilibrium. 



Figure 9.21 1 Ideal energy-bend diagram of a 
pP heterojunction in thermal equilibrium. 


heterojunction. The same AE, and A E v discontinuities exist, although the general 
shape of the conduction band, for example, is different in the nP and the Np junc- 
tions. This difference in energy bands will influence the l-V characteristics of the two 
junctions. 

The other two types of heterojunctions are the nN and the pP isotype junctions. 
The energy-hand diagram of the nN junction was shown in Figure 9.19. To achieve 
thermal equilibrium, electrons from the wide-bandgap material will Flow into the 
narrow-bandgap material. A positive space charge region exists in the widc-gap mate- 
rial and an accumulation layer of electrons now exists at the interface in the narrow- 
gap material. Since there are a large number of allowed energy states in the conduction 
band, we expect the space charge width and the built-in potential barrier V M „ to be 
small in the narrow-gap material. The energy-band diagram of the pP heterojunction 
in thermal equilibrium is shown in Figure 9.24. To achieve thermal equilibrium, holes 
from the wide-bandgap material will Row into the narrow-bandgap material, creating 
an accumulation layer of holes in the narrow-handgap material at the interface. These 
types of isotype heterojunctions are obviously not possible in a homojunction. 


*9.3.5 Current-Voltage Characteristics 

The ideal current- voltage characteristics of a pn homojunction were developed in 
Chapter 8. Since the energy-band diagram of a heterojunction is more complicated 
than that ofa homojunction, we would expect the I-V characteristics of the two junc- 
tions to differ. 

One immediate difference between a homojunction and a heterojunction is in the 
barrier heights seen by the electrons and holes. Since the built-in potential harrier 
forelectrons and holes in a homojunction is the same, the relative magnitude of the 
electron and hole currents is determined by the relative doping levels. In a hetero- 
junction. the harrier heights seen by electrons and holes are not the same. The 
energy-band diagrams in Figures 9.18 and 9.23 demonstrated that the barrier heights 
forelectrons and holes in a heterojunction can be significantly different. The barrier 
height for electrons in Figure 9.18 is larger than for holes, so we would expect the 
current due to electrons to be insignificant compared to the hole current. If the barrier 
height for electrons is 0.2 eV larger than for holes, the electron current will he 
approximately a factor of 10 4 smaller than the hole current, assuming all other 
parameters are equal. The opposite situation exists for the band diagram shown in 
Figure 9.23. 

The conduction-band edge in Figure 9.23 and the valence-band edge in Fig- 
ure 9.18 are somewhat similar to that of a rectifying metal- semiconductor contact. 
We derive the current-voltage characteristics of a heterojunction, in general, on the 
basis of thermionic emission of carriers over the barrier, as we did in the metal- 
semiconductor junction. We can then write 

y = /rr 2 ex P (^^ (9.5 u 

where E w is an effective barrier height. The barrier height can be increased or re- 
duced by an applied potential across the junction as in the case of a pn homojunction 
oraSchottky barrierjunction. The heterojunction 1-Vcharacteristics, however, may 
need to he modified to include diffusion effects and tunneling effects. Another com- 
plicating factor is that the effective mass of a carrier changes from one side of the 
junction to the other. Although the actual derivation of the I-V relationship of the het- 
erojunction is complex, the general form of the I-V equation is still similar to that of 
a Schottky barrier diode and is generally dominated by one type of carrier. 


9.4 I SUMMARY 

■ A metal on a lightly doped semiconductor can produce a rectifying contact that is 
known as a Schottky barrier diode. The ideal banier height between the metal and 
semiconductor is the difference between the metal work function and the semiconductor 
electron affinity. 

■ When a positive voltage is applied to an n-type semiconductor with respect to the metal 
(reverse bias), the barrier between the semiconductor and metal increases so that there is 
essentially no Ffcw of charged carriers. When a positive voltage is applied to the metal 
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with respect to an n-type semiconductor (forward bias), the barrier between the 
semiconductor and metal is lowered so that electrons can easily flow from the 
semiconductor into the metal by a process called thennionic emission. 

The ideal current-voltage relationship of the Schottky barrier diode is the same as that 
of the pn junction diode. However, since the current mechanism is different from that cf 
the pn junction diode, the switching speed of the Schottky diode is faster, hi addition, 
the reverse saturation current of the Schottky diode is larger than that of the pi junction 
diode, so a Schottky diode requires less forward bias voltage to achieve a given current 
compared to a pn junction diode. 

Metal-semiconductor junctions can also form ohmic contacts, which are low-resistance 
junctions providing conduction in both directions with very little voltage drop across 
the junction. 

Semiconductor heterojunctions are formed between two semiconductor materials with 
different bandgap energies One useful property of a heterojunction is the creation of 
a potential well at the interface. Electrons are confined to the potential well in the 
direction perpendicular to the interface, but are free to move in the other two directions. 


GLOSSARY OF IMPORTANT TERMS 




anisotype junction A heterojunction in which the type of dopant changes at the metallurgi- 
cal junction. 

electron affinity rule The rule stating that, in an ideal heterojunctian, the discontinuity 
the conduction band is the difference between the electron affinities in the two semicoi® 
ductors. 

heterojunction The junction formed by the contact between two different semiconduct! 
materials. 

image-force-induced lowering The lowering of the peak potential barrier at the metal- 
semiconductor junction due to an electric field. 

isotype junction A heterojunction in which the type of dopant is the same on both sides °« 
the junction. 

ohmic contact A low-resistance metal- semiconductor contact providing conduction in bodi 
directions between the metal and semiconductor. 

Richardson constant The parameter A* in the current- voltage relation of a Schottky diode, 

Schottky harrier height The potential barrier <j>n„ front the metal to semiconductor in 
metal-semiconductor junction. 


Schottky effect Another term for image-force-induced lowering. 


specific contact resistance The inverse of the slope of the J versus V curve of a metal-1 
semiconductor contact evaluated at V — 0. ? 


thermionic emission The process by which charge flows over a potential barrier as a result 
of carriers with sufficient thermal energy. 

tunneling harrier A thin potential barrier in which the current is dominated by the tunneling 
of carriers through the barrier, 

two-dimensional electron gas (2-DEG) The accumulation layer of electrons contained ina 
potential well at a heterojunction interface that are free to move in the "other" two spatial ' 
directions. j 


Problems 


CHECKPOINT 

After studying this chapter, the reader should have the ability to: 

Sketch the energy band diagram of zero-biased, reverse-biased, and forward-biased 
Schottky barrier diodes. 

■ Describe the charge How in a forward-biased Schottky barrier diode. 

■ Explain the Schottky barrier lowering and its effect on the reverse saturation current in 
a Schottky barrier diode. 

■ Explain the effect interface states on the characteristics of a Schottky harrier diode. 

■ Describe one effect of a larger reverse saturation current in a Schottky banier diode 
compared to that of a pn junction diode. 

■ Describe what is meant by an ohmic contact. 

■ Draw the energy band diagram of an nN heterojunction. 

■ Explain what is meant by a two-dimensional electron gas. 


REVIEW QUESTIONS 

1. What is the ideal Schottky barrier height? Indicate the Schottky harrier height on an 
energy band diagram. 

2. Using an energy band diagram, indicate the effect of the Schottky barrier lowering. 

3. What is the mechanism of charge flow in a forward-biased Schottky barrier diode? 

4. Compare the forward-biased current-voltage characteristic of a Schottky barrier diode to 
that of pn junction diode. 

5. Sketch the ideal energy band diagram of a metal- semiconductorjunction in which 
tj>,„ < ip, . Explain why this is an ohmic contact. 

6. Sketch the energy band diagram of a tunneling junction. Why is this an ohmic contact? 

7. What is a hetcrojunction'? 

8. What is a 2-D electron gas? 

PROBLEMS 

(In the following problems, assume A* = 120 A/K : -cm 2 for silicon and A' = 1.12A/K 2 -cm 2 
furgallium arsenide Schottky diodes unless otherwise stated.) 

Section 9.1 The Schottky Barrier Diode 

9.1 Consider a contact between A1 and n Si doped at Nj ~ 10 lfl cm' 3 . T =■ 300 K. 

(a) Draw the energy-band diagrams of the two materials before the junction is formed. 

(b) Draw the ideal energy band at zero bias after the junction is formed, (c) Calculate 
(poo. ,v,f, and E mai for pan (b). id) Repeat parts (b) and (c) using the data in Figure 9.5. 

9.2 An ideal rectifying contact is formed by depositing gold on n-type silicon doped at 
10 IS cm' 3 . At T — 300 K, determine (a)<pno, ( b ) Vi,; , ( c ) W, and ( d ) E max , all under 
equilibrium conditions. 

9.3 Consider a gold Schottky diode at T = 300 K formed on n-type GaAs doped at Nj = 

5 x lO 131 cm' 3 . Determine (a) the theoretical barrier height. <Pbu, (£>) 4>n< (c) V^,-, 
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Problem 9 6 




W) the space charge width, jc„, for V R =- 5 V. and (e) the electric field at the metal 
junction for V R — 5 V. 

9.4 Repeat problem 9.3, parts (b) through (c), if the experimentally determined harrier 
height is found to be (pH,, = 0.86 V. 

9.5 An Au-n-Si junction with N c / = 5 x 10 ,s cm -5 has a crocs-sectional area of A = 

5 x 10 ' cm 2 . 7 =- 300 K. Use the data in Figure 9.5. fa) Determine the junction 
capacitance when V R =4 V. (b ) Repeat part (a) if the doping is increased to Nj — 

5 x 10 ,f> cm -5 . 

9.6 ASchottky diode with n-type GaAs at T = 300 K yields the l/C' 2 versus V'/; plot 
shown in Figure 9.25. where C 1 is the capacitance per cm’. Determine (a) V/,i , (b) N* 
(c) <p„, and ( d ) <p B o 

9.7 Consider an Al-n-Si Schottky barrier at T = 300 K with N<i = 10"' cm . Use the 
data in Figure 9.5 to determine the barrier height, (o) Determine V hi , x,j. and E ma , at 
zero bias. (I?) Using the value of E raas from pan («)■ determine A <p and x,„ for the 
Schottky barrier lowering, (c) Repeat part (b) for the case when a reverse bias of 
V R = 4 V is npplied. 

9.8 Starting with Equation (9.12), derive Equations (9.14)and (9.15). 

9.9 An Au-n-GaAs Schottky diode is at T =- 300 K with Nj = 5 x I0 16 cm -3 . Use the 
data in Figure 9.5 to determine the harrier height, (a) Determine V hi , x d , and E ma( at 
zero bias, (b) Determine the reverse-bias voltage at which the Schottky barrier lowering, 
A <p, will he 7 percent of <pn„- (Use the value of E mas in the space charge region.) 

9.10 Consider n-type silicon doped at Nj = I0 16 cm 3 with a gold contact to form a 

Schottky diode. Investigate the effect of Schottky barrier lowering. fajPlot the 
Schottky barrier lowering A <p versus reverse-bias voltage over the range 0 < < 

50 V. (b) Plot the ratio J s f{V R )/J s T ( V R = 0) over the same range of reverse-bias 
voltage. 

*9.11 The energy-band diagram of a Schottky diode is shown in Figure 9.6. Assume the fol- 
lowing parameters: 

? 

(p,„ = 5.2 V <p„ = 0. 10 V <P(, = 0.60 V 

E s = 1 .43 eV S = 25 A e, = e<, 

e, = (13.1)co X = 4.07 V N,, = 10"' cm 3 

D„ - 10 13 eV" 1 cm 3 


r (a) Determine the theoretical barrier height without interface states, (b) Deter- 
p mine the barrier height with interface states, (c) Repeat pans (a) and (h)if @ is 
changed to </>,„ = 4.5 V. 

9.12 ASchottky barrier diode contains interface states and an interfaciat layer Assume the 
following parameters: 

tp m — 4.75 V 0„ = 0.164 V 0n = 0.230 V 

E g - 1.12 eV 5 = 20 A e, = e, 0 

, = (11.7)e» x- 4.01V N d =5 x I0 16 cm” 3 

0 BO = 0.60 V 

Determine the interface state density, D i: , in units of eV~' cm - ’. 

9.13 APtSi Schottky diode at T = 300 K is fabricated on n-type silicon with a doping of 
Nj = 1 0 16 cm -1 . From Figure 9.5, the barrier height is 0.89 V. Determine («) <fi„ , 

(b) V hl , (c) J s t, when the harrier lowering is neglected, and (d) V a so that 

J„ — 2 A/cm 2 . 

9.14 (a) Consider a Schottky diode at T = 300 K formed with tungsten on n-type silicon. 
Let Nj = 5 x 10 15 cm -3 and assume a cross-sectional area of A — 5 x ]0 -+ cm 2 . 
Determine the forward-bias voltage required to obtain a current of 1 mA, 10 mA, and 
100 mA. (b) Repeat pan (n ) if the temperature is increased to T = 400 K. (Neglect 
Schottky barrier lowering.) 

9.15 A Schottky diode is formed by depositing Au on n-type GaAs doped at N,/ = 5 x 
I0 16 cm -3 . T = 300 K. (a) Determine the forward-bias voltage required to obtain 

J„ — 5 A/cm 2 , (b) What is the change in forward-hias voltage necessary to double the 
current? (Neglect Schottky barrier lowering.) 

9.16 ( a /Consider an Au n-type GaAs Schottky diode with a cross-sectional area of 

10 4 cm 2 . Plot the forward-bias current-voltage characteristics over a voltage range 
of 0 < Vp < 0.5 V. Plot the current an a log scale, (b) Repeat part («) for an Au 
n-type silicon Schottky diode, (c) What conclusions can he drawn from these results? 

9.17 A Schottky diode at T = 300 K is formed between tungsten and n-type silicon doped 
at Nj = 10 l6 cm'. The cross-sectional area is A = 10~ 4 cm 2 . Determine the 
reverse-bias saturation current at (a) Kg = 2 V and (b) V R = 4 V. (Take into account 
the Schottky barrier lowering.) 

*9.18 Starting with the basic current equation given by Equation (9. 1 8), derive the relation 
given by Equation (9.23). 

9.19 ASchottky diode and a pn junction diode have cross-sectional arras of A = 

5 x 10 -4 cm 2 . The reverse saturation current density of (he Schottky diode is 
3 x 10 -8 A/cm 2 and the reverse saturation current density of the pn junction diode is 
3 x 10 12 A/cm 2 . The temperature is 300 K. Determine the forward-bias voltage in 
each diode required to yield diode currents of 1 mA. 

9.20 The reverse saturation current densities in a pn junction diode and a Schottky diode 
are 5 x 10 -12 A/cm 2 and 7 x I0 _s A/cm 2 , respectively, at T = 300 K. The cross- 
sectional area of the pn junction diode is A = 8 x 10 -4 cm 2 . Determine the cross- 
sectional area of the Schottky diode so that the difference in forward-bias voltages to 
achieve 1.2 mA is 0.265 V. 

9.21 ( a )The reverse-saturation currents of a Schotlky diode and a pn junction diode at 
T = 300 Kare 5 x 10 -8 Aand 10 -12 A, respectively. The diodes are connected in 
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parallel and arc driven by a constant current of 0.5 mA. (< ) Determine the current in 
each diode, (ii) Determine the voltage across each diode, (b) Repeat part (a) if the 
diodes are connected in series. 

9.22 A Schottky diode and a pn junction diode have cross-sectional areas of A = 7 x 
10" 4 cm 2 . The reverse-saturation current densities at T — 300 K of the Schottkv diode 
and pn junction are 4 x 10" s A/cm 2 and 3 x 10 -12 A/cm 2 , respectively. Aforward- 
bias current of 0.8 mA is required in each diode. ( a ) Determine the forward-bias 
voltage required across each diode. ( b /If the voltage from part (a) is maintained 
across each diode, determine the current in each diode if the temperature is increased 
to 400 K. (Take into account the temperature dependence of the reverse-saturntion 
currents. Assume E , = 1.12 eV for the pn junction diode and^so = 0.82 V for the 
Schottky diode.) 

9.23 Compare the current-voltage characteristics of a Schottky barrier diode and a pn junc- 
tion diode. Use the results of Example 9.5, and assume diode areas of 5 x 10' 4 cm 2 . 
Plot the current- voltage characteristics on a linear scale over a current range of 0 < 
In < 10 mA. 


Section 9.2 Metal-Semiconduetor Ohmic Contacts * 

9.24 It is possible, theoretically, to form an ohmic contact between a metal and silicon that 

has a very low harrier height. Considering the specific contact resistance, determine 
the value of <p B „ that will give a value of R c = 10“ 5 £2 -cm 2 at T = 300 K. ^ 

9.25 A metal, with a work function <j>„, = 4.2 V, is deposited on an n-type silicon semicon- 
ductor with Xs — 4.0 V and E K — 1.12 eV. Assume no interface states exist at the 
junction. Let T = 300 K. (a) Sketch the energy-hand diagram for zero bias fur the case 
when no space charge region exists at the junction, (b) Determine Nj so that the condi- 
tion in pan (a) is satisfied. (c)What is the potential barrier height seen by electrons in 
the metal moving into the semiconductor? 

9.26 Consider the energy-hand diagram of a silicon Schottky junction under zero bias shows 
in Figure 9.26. Let tp^o = 0.7 V and T = 300 K. Determine the doping required sothd| 
xj — 5 0 A at the point where the potential is </>so/2 below the peak value. (Neglect the * 
barrier lowering effect.) 



Figure 9.26 1 Figure for 
Problem 9.26. 


9.27 A metal -semiconductor junction is formed between a metal with a work function of 
4.3 eV and p-type silicon with an electron affinity of 4.0 eV. The acceptor doping 
concentration in the silicon is N a = 5 x 10 15 cm -3 . Assume T = 300 K. (a)Sketch 
the thermal equilibrium energy band diagram. ( h .(Determine the height of the 
Schottky barrier, (c) Sketch the energy band diagram with an applied reverse-bias 
voltage of = 3 V. id ) Sketch the energy band diagram with an applied forward- 
bias voltage of V a = 0.25 V. 

9.28 ( a ) Consider a metal- semicanductor junction formed between a metal with a work 
function of 4.65 eV and Ge with an electron affinity of 4.13 eV, The dopingconcen- 
tration in the Ge material is N d = 6 x 10 13 cm -3 and N a = 3 x 10 13 cm -3 . Assume 
T = 300 K. Sketch the zero bias energy-band diagram and determine the Schottky 
barrier height, (b ) Repeat pan (a) if the metal work function is 4.35 eV. 


Section 9.3 Heterojunctions 

9.29 Sketch the energy-band diagrams of an abrupt Alo jGa^) 7 As-GaAs heterojunction for: 
(a) N + -AlGaAs, intrinsic GaAs, (b) N + -AtGaAs, p-GaAs, and (c) P + -AlGaAs, 
n + -GaAs. Assume E g = 1.85 eV for Alo .rGao 7 As and assume AE, — = A E g . 

9.30 Repeat Problem 9.29 assuming the ideal electron affinity rule. Determine AE, and 
AE, 

*9.31 Starting with Poisson's equation, derive Equation (9.48)for an abrupt heterojunction. 

Summary and Review 

*9.32 (a) Derive an expression for dV u jdT as a function of current density in a Schottky 
diode. Assume the minority carrier current is negligible, (b) Compare dV u jdT for a 
GaAs Schottky diode to that for a Si Schottky diode, (c) Compare dV a jdT for a Si 
Schottky diode to that for a Si pn junction diode. 

9.33 The (1 /Cj) 2 versus V R data are measured for two Schottky diodes with equal areas. 
One diode is fabricated with 1 £2 -cm silicon and the other diode with 5 £2-cm silicon. 
The plots intersect the voltage axis as V R = —0.5 V for diode A and at Vr — - 1 .0 V 
for diode B. The slope of the plot for diode A is 1.5 x 10 ls (F 2 -V) _l and that for 
diode B is 1 .5 x 10 17 (F 2 -V)~ 1 . Determine which diode has the higher metal work 
function and which diode has the lower resistivity silicon. 

*9.34 Both Schottky barrier diodes and ohmic contacts are to be fabricated by depositing a 
particular metal on a silicon integrated circuit. The work function of the metal is 4.5 V, 
Considering the ideal metal-semiconductor contact, determine the allowable range of 
doping concentrations for each type of contact. Consider both p- and n-type silicon 
regions. 

9.30 Consider an n-GaAs-p-AlGaAs heterojunction in which the bandgap offsets are 
AE, = 0.3 eV and A E v =0.15 eV. Discuss the difference in the expected electron 
and hole currents when the junction is forward biased. 
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The Bipolar Transistor 


PREVIEW 


T he single-junction devices we have considered, including the pn homojunc- 
tion diode, can be used to obtain rectifying current-voltage characteristics, and 
to form electronic switching circuits. The transistor is a multifunction semi- 
conductor device that, in conjunction with other circuit elements, is capable of current 
gain, voltage gain, and signal-power gain. The transistor is therefore referred to as an 
active device whereas the diode is passive. The basic transistor action is the control of 
current at one terminal by voltage applied across two other terminals of the device. 

The three basic transistor types are the bipolar transistor, the metal-oxide- 
semiconductor field-effect transistor (MOSFET), and the junction field-effect tran- 
sistor (JFET). The bipolar transistor is covered in this chapter, the MOSFET is 
treated in Chapters II and 12, and the JFET is discussed in Chapter 13. The chap- 
ters dealing with each of the transistor types are written to stand alone, so that each 
type of transistor may be covered in any order desired. 

The bipolar transistor has three separately doped regions and two pn junctions, 
sufficiently close together so that interactions occur between the two junctions. We 
will use much of the theory developed for the pn junction in the analysis of the bipolar 
transistor. Since the flows of both electrons and holes are involved in this device, it is 
called a bipolar transistor. 

We will first discuss the basic geometry and operation of the transistor. Since 
there is more than one pn junction in the bipolar transistor, several combinations of 
reverse- and forward-bias junction voltages are possible, leading to different operat- 
ing modes in the device. As with the pn junction diode, minority carrier distributions 
in the bipolar transistor are an important part of the physics of the device — minority 
carrier gradients produce diffusion currents. We will determine the minority carrier 
distribution in each region of the transistor, and the corresponding currents. 

The bipolar transistor is a voltage-controlled current source. We will consider the 
various factors that determine the current gain and derive its mathematical expression. 
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As with anv semiconductor device, nonideal effects influence device characteristics: 
a few of these effects, such as breakdown voltage, will be described. 

In order to analyze or design a transistor circuit, especially using computer sim- 
ulations, one needs a mathematical model or equivalent circuit of the transistor. We 
will develop two equivalent circuits. The first equivalent circuit, the Ebers-Moll 
model, can be used for a transistor biased in any of its operating modes and is espe- 
cially used for transistors in switching circuits. The second equivalent circuit, the 
hybrid-pi model, is applied when transistors are operated in a small signal linear am- 
plifier and takes into account frequency effects within the transistor. 

Various physical factors affect the frequency response of the bipolar transistor. 
There are several time-delay factors within the device that determine the limiting 
frequency response. We will define these time delays and develop expressions for 
each factor. The limiting frequency is given in terms of a cutoff frequency, a figure! 
of merit for the transistor. The frequency response generally applies to the small! 
signal, steady-state characteristics of the device. The switching characteristics, il 
contrast, determine the transient behavior of the transistor to large changes in the 
input signal.. 


10.1 I THE BIPOLAR TRANSISTOR ACTION 

The bipolar transistor has three separately doped regions and two pn junctions. Fig- 
ure 1 0. 1 shows the basic structure of an npn bipolar transistor and a pnp bipolar tran- 
sistor, along with the circuit symbols. The three terminal connections are called the 
emitter, base, and collector. The width of the base region is small compared to the mi- 
nority carrier diffusion length. The (-n-)and (+) notation indicates the relative mag- 
nitudes of the impurity doping concentrations normally used in the bipolar transistor, 
with (++) meaning very heavily doped and (+) meaning moderately doped. The 
emitter region has the largest doping concentration: the collector region has the small- 
est. The reasons for using these relative impurity concentrations, and for the narrow 
base width, will become clear as we develop the theory of the bipolar transistor. The 
concepts developed for the pn junction apply directly to the bipolar transistor. 



Figure 10.1 I Simplified block diagrams and circuit symbols of (a) npn and (b) pnp 
bipolar transistors. 
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I Figure 10.2 I Cross section of (a) a conventional integrated-circuit npn bipolar transistor and (b) an oxide-isolated npn 
bipolar transistor 
| (FrontMuller unci Kamins 13 j. I 

The block diagrams of Figure 10.1 show the basic structure of the transistor. 

( but in very simplified sketches. Figure 10.2a shows a cross section of a classic npn 
t bipolar transistor fabricated in an integrated circuit configuration, and Figure 10.2b 
; shows the cross section of an npn bipolar transistor fabricated by a more modem 
I technology. One can immediately observe that the actual structure of the bipolar 
f transistor is not nearly as simple as the block diagrams of Figure 1 0. 1 might sug- 
gest. A reason for the complexity is that terminal connections are made at the sur- 
| face: in order to minimize semiconductor resistances, heavily doped n + buried lay- 
ers must be included. Another reason for complexity arises out of the desire to 
fabricate more than one bipolar transistor on a single piece of semiconductor mate- 
rial. Individual transistors must be isolated from each other since all collectors, for 
example, will not be at the same potential. This isolation is accomplished by adding 
p + regions so that devices are separated by reverse-biased pn junctions as shown in 
Figure 10.2a, or they are isolated by large oxide regions as shown in Figure 10.2b. 

An important point to note from the devices shown in Figure 10.2 is that the 
bipolar transistor is not a symmetrical device. Although the transistor may contain 
two n regions or two p regions, the impurity doping concentrations in the emitter and 
collector are different and the geometry of these regions can be vastly different. The 
block diagrams of Figure 10.1 are highly simplified, but useful, concepts in the de- 
velopment of the basic transistor theory. 


10.1.1 The Basic Principle of Operation 

The npn and pnp transistors are complementary devices. We will develop the bipolar 
transistor theory using the npn transistor, but the same basic principles and equations 
also apply to the pnp device. Figure 10.3 shows an idealized impurity doping profile 
in an npn bipolar transistor for the case when each region is uniformly doped. Typi- 
cal impurity doping concentrations in the emitter, base, and collector may be on the 
order of 1 0 ly , 10 17 , and 10 L ' cm' 3 , respectively. 
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Figure 10.3 1 Idealized doping profile of a uniformly doped npn bipolar transistor. i 

t. 

The base-emitter (B-E) pn junction is forward-biased, and the base -collector 
(B-C) pn junction is reverse-biased in the normal bias configuration as shown in 
Figure 10.4a. This configuration is called the forward-active operating mode: The 
B-E junction is forward-biased so electrons from the emitter are injected across the 
B-E junction into the base. These injected electrons create an excess concentration 
of minority carriers in the base. The B-C junction is reverse biased, so the minority 
carrier electron concentration at the edge of the B-C junction is ideally zero. We ex- 
pect the electron concentration in the base to be like that shown in Figure 10.4b. 
The large gradient in the electron concentration means that electrons injected from 
the emitter will diffuse across the base region into the B-C space charge region, 
where the electric field will sweep the electrons into the collector. We want as many 
electrons as possible to reach the collector without recombining with any majority 
carrier holes in the base. For this reason, the width of the base needs to be small 
compared with the minority carrier diffusion length. If the base width is small, then 
the minority carrier electron concentration is a function of both the B-E and 
B-C junction voltages. The two junctions are close enough to be called interacting 
pn junctions. 

Figure 10.5 shows a cross section of an npn transistor with the injection of elec- 
trons from the n-type emitter (hence the name emitter) and the collection of the elec- 
trons in the collector (hence the name collector). 


10.1,2 Simplified T ransistor Current Relations 

We can gain a basic understanding of the operation of the transistor and the relationsj 
between the various currents and voltages by considering a simplified analysis. After 
this discussion, we will then delve into a more detailed analysis of the physics of thei 
bipolar transistor. 

The minority carrier concentrations are again shown in Figure 10.6 for an npn 
bipolar transistor biased in the forward active mode. Ideally, the minority carrier 
electron concentration in the base is a linear function of distance, which implies no 
recombination. The electrons diffuse across the base and are swept into the collector 
by the electric field in the B-C space charge region. 
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Figure 10.4 I (a) Biasing of an npn bipolar transistor in the forwad-active mode, 

(b) minority carrier distribution in an npn bipolar transistor operating in the forward-active 
mode, and (c) energy band diagram of the npn bipolar transistor under zero bias and under a 
forward-active mode bias. 


Collector Current Assuming the ideal linear electron distribution in the base, the 
collector current can be written as a diffusion current given by 
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Figure 10.5 I Cross section of an npn 
bipolar transistor showing the injection 
and collection of electrons in the 
forward-active mode. 
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Figure 10.6 I Minority carrier distributions and basic currents in a 
forward-biased npn bipolar transistor. 


where Abe is the cross-sectional area of the B-E junction, nao is the thermal equi-j 
librium electron concentration in the base, and V, is the thermal voltage. The diffu- 
sion of electrons is in the -j-.r direction so that the conventional current is in the -x 
direction. Considering magnitudes only. Equation (10.1) can be written as 


i c - Is exp 



( 10 . 2 ) 


The collector current is controlled by the base-emitter voltage; that is, the current at 
one terminal of the device is controlled by the voltage applied to the other two ter- 
minals of the device. As we have mentioned, this is the basic transistor action. 


10.1 The Bipolar Transistor Action 


I mitter Current One component of emitter current, i£ shown in Figure 10.6 is 
re to the flow of elections injected from the emitter into the hase. This current, then, 
equal to the collector current given by Equation (10.1). 

Since the base-emitter junction is forward biased, majority canier holes in the 
tse are injected across the B-E junction into the emitter. These injected holes pro- 
ice a pn junction current i e 2 as indicated in Figure 10.6. This current is only a B-E 
nction current so this component of emitter current is not part of the collector cur- 
nt. Since Ie2 * s a forward-biased pn junction current, we can write (considering 
agnitude only) 

iE2 = /.S2 exp ^ (10.3) 

f where l$2 involves the minority carrier hole parameters in the emitter. The total emit- 
ter current is the sum of the two components, or 

‘E = '£1 + lE2 ~ ic + *£2 = ^S£eXp (10.4) 

Since all current components in Equation (10.4) are functions of exp (fat-/ V,), the 
l ratio of collector current to emitter current is a constant. We can write 



l£ 


(10.5) 


where a is called the common-base current gain. By considering Equation (10.4), we 
see that ic < /£ orcr < 1. Since is not part of the basic transistor action, we 
would like this component of current to be as small as possible. We would then like 
the common base current gain to be as close to unity as possible. 

Referring to Figure 10.4a and Equation (10.4), note that the emitter current is an 
exponential function of the base-emitter voltage and the collector current is i c = 
o !i£. To a first approximation, the collector current is independent of the hase- 
collector voltage as long as the B-C junction is reverse biased. We can sketch the 
common-base transistor characteristics as shown in Figure 10.7. The bipolar transis- 
tor acts like a constant current source. 



Figure 10.7 1 Ideal bipolar transistor common-base 
current-voltage characteristics. 
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Base Current As shown in Figure 10.6, the component of emitter current i ^ U a 
B-E junction current so that this current is also a component of base current shgd| 
as iBa- This component of base current is proportional to exp (v B e/ 1/). « 

There is also a second component of base current. We have considered the ideal 
case in which there is no recombination of minority carrier electrons with ma 
carrier holes in the base. However, in reality, there will be some recombin; 
Since majority carrier holes in the base are disappearing, they must he resuppli. 
a flow of positive charge into the base terminal. This flow of charge is indicated as a 
current i g g in Figure 10.6. The number of holes per unit time recombining in the base 
is directly related to the number of minority carrier electrons in the base (see Equa- 
tion (6.13)). Therefore, the current ifb is also proportional to exp (vg£-/V r ).The total 
base current is the sum of i Ba and i B b, and is proportional to exp (vg^/V,). 

The ratio of collector current to hase current is a constant since both current, are 


directly proportional to exp (Vbe/ Vj). We can then write 




where ft is called the common-emitter current gain. Normally, the hase current will 
be relatively small s o that, in general, the common-emitter current gain is much larger 
than unity (on the order of 100 or larger). 


10. 1 .3 T h e Modes of Operation 

Figure 10.8 shows the npn transistor in a simple circuit. In this configuration, tfe 
transistor may be biased in one of three modes of operation. If the B-E voltage is 
zero or reverse biased (Vg£ < 0), then majority carrier electrons from the emitter 
will not be injected into the hase. The B-C junction is also reverse biased; thus, the 
emitter and collector currents will be zero for this case. This condition is referred to 
as cutoff — all currents in the transistor are zero. J 



Figure 10.8 I An npn bipolar transistor in 
a common-emittercircuiL configuration. 




10.1 The Bipolar Transistor Action 


When the B-Ejunction becomes forward biased, an emitter current will be gener- 
ated as we have discussed, and the injection of electrons into the base results in a col- 
lector current. We may write the KVL equations around the collector-emitter loop as 

Vcc — IcRc + Vcb + Vbk = Vr + Vce (10.7) 

f Vcc is large enough and if Vr is small enough, then Vcb > 0, which means that 
the B-C junction is reverse biased for this npn transistor. Again, this condition is the 
forward- active region of operation. 

As the forward-biased B-E voltage increases, the collector current and hence Vr 
will also increase. The increase in Vr means that the reverse-biased C-B voltage 
decreases, or I Vcb\ decreases. At some point, the collector current may become large 
enough that the combination of Vr and Vcc produces zero voltage across the B-C 
junction. A slight increase in lc beyond this point will cause a slight increase in Vr 
and the B-C junction will become forward biased (Vcb < 0)- This condition is called 
saturation. In the saturation mode of operation, both B-E and B-C junctions are 
forward biased and the collector current is no longer controlled by the B-E voltage. 

Figure 10.9 shows the transistor current characteristics, lc versus Vce< for con- 
stant base currents when the transistor is connected in the common-emitter configu- 
ration (Figure 10.8). When the collector- emitter voltage is large enough so that the 
base -collector junction is reverse biased, the collector current is a constant in this 
first-order theory. For small values of C-E voltage, the base-collector junction be- 
comes forward biased and the collector current decreases to zero for a constant base 
current. 

Writing a Kirchhoff’s voltage equation around the C-E loop, we find 

Vce = V rc - l c R c (10.8) 

Equation (10.8) shows a linear relation between collector current and collector- 
emitter voltage. This linear relation is called a load line and is plotted in Figure 10.9. 
The load line, superimposed on the transistor characteristics, can be used to visualize 
the bias condition and operating mode of the transistor. The cutoff mode occurs when 



Figure 10.9 1 Bipolar transistor common-emittercurrent- voltage 
characteristics with load line superimposed. 
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l c = 0, saturation occurs when there is no longer a change in collector current fdfj 
change in base current, and the forward-active mode occurs when the relatl* 
Ic = /}I B is valid. These three operating inodes are indicated on the figure. 

A fourth mode of operation for the bipolar transistor is possible, although 
with the circuit configuration shown in Figure 10.8. This fourth mode, known as lfl= ! 
verse active, occurs when the B-Ejuncfon is reverse biased and the B-C junctiofii§ 
forward biased. In this case the transistor is operating "upside down," and the roles 
of the emitter and collector are reversed. We have argued that the transistor is not a 
symmetrical device; therefore, the inverse-active characteristics will not be the same 
as the forward-active characteristics. 

The junction voltage conditions for the four operating modes are shown in Fig- 
ure 10.10. 

10.1.4 Amplification with Bipolar Transistors 


Voltages and currents can he amplified by bipolar transistors in conjunction witji 
other elements. We will demonstrate this amplification qualitatively in the following 
discussion. Figure 10.11 shows an npn bipolar transistor in a common -emitter con^ 
figuration. The dc voltage sources, Vgg and Vrc , are used to bias the transistor in the 
forward-active mode. The voltage source u, represents a time-varying input voltage 
(such as a signal from a satellite) that needs to be amplified. 

Figure 10.12 shows the various voltages and currents that are generated in the 
circuit assuming that i ; , is a sinusoidal voltage. The sinusoidal voltage v, induces a 
sinusoidal component of base current superimposed on a dc quiescent value. Since 
i c = pig. then a relatively large sinusoidal collector current is superimposed on a 
dc value of collector current. The tirne-varying collector current induces a time- 
varying voltage across the AV resistor which, by Kirchhoff s voltage law, means that 
a sinusoidal vollage, superimposed on a dc value, exists between the collector and 
emitter of the bipolar transistor The sinusoidal voltages in the collector-emitter 
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Figure 10.10 i Junction voltage 
conditions for the four 
operating modes of a bipolar 
transistor. 



Figure 10.11 I Common-emitter npn bipolar 
circuit configuration with a time-varying signal 
voltage v i included in the base-emitter loop. 



10.2 Minority Carrier Distribution 
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Figure 10.12 I Currents and voltages existing in the 
circuit shown in Figure 10.1 1. (a) Input sinusoidal 
signal voltage, (b) Sinusoidal base and collector 
currents superimposed on the quiescent dc values. 

(c) Sinusoidal voltage across the R c resistor 
superimposed on the quiescent dc value. 

portion of the circuit are larger than the signal input voltage v, , so that the circuit has 
produced a voltage gain in the time-varying signals. Hence, the circuit is known as a 
voltage amplifier. 

In the remainder of the chapter, we will consider the operation and characteris- 
tics of the bipolar transistor in more detail. 

10.2 I MINORITY CARRIER DISTRIBUTION 

We are interested in calculating currents in the bipolar transistor which, as in the sim- 
ple pn junction, are determined by minority carrier diffusion. Since diffusion currents 
are produced by minority carrier gradients, we must determine the steady-state 
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Table 10.1 l Notation used in the analysis of the bipolar transistor 


Notation 

Definition 

For both the npn and pnp transistors 

N e ,N b ,N c 

Doping concentrations in the emitter, base, and collector 

XF.,X B , x c 

Widths of neutral emitter, base, and collector regions 

De, D b , D c 

Minority carrier diffusion coefficients in emitter, base, and 
collector regions 

Le » Lft , Lc 

Minority carrier diffusion lengths in emitter, base, and 
collector regions 

f£0. Tfio, r CO 

Minority carrier lifetimes in emitter, base, and collector 
regions 

For the npn 

Peo, n Bl ), pco 

Thermal equilibrium minority carrier hole, electron, and hole 
concentrations in the emitter, base, and collector 

PE(x'),n B (x), p c {x") 

Total minority carrier hole, electron, and hole concentrations 
in the emitter base, and collector 

SpE(x'),5n B <j[),SpcU") 

Excess minority carrier hole, electron, and hole 
concentrations in the emitter, base, and collector 

For the pnp 
>i£(h Pbui r>ca 

Thermal equilibrium minority carrier electron, hole, and 
electron concentrations in the emitter, base, and collector 

ns(x'), Puix), n c (x") 

Total minority carrier electron, hole, and electron 
concentrations in the emitter, base, and collector 

&n E (x'),8pn(x),8n c (x") 

Excess minority carrier electron, hole, and electron 
concentrations in the emitter, base, and collector 


Emitter Base Col^ctor 

L ±. L 1_ 



1 

1 

r 


1 

1 

1 


** X E *■ 

i 

i 


1 

t 



x = *£ .t' = 0 x = 0 x — x B x" = (1 x" = x c 

M x' a ►- x" ►- 


Figure 10.13 I Geometry of the npn bipolar transistor used 
to calculate the minority carrier distribution. 


minority carrier distribution in each of the three transistor regions. Let us first con- 
sider the forward-active mode, and then the other modes of operation. Table 10.1 
summarizes the notation used in the following analysis. 

10.2.1 Forward-Active Mode 

Consider a uniformly doped npn bipolar transistor with the geometry shown in Fig- 
ure 10.13. When we consider the individual emitter, base, and collector regions, we 
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-4i .v' x ►- x" ► 


Figure 10.14 I Minority carrier distribution in an npn 
bipolar transistor operating in the forward-active mode. 


will shift the origin to the edge of the space charge region and consider a positive x, 
x', or x" coordinate as shown in the figure. 

In the forward-active mode, the B-E junction is forward biased and the B-C is re- 
verse biased. We expect the minority carrier distributions to look like those shown in 
Figure 10.14. As there are two n regions, we will have minority carrier holes in both 
emitter and collector. To distinguish between these two minority carrier hole distrib- 
utions, we will use the notation shown in the figure. Keep in mind that we will be 
dealing only with minority carriers. The parameters p B o, and Pco denote the 

thermal-equilibrium minority carrier concentrations in the emitter, base, and collec- 
tor, respectively. The functions p B (x'), Hg(r), and pc(x") denote the steady-state 
minority carrier concentrations in the emitter, base, and collector, respectively. We 
will assume that the neutral collector length Xc is long compared to the minority car- 
rier diffusion length Lc in the collector, but we will take into account a finite emitter 
length xe . If we assume that the surface recombination velocity at x' = xe is infinite, 
then the excess minority carrier concentration at x' = x B is zero, or Pe( x' — Xg) — 
Peo . An infinite surface recombination velocity is a good approximation when an 
ohmic contact is fabricated at x' = x e . 

Base Region The steady-state excess minority carrier electron concentration is 
found from the ambipolar transport equation, which we discussed in detail in Chap- 
ter 6. For a zero electric field in the neutral base region, the ambipolar transport equa- 
tion in steady state reduces to 

d 2 (Sn H (x)) Sn B (x) 

L>B — U 

dx~ Tho 

where Sn B is the excess minority carrier electron concentration, and Dg and Tgn are 
the minority carrier diffusion coefficient and lifetime in the base region, respectively. 
The excess electron concentration is defined as 


Sn H (x) = n B (x) - n B 0 


( 10 . 10 ) 
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The general solution to Equation (10.9) can be written as 


Shb(x) = A exp ( — 1 + B exp ( — 
\L b J \L b 


(10.11) 


where L B is the minority carrier diffusion length in the base, given by Lb = 
\/£>f! Tito. The base is of finite width so both exponential terms in Equation (10.11) 
must be retained. 

The excess minority carrier electron concentrations at the two boundaries become 


8n B (x = 0) = Sn B ( 0) = A + B 


(10. 12a) 


bn b ( 0 ) 


bn B {x = x B ) = bn B (x t } ) = Aexp^^i£^ + 

/ard biased, so the boundary condition at x = 0 

feV BE \ 

n B (x - 0) - hso = «b o [exp ( — - 1 - 1 


(10.12b) 


The B-E junction is forward biased, so the boundary condition at x = 0 is 


(10.13a) 


The B-C junction is reverse biased, so the second boundary condition at x = x H is 
Sn B (x B ) = n B (x -x B ) - n m = 0 - n m = ~n B0 (10.13b) 


From the boundary conditions given by Equations (10.13a) and (10.13b), the 
coefficients A and B from Equations (10.12a) and (10. 12b) can be determined. The 
results are 


r (eV BE \ 1 
n m -n m eXp l^ 7 r ~)'' 1 1 

2sinh (tl) 


c 


(10,14a) 


'[“ p (Tr)~'] e ’ ip (i;) + ” M 

2 sinh ( — — ^ 

\Lb ) 


no I4M 


Then, substituting Equations (10.14a) and (10.14b) into Equation ( 1 0.9), we can 
write the excess minority carrier electron concentration in the base region as 
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Figure 10.15 I Hyperbolic sine function 
and its linear approximation. 

Equation (10.15a) may look formidable with the sinh functions. We have 
stressed that we want the base width xb to be small compared to the minority carrier 
diffusion length L b . This condition may seem somewhat arbitrary at this point, but 
the reason will become clear as we proceed through all of the calculations. Since we 
want Xu < Lg, the argument in the sinh functions is always less than unity and in 
most cases will he much less than unity. Figure 10.15 shows a plot of sinh (y) for 
0<>’< I and also shows the linear approximation for small values of y. If y < 0.4, 
the sinh (y) function differs from its linear approximation by less than 3 percent. All 
of this leads to the conclusion that the excess electron concentration &n a in Equa- 
tion (10.15a) is approximately a lineur function of x through the neutral base region. 
Using the approximation that sinh (.v) % „v for x <?C I. the excess electron concentra- 
tion in the base is given by 



(10.15b) 


We will use this linear approximation later in some of the example calculations. 
The difference in the excesscanier concentrations determined from Equations (10.15a) 
and (10.15b) is demonstrated in the following exercise. 


TEST YOUR UNDERSTANDING 

EL0.1 The emitter and base of a silicon npn bipolar transistor are uniformly doped at 

impurity concentrations of 10 18 cm ! and 10 l6 cm _ Y respectively. A forward-bias 
B-E voltage of V BE — 0.610 V is applied. The neutral base width is xg — 2 pm and 
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the minority carrier diffusion length in the base is L B — 10 /(in. Calculate the 
excess minority carrier concentration in the base at (a) x - 0 and (b)x ~ x B jl. 

{r ) Determine the ratio of the actual minority carrier concentration at x = x B /2 
(Equation ( 1 0. 1 5a) ) to that i n the ideal case of a linear minority carrier distribution 


(Equation (10. 15b)). [0S66'0 = (*,0l x ct06’[/ri0l * (.t?68 l) = (.?) 

VU^nOI x (Wl = (Z/ 8x ) au ^ (Z/ H x) B ug(q) 

‘e-^mOI x 18 E = su V ] 


Tahle 10.2 shows the Taylor expansions of some of the hyperbolic functions t 
will he encountered in this section of the chapter. In most cases, we will consid 
only the linear terms when expanding these functions. 


Emitter Region Consider, now, the minority carrier hole concentration in the emit* 
ter. The steady-state excess hole concentration is determined from the equation 


Df. 


d 2 (Sp E U')) 

dx' 2 


&ph:(x') 

teo 


(10.161 


where D E and f£o are the minority carrier diffusion coefficient and minority earned 
lifetime, respectively, in the emitter. The excess hole concentration is given by j 

SPe(x') = Pe(x’) - p E (s (10.17) 


The general solution to Equation (10.16) can he written as 


Spt(x’) = C exp 



+ D exp 



(10.18) 


where L E — y/D E TEQ. If we assume the neutral emitter length x E is not necessarily 
long compared to L E . then both exponential terms in Equation (10.18) must be 
retained. 

The excess minority carrier hole concentrations at the two boundaries are 


and 


Sp E U-' > 0) = $Pe(0) = C + D (10.19a) 


<5 pt(x’ = x E ) ~ Sp E (x E ) = C exp 



+ D exp 



(10.19b) 


Table 10.2 I Taylor expansions of hyperholic functions 


Function 

Taylor expansion 

sinh U) 

X* A'** 

x + — ; +■ — 7 + ■ ' * 

cosh (jc) 

3! 5! 

X 2 C 1 

1 + — + — ■ ■ ■+ 
2! 4! 

tanh(x) 

x- 2x s 

T + TT + "• 
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^gain, the B-E junction is forward biased so 
Sp E (0) = p E {x' = 0) - Peo 


-m[= x p(^f) 


An infinite surface recombination velocity at x' — x E implies that 

Spe(xe) — 0 


I] (10.20a) 


(10.20b) 


Solving for C and D using Equations (10.19) and (10.20) yields the excess mi- 
nority carrier hole concentration in Equation (10.18): 


► 


Pt: o 

jeV lc \ I 

“■Tir)- 1 . 

'““{-Li ) 



(10.21a) 


This exress concentration will also vary approximately linearly with distance ifx E is 
small. We find 

I o / ^ Aeo \ ( eV B e\ .1. 

i s Pe(x ) % — exp 1-1 (xe-x) (10.21b) 

If x E is comparable to L E , then Sp E {x') shows an exponential dependence on x E 


~ TEST YOUR UNDERSTANDING ] 

E10.2 Consider a silicon npn bipolar transistor with emitter and base regions uniformly 
doped at concentrations of I0 ,s cm 3 and !0 lfi cm - - 1 , respectively .A forward bias 
B-E voltage of Vse = 0.610 V is applied. The neutral emitter width is x E = 4 
and the minority carrier diffusion length in the emitter is L E = 4 pm . Calculate the 
excess minority carrier concentration in the emitter at (a)x' — 0 and (b)x' = x E /2 

[ e -Uk>,,oi x 6891 (<?) V^ziOI x 808'£ (») 'suy] 


Collector Region The excess minority carrier hole concentration in the collector 
can he determined from the equation 


D c 


3 2 {Sp c (x")) 

dx” 2 


Spcix ") 
Aro 


( 10 . 22 ) 


where Dc and t E q are the minority carrier diffusion coefficient and minority carrier 
lifetime, respectively, in the collector. We can express the excess minority carrier 
hole concentration in the collector as 


&Pc{x") = p c (x") - pco 


(10.23) 
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The general solution to Equation (10.22)can he written as 


hpc{x ") — G exp I — J + H exp 


(w) 


where Lc — \~DcJca- If we assume that the collector is long, then the coefficient ^ 
must be zero since the excess concentration must remain finite. The second boundaf 
condition gives 


Spcix" = 0) = <5p c (0) = p c (x" = 0) - pea = 0 - pco = -p c a (10.2 

The excess minority carrier hole concentration in the collector is then given as 


&Pc(x") = -pro exp | 


This result is exactly what we expect from the results of a reverse-biased pn junctio 


TEST YOUR UNDERSTANDING 


E10.3 Consider the collector region of an npn bipolar transistor biased in the forward ac- 
tive region. At whet value of .v". compared to Lc , does the magnitude of the minor- 
ity carrier concentration reach 95 percent of the thermal equilibrium value. 

(t'% "suy) 


10.2.2 Other Modes of Operation 


The bipolar transistor can also operate in the cutoff, saturation, or inverse-active mode. 
We will qualitatively discuss the minority carrier distributions for these operating 
conditions and treat the actual calculations as problems at the end of the chapter. ! 

Figure 10.16a shows the minority carrier distribution in an npn bipolar transis- 
tor in cutoff. In cutoff, both the B-E and B-C junctions are reverse biased: thus, the. 



(a) (b) 

Figure 10.16 1 Minority carrier distribution in an npn bipolar transistor operating in (a) cutoff and (b) saturation 
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Figure 10.17 I (a) Minorily carrier distribution in an npn bipolar transistor operating in the inverse-active mode. 

(b) Cross section of an npn bipolar transistor showing the injection and collection of electrons in the inverse-active 
mode. 


minority carrier concentrations are zero at each space charge edge. The emitter and 
collector regions are assumed to be "long" in this figure, while the base is narrow 
compared with the minority carrier diffusion length. Since <SC Lg, essentially all 
minority carriers are swept out of the base region. 

Figure 10.16b shows the minority carrier distribution in the npn bipolar transis- 
tor operating in saturation. Both the B-Eand B-C junctions are forward biased; thus, 
excess minority carriers exist at the edge of each space charge region. However, 
since a collector current still exists when the transistor is in saturation, a gradient will 
still exist in the minority carrier electron concentration in the base. 

Finally, Figure 10.17a shows the minority carrier distribution in the npn transis- 
tor for the inverse-active mode. In this case, the B-E is reverse biased and the B-C is 
forward biased. Electrons from the collector are now injected into the base. The 
gradient in the minority carrier electron concentration in the base is in the opposite 
direction compared with the forward-active mode, so the emitter and collector cur- 
rents will change direction. Figure 10,17b shows the injection of electrons from the 
collector into the base. Since the B-C area is normally much larger than the B-E area, 
not all of the injected electrons will be collected by the emitter. The relative doping 
concentrations in the base and collector are also different compared with those in the 
base and emitter; thus, we see that the transistor is not symmetrical. We then expect 
the characteristics to be significantly different between the forward-active and 
inverse-active modes of operation. 


10.3 t LOW-FREQUENCY COMMON-BASE 
CURRENT GAIN 

The basic principle of operation of the bipolar transistor is the control of the collec- 
tor current by the B-E voltage. The collector current is a function of the number of 
majority carriers reaching the collector after being injected from the emitter across 
the B-E junction. The common-base current gain is defined as the ratio of collector 
current to emitter current. The flow of various charged carriers leads to definitions of 
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particular currents in the device. We can use these definitions to define the current 
gain of the transistor in terms of several factors. 


10.3.1 Contributing Factors 




Figure 10.18 shows the various particle flux components in the npn bipolar transis- 
tor. We will define the various flux components and then consider the resulting cur- 
rents. Although there seems to be a large number of flux components, we may help^ 
clarify the situation by correlating each factor with the minority carrier distributio 
shown in Figure 10.14. 


The factor J F is the electron flux injected from the emitter into the base. Ast 


electrons diffuse across the base, a few will recombine with majority carrier hok 
The majority carrier holes that are lost by recomhination must be replenished f om 
the base terminal. This replacement hole flux is denoted by The electron flux 
that reaches the collector is J nC . The majority earner holes from the base that arc in- 


jected back into the emitter result in a hole flux denoted by J U ■ Some electrons and 


holes that are injected into the forward-biased B-E space charge region will recom- 
bine in this region. This recombination leads to the electron flux . Generation of 
electrons and holes occurs in the reverse-biased B-C junction. This generation yields 
a hole flux Jq. Finally, the ideal reverse-saturation current in the B-C junction is 
denoted by the hole flux . 

The corresponding electric current density components in the npn transistor are ^ 
shown in Figure 10.19 along with the minority carrier distributions for the forward 
active mode. The curves are the same as in Figure 10.14. As in the pn junction, the j 
currents in the bipolar transistor are defined in terms of minority carrier diffusio 
currents. The current densities are defined as follows: 


J„E'- Due to the diffusion of minority carrier electrons in the base at x ~ 0. 
J„c'. Due to the diffusion of minority carrier electrons in the base at x = 

J kb - The difference between J„e and J n c , which is due to the recomhination 
of excess minority carrier electrons with majority carrier holes in the base. The 
Jbb current is the flow of holes into the base to replace the holes lost by 
recombination. 

Jpg : Due to the diffusion of minority carrier holes in the emitter at x' — 0. 



Figure 10.18 1 Particle current density or flux components in 
an npn bipolar transistor operating in the fanvard-activemode 
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Figure 10.19 I Current density components in an npn bipolar transistor operating in the 
forward-active mode. 


Jr: Due to the recombination of carriers in the forward-biased B-E junction. 
J pc 0 : Due to the diffusion of minority carrier holes in the collector at x" — 0. 
Jtj: Due to the generation of carriers in the reverse-biased B-C junction. 


The currents Jrr, J P £. and Jr are B-E junction currents only and do not con- 
tribute to the collector current. The currents J pM and Jq are B-C junction currents only. 
These current components do not contribute to the transistor action or the current gain. 
The dc common-base current gain is defined as 


«0 - y- ( 10 . 27 ) 

If we assume that the active cross-sectional area is the same for the collector and 
emitter, then we can write the current gain in terms of the current densities, or 


Jc _ J„c + Jg + JpcO 
J E JnE + JR + JpE 


( 10 . 28 ) 


We are primarily interested in determining how the collector current will change 
with a change in emitter current. The small-signal, or sinusoidal, common-base cur- 
rent gain is defined as 


<JJc _ JnC 

HJe JnF. + Jr + JpE 


( 10 . 29 ) 


The reverse-bias B-C currents, Jg and J pc o, are not functions of the emitter current. 
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We can rewrite Equation (10.29) in the form 

^ ( JnE \ / 'AiC 'j / fiE “h JpE 

V JnE "T JpE ) V fiE ) \ *Ai E T J p “1“ J ' pE 


or 


a = yaj-S 

The factors in Equation (10.30b) are defined as: 

V 


(10.30a 


(10.30 


= ( — — - E J s emitter injection efficiency factor (10.31a| 

\f»E + JpE ) 1 


a r 


5 = 


= (-) 

y fJ+j rC 


s base transport factor 


JrE + Jr + J] 


= recombination factor 


(10.3 lb 


(10.3lcj 


pE 


We would like to have the change in collector current be exactly the same as 
change in emitter current or. ideally, to have a ~ 1 . However, a consideration c| 
Equation (10.29) shows that c t will always be less than unity. The goal is to make 
as close to one as possible. To achieve this goal, we must make each term in Equ 
tion (10.30b) as close to one as possible, since each factor is less than unity. 

The emitter injection efficiency factor y takes into account the minority came 
hole diffusion current in the emitter. This current is part of the emitter current, bi 
does not contribute to the transistor action in that J p £ is not part of the collector cur 
rent. The base transport factor aj takes into account any recombination of exce 
minority carrier electrons in the base. Ideally, we want no recombination in the bast 
The recombinution factor 8 takes into account the recombination in the forwarc 
biased B-E junction. The current Jp contributes to the emitter current, but does nc 
contribute to collector current. 


10.3.2 Mathematical Derivation of Current Gain Factors I 

We now wish to determine each of the gain factors in terms of the electrical and| 
geometrical parameters of the transistor. The results of these derivations will show! 
how the various parameters in the transistor influence the electrical properties ofj 
the device and will point the way to the design of a " good bipolar transistor. I 


Emitter Injection Efficiency Factor Consider, initially, the emitter injection effi-l 
ciency factor. We have from Equation (10.3 1 a) 


Y - 




(10.32) 


We derived the minority carrier distribution functions for the forward-active mode 
in Section 10.2.1. Noting that J„e, as defined in Figure 10.19, is in the negative 
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fjt direction, we can write the current densities as 

d(Sp E {x')) 


J pE — & D E ~ 


dx' 


(10.33a) 


x'=0 


and 


JnE = (- )eD B d(8n B (x )) 
dx 


(10.33b) 


jc = 0 


where &p E (x') and Sng(x) are given by Equations (10.21) and (10.15), respectively. 
Taking the appropriate derivatives of 8p E (x') and Sn B (x), we obtain 


JpE = 


eD E p£o 


exp 


(^)-v 


1 


tanh (x E /L E ) 


(10.34a) 


and 


JnE = 


E Dp tig o 


[exp (eV BE /kT) _ 1] 


L b | sinhU/j/Lij) 


tanh ( x b /L b ) 


Positive J pE and J nE values imply that the currents are in the directions shown in 
Figure 10.19. If we assume that the B-E junction is biased sufficiently far in the for- 
ward bias so that V BE » kT /e, then 


exp 




BE 


kT 


» I 


and also 


cxp(eV BE /kT) 




1 


tanh (Xn/Lp) sinh (x B /L B ) 

The emitter injection efficiency, from Equation (10.32), then becomes 


1 


V = 


PeqVeTb tanh (.rg/Lg) 


n B oD B L E tanh(x E /L E ) 


(10.35a) 


If we assume that all the parameters in Equation (10.35a) except p E o and ngo are 
fixed, then in order for y 1, we must have p E o 4C n B q. We can write 

nj nf 

PE0 = n~ e and ” = Np 

where N E and Ng are the impurity doping concentrations in the emitter and base, re- 
spectively. Then the condition that p E Q <K ngo implies that N E » N B . For the emit- 
ter injection efficiency to be close to unity, the emitter doping must be large com- 
pared to the base doping. This condition means that many more electrons from the 
n-type emitter than holes from the p-type base will be injected across the B-E space 
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charge region. If both x B -C Lb and x B <K Lg, then the emitter injection efficient 
can be written as 


1 

i i H[i h 
Ng D b xe 


(10.35b) 


Base Transport Factor The next term to consider is the base transport factor, 
given by Equation (10.31b) as aj = J„c/J n E ■ From the definitions of the current 
directions shown in Figure 10.19, we can write 


JnC = (~)eD B 


d{&n B (x)) 


and 


JnE ~ {—)eDg 


dx 

d(8n B (x)) 


(10.36a) 


X-X B 


dx 


(1 0.36b) 


1.x =0 


Using the expression for 8n B (x) given in Equation (10.15), we find that 


nC 


, _ eD B n H o f \exp(eV B E/kT) _ 1] + 


1 


1 sinh (x b /L b ) 


tanh {xb/Lb) 


(10.37) 


The expression for J nB was given in Equation (10.34a). 

If we again assume that the B-E junction is biased sufficiently far in the forward 
bias so that V B t: » kT/e, then exp (eV BE /kT) 3> 1. Substituting Equations (10.37) 
and (10.34b) into Equation (10.31b), we have 


J„c expieVsc/ kT) +cosh {xb(L b ) 
J„e 1 + exp {eV BE /kT) cosh {x B /L R ) 


(10.38) 


In order for u/j to be close to unity, the neutral base width x B must be much smal- 
ler than the minority carrier diffusion length in the base L B . If x B ^ L B , tlren 
cosh (x B /L B ) will be just slightly greater than unity. In addition, if exp (eVsE/ 
kT ) 1 , then the base transport factor is approximately j 



(10.39a) 


For x B <SC L b , we may expand the cosh function in a Taylor series, so that 


1 


«T 


cosh ( Xb/Lb ) 


1 + -( x b/Lb) 2 


2 < xb/Lb)" 


(10.39b) 


The base transport factor ar will be close to one if x# <SC L B . We can now see why 
we indicated earlier that the neutral base width x B would be less than L B . 
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Recombination Factor The recombination factor was given by Equation (10.3 lc). 
Y\C can write 

S = JnE + J - pE - « ■■ J " - = - I (10.40) 

■/«£ + Jr + JpE Ji’E + Jr 1 + Jr/ J nE 

W; have assumed in Equation (10.40) that J p e <SC J p e- The recombination current 
density, due to the recombination in a forward-biased pn junction, was discussed in 
Chapter 8 and can be written as 

, exBEni (eV BE \ (eV BE \ 

'''' = -itr exp liH r ) =Jr " exp liFFj ,10 ' 41) 

where x b e is the B-E space charge width. 

The current J„e from Equation (10 34b) can be approximated as 


JnE = J s 0 exp 


(10.42) 


_ eD D tiBQ 
i0 Lgtanh (xn/Lg) 

The recombination factor, from Equation (10.40), can then be written as 


(10.41) 


JrO ( —eVBE \ 


(10.44) 


f The recombination factor is a function of the B-E voltage. As V BE increases, the 
recombination current becomes less dominant and the recombination factor 

I approaches unity. 

The recombination factor must also include surface effects. The surface effects 
can be described by the surface recombination velocity as we discussed in Chapter 6. 
Figure 10.20a shows the B-E junction of an npn transistor near the semiconductor 
surface. We will assume that the B-E junction is forward biased. Figure 10.20b 
shows the excess minority carrier electron concentration in the base along the cross 
section A-A'. This curve is the usual forward-biased junction minority carrier con- 
centration. Figure 10.20c shows the excess minority carrier electron concentration 
along the cross section C-C' from the surface. We showed earlier that the excess con- 
centration at a surface is smaller than the excess concentration in the bulk material. 
With this electron distribution, there is a diffusion of electrons from the bulk toward 
the surface where the electrons recombine with the majority carrier holes. Fig- 
ure 10.20d shows the injection of electrons from the emitter into the base and the dif- 
fusion of electrons toward the surface. This diffusion generates another component 
of recombination current and this component of recombination current must be 
included in the recombination factor S. Although the actual calculation is difficult 
because of the two-dimensional analysis required, the form of the recombination 
current is the same as that of Equation (10.41). 
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Figure 10.20 I The surface at the E-B junction showing the diffusion of carriers toward the 
surface. 


10.3.3 Summary ■ 

Although we have considered an npn transistor in all of the derivations, exactly the® 
same analysis applies to a pnp transistor; the same minority carrier distributions will 
be obtained except that the electron concentrations will become hole concentrations 
and vice versa. The current directions and voltage polarities will also change. 

We have been considering the common-base current gain, defined in Equa- 
tion (10.27) as ffo = 1,-//-The common-emitter current gain is defined as /Jq = 
IcPb ■ From Figure 10.8 we see that It = !b + lc- We can determine the relations 
between common-emitter and common-base current gains from the KCL equation. | 
We can write 


k 



Substituting the definitions of current gains, we have 

j_ _ J_ 

cfo Po 

Since this relation actually holds for hoth dc and small-signal conditions, we can 
drop the subscript. The common-emitter current gain can now be written in terms of 
the common-base current gain as 


/* = 


a 


The common-base current gain, in terms of the common-emitter current gain, is 
found to be 


10.3 Low-Frequency Common-Base Current Gain 




Table 10.3 I Summary of limiting factors 

Emitter injection efficiency 


r 


Ng De Xg 


1 + 


N e Dg xe 

Base transport factor 

I 


“r 


Recombination factor 


+ 2 


(£) 


(xg <K Lg), (xf. Le) 


(x B <K La) 


S = 


r 




Jro (—eVaF.\ 

To exp l^~J 


i + 


Common-base current gain 

a = yaj 5 


1 i ^ 

Ne Dg 


xg I /-fj V Jr o ( ~ zVm 

Te^-Au) + ^ exp b^r 


Common-emitter current gain 




« A'h Dr 1 /* B V 7,o ( -eVg K \ 
N e ' D b ' x t: 2\L„) + J s0 eXP l 2k T ) 


Table 10.3 summarizes the expressions for the limiting factors in the common 
base current gain assuming that xb <SC L B and Xe L e . Also given are the approx- 
imate expressions for the common-base current gain and the common-emitter current 
gain. 

10.3.4 Example Calculations of the Gain Factors 

If we assume a typical value of /3 to be 100, then a = 0.99. If we also assume that 
y = ot T — S . then each factor would have to be equal to 0.9967 in order that 
^ - 100. This calculation gives an indication of how close to unity each factor must 
be in order to achieve a reasonable current gain. 


„b.ective 
O J 

To design the ratio of emitter doping to base doping in order to achieve an emitter injection 
efficiency factor equal toy = 0.9967. 

Consider an npn bipolar transistor. Assume, for simplicity, that D l; = Dg,L E = L e . and 


DESIGN 
EXAMPLE 10.1 
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Solution 

Equation (10.35a) reduces to 


1 1 



If the base width is less than approximately 0.8 //rn, then the required base transport facta 
will be achieved. In most cases, the base transport factor will not be the limiting factor in thi 
bipolar transistor current gain. 


10.3 Low-Frequency Common-Base Current Gar 


* | 

=_ _ ”” ” =_ ” = _ _ ~ ~ ™ _ ~ =_— "" Objective | example 10.3 

To calculate the Forward-biased B-E voltage required to achieve a recombination factor equal 
to6 = 0.9967. 

1 Consider an npn bipolar transistor at T = 300 K. Assume that J r{) — 10 8 A/cm 2 and 
p that /jo = 10- 11 A/cnr. 

■ Solution 

The recombination factor, from Equation (10.44), is 


c 


We then have 


S = 


1 


i i ^ r ^ 

1 H exp 

Js 0 


0.9967 


1 + 


10~ 8 

10 -" 



1 



Wfe can rearrange this equation and write 


exp 



0.9967 x 10 3 
1 - 0.9967 


= 3.02 x I0 5 


V BE = 2(0.0259) In (3.02 x I0 5 ) = 0.654 V 


■ Comment 

This example demonstrates that the recombination factor may be an important limiting factor 
in the bipolar current gain. In this example, if V BE is smaller than 0.654 V, then the recombi- 
nation factors will fall below the desired 0.9967 value. 


Objective | example iq.4 

To calculate the common-emitter current gain of a silicon npn bipolar transistor at T = 300 K 
given a set of parameters. 

Assume the following parameters: 


Dt 

= 10cm 2 /s 

x B 

= 0.70 

/im 

D s -- 

= 25 cm 2 /s 

Xe 

= 0.50 

gin 

TfiO = 

= 1 x 10" 7 s 

Ne 

= 1 X 

10 1H cur 3 

= 

= 5 x 10' 7 s 

n b 

= 1 X 

10 16 cm” 3 

JrO - 

= 5 x 10 -8 A/cm 2 

Vbf 

= 0.65 

V 
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The following parameters are calculated: 

(1.5 x 10 10 ) 2 
Pe ° ~ 1 x 10 18 


= 2.25 x 10 2 crrT 


(1.5 xlO 10 ) 2 ia4 

" fln = 1 x i 0 i6 ' = 2 - 25 x 10 cm • 

L f . = \[DeTe u = 10 3 cm 
Lb — \/Ojrjo = 3.54 x 10 -3 cm 

■ Solution 

The emitter injection efficiency factor, from Equation (10.35a), is 

_ _1 

V ~ 1 (2.25 x 10 2 )(10)(3.54 x lO” 3 ) tanh (0.0198) 

+ (2.25 x 10 4 )(25)(10- 3 ) tanh (0.050) 

The base transport factor, from Equation (10.39a) is 


= 0.9944 


( 0.70 x 10- 4 ' 

cosh — - 

\ 3.54 X lO" 3 , 

The recombination factor, from Equation (10.44), is 


= 0.9998 


x 10~ 8 ( -0.65 \ 

J. o ^ l 2(0.0259)7 


eP B n B9 _ (1.6 x 10~ l9 )(25)(2.25 x 10 4 ) = 

.{x B \ 3.54 x !0- 3 tanh (1.977 x 10“ 2 ) X A/cm 2 


L b tanh 


We can now calculate 8 — 0.99986. The common-base current gain is then 
a = ya T 8 = (0.9944) (0.9998) (0.999S6) = 0.99406 
which gives a common-emitter current gain of 

a 0.99406 | 

^ ~ 1 -a ~ 1 ^0.99406 “ 167 


■ Comment 

In this example, the emitter injection efficiency is the limiting factor in the current gain. 



TEST YOUR UNDERSTANDING 


NOTE: In Exercises E10.4 through E10. 9, assume a silicon npn bipolar transistor at T = 30QK 
has the following minority carrier parameters: = 8 cm 2 /s, D B = 20 cm 2 /s, D c = 12 cmVs, 

teo = 10 8 s, Tbo = 10 -7 s. Tea = 10 6 s. 
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EL0.4 If the emitter doping concentration is N E = 5 x 10 1S cm 3 , find the base doping 
concentration such that the emitter injection efficiency is y — 0.9950. Assume 
x E =2 x b — 2 fim. ( f -u» 9 ,01 x £01 = 8 N SU V) 

E10.5 Assume that <x T - S - 0.9967, x B = x t = I jrm, /V* = 5 x I0 16 cm' 3 , and N E = 
5 x 1 0 18 cm -3 . Determine the common emitter current gain fi. (£'26 = d ’ SU Y) 

E10.6 Determine the minimum base width x B such that the base transport factoris 
a r = 0.9980. (wrt S68'0 = 8 x ’suy) 

E10. 7 Assume that y = S — 0.9967 and x B — 0.80 /rm. Determine the common-emitter 
current gain f}. (\Z\ = d ' SU V) 

E10.8 If J r (> = 10“ 8 A/cm- and J s0 = 10~ 1! A/cm 2 , find the value of V BE such that 
<5 = 0.9960. (A 9£t9'0 = 18 A ' SU V) 

EL0.9 Assume that y — a T - 0.9967 . J r0 = 5 x 10 -9 A/cm 2 , J s o — 10 _n A/cm 2 , and 
V BE = 0.585 V. Determine the common-emittercurrentgain p. (VLL = ' SU V) 


10.4 I NONIDEAL EFFECTS 

In all previous discussions, we have considered a transistor with uniformly doped re- 
gions, low injection, constant emitter and base widths, an ideal constant energy 
bandgap, uniform current densities, and junctions which are not in breakdown. If any 
of these ideal conditions are not present, then the transistor properties will deviate 
from the ideal characteristics we have derived. 


10.4.1 Base Width Modulation 

We have implicitly assumed that the neutral base width xg was constant. This base 
width, however, is a function of the B-C voltage, since the width of the space 
charge region extending into the base region varies with B-C voltage. As the B-C 
reverse-bias voltage increases, the B-C space charge region width increases, which 
reduces Xg. A change in the neutral base width will change the collector current as 
can be observed in Figure 10.21. A reduction in base width will cause the gradient 
in the minority carrier concentration to increase, which in turn causes an increase in 
the diffusion current. This effect is known as base width modulation; it is also 
called the Early effect. 

The Early effect can be seen in the current- voltage characteristics shown in Fig- 
ure 10.22. In most cases, a constant base current is equivalent to a constant B-E volt- 
age. Ideally the collector current is independent of the B-C voltage so that the slope 
of the curves would be zero; thus the output conductance of the transistor would be 
zero. However, the base width modulation, or Early effect, produces a nonzero slope 
and gives rise to a finite output conductance. If the collector current characteristics 
are extrapolated to zero collector current, the curves intersect the voltage axis at a 
point that is defined as the Early voltage. The Early voltage is considered to be a pos- 
itive value. It is a common parameter given in transistor specifications; typical val- 
ues of Early voltage are in the 100- to 300-volt range. 
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Moving space 

charge edge 
with increasing 
C-B voltage 


Figure 10.21 1 The change in the base width and the change 
in the minority carrier gradient as the B-C space charge 
width changes. 



Figure 10.22 I The collector current versus collector- 
emitter voltage showing the Early effect and Early voltage. 


From Figure 10.22, we can write that 
die 


dV, 


CE 


So 


k 


Vce + Va 


(10.45a 


where V a and l-T; t are defined as positive quantities and gp is defined as the outp 
conductance. Equation (10.45a) can be rewritten in the form 


k = go(VcE + V A ) 


(10.45bn 


showing explicitly that the collector current is now a function of the C-E voltage or] 
the C-B voltage. 


EXAMPLE 10.5 | Objective ~ 

To calculate the change in the neutral base width with a change in C-B voltage. 

Consider a uniformly doped silicon bipolar transistor at T = 300 K with a base doping of 
N b = 5 x ]0 le eirT 3 and a collector doping of AC == 2 x !0 15 cirT 3 . Assume the metallurgical 
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base width is 0.70,um. Calculate the change in the neutral base width as the C-B voltage 
changes from 2 to 10 V. 


■ Solution 

The space charge width extending into the base region can be written as 


x,ib 


2€,'(Vji j + Vcb) 1 

e ' (N a + N c ) 


1/2 


2(11.7)(8.85 x IO -l4 )(Vi,j + Vcb) .. 

'2xl0 15 1 1 

1.6 x 10- 19 

_5 x 10 16 (5 x IQ 1 ” + 2 x 10 15 J 


which becomes 

*dB = ((9.96x 10- ,J )(V fci + V CB )\ m 

The built-in potential is 



e 


\ n b n c 


0.718 V 


For V C b - 2 V, we find xjg — 0.052 gra, and for V cs = 10 V, we findxjg = 0.103 jum. If 
we neglect the B-E space charge region, which will be small because of the forward-biased 
junction, then we can calculate the neutral base width. For VV- B =2 V. 


Xb = 0.70 — 0.052 - 0.648 gm 


and for V, ■ K = 10 V, 


x B - 0.70 - 0.103 = 0.597 /im 


■ Comment 

This example shows that the neutral base width can easily change by approximately 8 percent 
as the C-B voltage changes from 2 to 10 V. 


Objective | EXAMPLE 10.6 

To calculate the change in collector current with a change in neutral base width, and to esti- 
mate the Early voltage. 

Consider a uniformly doped silicon npn bipolar transistor with parameters described in Ex- 
ample 10.5. Assume D$ = 25 cnr/s, and \'be = 0.60 V, and also assume that x B « L e . 

■ Solution 

The excess minority carrier electron concentration in the base is given by Equation (10. 15) as 
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If AT; <K Lb. then (xg — a) <S L k so we can write the approximations 

sinh (S) (£) and sinhl 


( Xb - £ \ - * \ 

' L» / 


The expression for Sn^x) can then he approximated as 

I exp | I - 1 1 Ufl - a) - a 


s , ^ "so 

5«b(a) ^ 

As 


(eV BE \ 

V ) 


The collector current is now 


, „ d(Sn B ( a)) eDaiitu) , eVW , 

lie I = eDa — % — exp ( -^r | 


dx 


Xu 


The value of nno is calculated as 


nj (1.5 x 10 10 ) 2 


" so Nb “ 5 x 10 16 


= 4.5 x 10 5 cm- 


If we let a b - 0.648 /um when V c u = 2 V (V C e = 2.6 V), then 


I id = 


(1.6 x 10- 19 ){25)(4.5 x I0 3 ) / 0.60 \ 

= cxn I 1 

\ 0.025! 


0.648 x 10- 4 


cxp[ ) — 3.20A/cnr 

"0259/ 


Now let xh = 0.597 fiin when V c n = 10 V (V CE = 10.6V). In this case we have 
3.47 A/cm 3 . From Equation ( 1 0.45a), we can write 


if |=i 


d J E 


Jc 


A J c 


dV CE V CF . + V a AV ce 


Using the calculated values of current and voltage, we have 3 

A J c 3.47 — 3.20 J c _ 3.20 

AVck ~ 10.6 - 2.6 ~ V CE + ^ 2.6 + V, l 

The Early voltage is then determined to be 

K A ^ 92 V I 

■ Comment 

This example indicates how much the collector current can change as the neutral base width 
changes with a change in the B-C space charge width, and it also indicates the magnitude of 
the Early voltage. 


The example demonstrates, too, that we can expect variations in transistor prop- 
erties due to tolerances in transistor-fabrication processes. There will be variations, 
in particular, in the base width of narrow-base transistors that will cause variations in 
the collector current characteristics simply due to the tolerances in processing. 



10.4 Nonideal Effects 


401 


I 

m TEST YOUR UNDERSTANDING 

*10.10 A particular transistor has an output resistance of 200 k£2 and an Early voltage of 
V A =■. ! 25 V. Determine the change in collector current when V C f. increases from 

| 2 V to 8 V. (V 7 ^ 0C = J IV ' SU V.) 

felO.ll (n) If. because of fabrication tolerances, the neutral hase width for a set of transis- 
tors varies over the range of 0.800 < x B < 1 ,00 /nn. delermine the variation in the 
base transport factor a T . Assume L B -- 1.414 x 10~ 3 cm. (b) Using the results of 
part f a) and assuming y = S = 0.9967, what is the variation in common emitter 
current gain. I III > d > 601 (l l) T866'0 > l *> > SL66 0 (») suy] 


10.4.2 High Injection 

^The ambipolar transport equation that we have used to determine the minority carrier 
distributions assumed low injection. As increases, the injected minority carrier 
concentration may approach, or even becomelarger than, the majority carrier concen- 
tration, If we assume quasi-charge neutrality, then the majority carrier hole concen- 
tration in the p-type base at x = 0 will increase as shown in Figure 10.23 because 
of the excess holes. 

Two effects occur in the transistor at high injection. The first effect is a reduction 
inemitter injection efficiency. Since the majority carrier hole concentration at x — 0 
increases with high injection, more holes are injected back into the emitter because 
of the forward-biased B-E voltage. An increase in the hole injection causes an in- 
crease in the J p g current, and an increase in J p e reduces the emitter injection effi- 
ciency. The common, emitter current gain decreases, then, with high injection. Fig- 
ure 10.24 shows a typical common-emitter current gain versus collector current 

i 



Figure 10.23 1 Minority and majority 
carrier concentrations in the base under 
low and high injection (solid line: low 
injection: dashed line: high injection). 



Collector current (A) 


Figure 10.24 t Common-emitter current 
gain versus collector current. 

I From Shur / 13 1. } 
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curve. The low gain at low currents is due to the small recombination factor and the 
drop-off at the high current is due to the high-injection effect. 

We will now consider the second high-injection effect. At low injection, them 
jority carrier hole concentration at x — 0 for the npn transistor is 


Ppity — PpQ — N a 


(10.46a) 


and the minority carrier electron concentration is 


(eV BE \ 
n pW — « P o ex P I —0T J 


The pn product is 


P p (0)n p (0) = Pponpo exp 


m 



At high injection. Equation (10.46c) still applies. However, p f ,( 0) will also increase, 
and for very high injection it will increase at nearly the same rate as n p (0). The in- 
crease in « p (0) will asymptotically approach the function 


« P ( 0) 


n p0 exp 




The excess minority carrier concentration in the base, and hence the collector cur- 
rent, will increase at a slower rate with B-E voltage in high injection than low injec- 
tion. This effect is shown in Figure 10.25. The high-injection effect is very similar to 
the effect of a series resistance in a pn junction diode. 



Figure 10.25 1 Collector current versus 
base-emitter voltage showing high- 
injection effects. 
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10.4.3 Emitter Bandgap Narrowing 


Another phenomenon affecting the emitter injection efficiency is bandgap narrow- 
ing. We implied from our previous discussion that the emitter injection efficiency 
(actor would continue to increase and approach unity as the ratio of emitter doping to 
base doping continued to increase. As silicon becomes heavily doped, the discrete 
donor energy level in an n-type emitter splits into a band of energies. The distance 
between donor atoms decreases as the concentration of impurity donor atoms in- 
creases and the splitting of the donor level is caused by the interaction of donor atoms 
with each other. As the doping continues to increase, the donor hand widens, be- 
comes skewed, and moves up toward the conduction hand, eventually merging with 
it. At this point, the effective bandgap energy has decreased. Figure 10.26 shows a 
plot of the change in the bandgap energy with impurity doping concentration. 

A reduction in the bandgap energy increases the intrinsic carrier concentration. 
The intrinsic carrier concentration is given by 


hj — N, N v exp 



( 10 . 48 ) 


In a heavily doped emitter, the intrinsic carrier concentration can he written as 


*<£ 


= N c N, exp 


-(Eft o - A £,,) 

kT 


= nj exp 


\ kT 


(10.49) 


where E g o is the bandgap energy at a low doping concentration and AE, is the 
bandgap narrowing factor. 

The emitter injection efficiency factor was given by Equation (10.35) as 


I 

j PeoDeLb tanh (xfl/Lfl) 
ft bo T>b Lc tan h (. x {■;/ Lf) 



Figure 10.26 1 Bandgap-narro wing factor versus donor 
impurity concentration in silicon. 

(From Sze [IS].) 
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The term ps o is the thermal-equilibrium minority carrier concentration in the emitter 
and must be written as 


Peq 


? 2 

n 'iE n i 

— = — exp 

N e N e 


m 


As the emitter doping increases, A increases; thus, /Jeo does not continue to de- 
crease with increased emitter doping. If p E i) starts to increase because of the bandga 
narrowing, the emitter injection efficiency begins to fall off instead of continuing! 
increase with increased emitter doping. 


example 10.7 | Objective 


To determine the increase in p E o in the emitter due to bandgap narrowing. 

Consider a silicon emitter at T = 300 K. Assume the emitter doping increases i 
10 !8 cm -3 to 10’ 9 cm -3 . Calculate the change in the p E n value. 

Solution 

For emitter dopings of N E =. 10 l!{ cm”’ and 10 l9 cm -3 , we have, neglecting bandgap 
narrowing. 


Pe o = tt- = 

AT 


n; (1.5 x 10 lu ) 2 


10 l; 


= 2.25 x 10 2 cm 


and 


Pe a = 


(1.5 x JO 10 ) 2 


10 19 


= 2.25 x 10 cm 


l ,.„'3 


Taking into account the bandgap narrowing, we obtain, respectively, for N E = I0 IS cm 3 and 
N e — 10 19 cm” 3 


Pe o = 


(1.5 x 10 10 ) 2 


10 1S 


exp 


0.030 

00259 


)- r 


16 x 10 2 cm 


and 


Pe o 


(1.5 x lO' 0 ) 2 
HP 9 



= 1.07 x 10’ cm” 3 


■ Comment 

If the emitter doping increases from 1 O' 8 to 10 1 9 cm” 3 , the thermal-equilibrium minority car- 
rier concentration actually increases ty a factor of 1.5 instead of decreasing ty the expected 
factor of 10. This effect is due to bandgap narrowing. 


As the emitter doping increases, the bandgap narrowing factor, AE,, will in- 
crease; this can actually cause p E o to increase. As p E o increases, the emitter injection 
efficiency decreases; this then causes the transistor gain to decrease, as in Figure 10.24. 
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A very high emitter doping may result in a smaller current gain than we anticipate be- 
cause of the handgap-narrowing effect. 

10.4.4 Current Crowding 

It is tempting to minimize the effects of base current in a transistor since the base cur- 
rent is usually much smaller than either the collector or the emitter current. Fig- 
ure 10.27 is a cross section of an npn transistor showing the lateral distribution of 
base current. The base region is typically less than a micrometer thick, so there can 
be a sizable base resistance. The nonzero base resistance results in a lateral potential 
difference under the emitter region. For the npn transistor, the potential decreases 
from the edge of the emitter toward the center. The emitter is highly doped, so as a 
first approximation the emitter can be considered an equipotential region. 

The number of electrons from the emitter injected into the base is exponentially 
dependent on the B-E voltage. With the lateral voltage drop in the base between the 
edge and center of the emitter, more electrons will be injected near the emitter edges 
than in the center, causing the emitter current to be crowded toward the edges. This 
current-crowding effect is schematically shown in Figure 10.28. The larger current 
density near the emitter edge may cause localized heatingeffectsas well as localized 
high-injection effects. The nonuniform emitter current also results in a nonuniform 
lateral base current under the emitter. A two-dimensional analysis would he required 
to calculate the actual potential drop versus distance because of the nonuniform base 
current. Another approach is to slice the transistor into a number of smaller parallel 
transistors and to lump the resistance of each base section into an equivalent external 
resistance. 

Power transistors, designed to handle large currents, require large emitter areas 
to maintain reasonable current densities. To avoid the current-crowding effect, these 
transistors are usually designed with narrow emitter widths and fabricated with an in- 
terdigitated design. Figure 10.29 shows the basic geometry. In effect, many narrow 
emitters are connected in parallel to achieve the required emitter area. 


Base Emitter 




Figure 10.27 I Cross section of an npn bipolar transistor 
showing the base current distribution and the lateral 
potential drop in the base region. 


Figure 10.28 I Cross section of an npn 
bipolar transistor showing the emitter 
current-crowding effect. 


(b) 


Figure 10.29 ! (a) Top view and (b) cross section of an 
interdigitated npn bipolar transistor structure. 


TEST YOUR UNDERSTANDING 

E10.12 Consider the geometry shown in Figure 10.30.The base doping concentration is 
N B — 10 16 em~-\ die neutral base width is x B = 0.80 p:m, die emitterwidth is 
S — lO^rm, and the emitter length is L - 10/rm. (a ) Determine the resistanceof 
die base between x = 0andx — 5/2. Assume a hole mobility of p ;l = 400cm 2 /V-$, 
(b) It' die base current in this region is uniform and given ty / fl / 2 = 5 p A, detemiine 
the potential difference between x = Oandx = S/2. (c) Using the results of part (b), 
what is the ratio of emitter current density atx = Ototharatx == S/2? 

[6£'9 P) ‘AW £8'8f W) LL 6 (») suy] 


*10.4,5 Nonuniform Base Doping 

In the analysis of the bipolar transistor, we assumed uniformly doped regions. Haw-: 
ever, uniform doping rarely occurs. Figure 10.31 shows a doping profile in a doubly 
diffused npn transistor. We can start with a uniformly doped n-type substrate, diffuse 
acceptor atoms from the surface to form a compensated p-type base, and then diffuse 
donor atoms from the surface to form a doubly compensated n-type emitter. T1m 
diffusion process results in a nonuniform doping profile. 
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A- = u x = s/2 

n collector 


Figure 10.30 1 Figure for E10.12. 



Figure 10.31 1 Impurity concentration 
profiles of a double-diffused npn bipolar 
transistor. 


We determined in Chapter 5 that a graded impurity concentration leads to an in- 
duced electric field. For the p-type base region in thermal equilibrium, we can write 


Then 


dp — - eD p - 0 

(10.51) 

e = + (TT)J_« 

V e ) N a dx 

(10.52) 


According to the example of Figure 10.31, dN u jdx is negative; hence, the induced 
electric field is in the negative x direction. 

Electrons are injected from the n-type emitter into the base and the minority car- 
rier base electrons begin diffusing toward the collector region. The induced electric 
field in the base, because of the nonuniform doping, produces a force on the electrons 
in the direction toward the collector. The induced electric field, then, aids the flow of 
minority carriers across the base region. This electric field is called an accelerating 
field. 
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The accelerating field will produce a drift component of current that is in ; 
tion to the existing diffusion current. Since the minority carrier electron concenti 
tion varies across the base, the drift current density will not he constant. The 1 
current across the base, however, is nearly constant. The induced electric field in I 
base due to nonuniform base doping will alter the minority carrier distribute 
through the base so that the sum of drift current and diffusion current will be aco 
slant. Calculations have shown that the uniformly doped base theory is very useful 
for estimating the base characteristics. 


10.4.6 Breakdown Voltage 


There are two breakdown mechanisms to consider in a bipolar transistor. The first: 
called punch-through. As the reverse-bias B-C voltage increases, the B-C space 
charge region widens and extends farther into the neutral base. It is possible for the 
B-C depletion region to penetrate completely through the base and reach the B-E 
space charge region, the effect called punch-through. Figure 1 0,32a shows the energy- 
band diagram of an npn bipolar transistor in thermal equilibrium and Figure 10.32^ 
shows the energy-band diagram for two values of reverse-bias B-C junction voltagi 
When a small C-B voltage, Vj?i, is applied, the B-E potential barrier is not affectetj 
thus, the transistor current is still essentially zero. When a large reverse-bias voltagi 
Vj?2, is applied, the depletion region extends through the base region and the B-i 
potential barrier is lowered because of the C-B voltage. The lowering of the potentii 
banier at the B-E junction produces a large increase in current with a very smaij 
increase in C-B voltage. This effect is the punch-through breakdown phenomenon. 

Figure 10.33 shows the geometry for calculating the punch-through voltage. As 
sume that Ny and Nc are the uniform impurity doping concentrations in the base an< 
collector, respectively. Let Wy be the metallurgical width of the base and let be th 
space charge width extending into the base from the B-C junction. If we neglect th 



Figure 10.32 [ Energy-band diagram of an npn bipolar transistor (a) in thermal 
equilibrium, and ( b) with a reverse-bias B-C voltage before punch-through, V' R 
and after punch-through, V R2 . 
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Figure 10.33 I Geometry of a bipolar 
transistor to calculate the punch-through 
voltage. 


narrow space charge width of a zero-biased or forward-biased B-E junction, then 
punch-through, assuming the abrupt junction approximation, occurs when A', m — Wg. 
We can write that 


XdB = Wr 


2e, '-(%,• + V pl ) _ Nc _ 1 ]' /2 

e N b Nc + Nr 


(10.53) 


where V, is the reverse-biased B-C voltage at punch-through. Neglecting V( n com- 
pared to V,,, , we can solve for V„, as 


_eW\ Np(N c + N B ) 

2£. s ' N c 


(10.54) 


~ Objective [ 

To design the collector doping and collector width to meet a punch-through voltage specification. 

Consider a uniformly doped silicon bipolar transistor with a metallurgical base width 
of 0.5 nm and a base doping of Nr — 10"’ c m \ The punch-through voltage is to be 
V r ,=25V. 

■ Solution 

The maximum collector doping concentration can be determined from Equation (10.54) as 

^ (1.6 x 10 19 )(0.5 x 10- , ) 2 (10 l6 )( J Vf + 10 16 ) 

2(11.7)(8.85 x 10- 14 )lVe 


which yields 


12.94 


+ 


10' 6 


N c = 8 38 x 10 u cm ' 5 


DESIGN 
EXAMPLE 10.8 



This n-type doping concentration in the collector must extend at least as far as the depletion 
width extends into the collector to avoid breakdown in the collector region. We have, using 
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results from Chapter 7, 


\ 2£ t (V u + V K ) (N b I V 

X " L e ' AV ' iV fi . N, I 


i/2 


Neglecting V compared to V K = V, ., we obtain 


'2(1 1.7)(8.85 x 10' l4 )(25) 

f 10' 6 \ 

( ' 'll 

1.6 xlO' 19 

y 8.38 x 10 M j 

V 10 l< > +8.38 x 10 14 ) 


-1 !/2 


x„ = 5.97 /tm 

■ Comment 

From Figure 8.25, the expected avalanche breakdown voltage for this junction is greater tha 
300 volts. Obviously punch-through will occur before the normal breakdown voltage in thi^ 
case. For a larger punch-through voltage, a larger metallurgical hase width will be requiri 
since a lower collector doping concentration is becoming impractical. A larger punch-throughl 
voltage will also require a larger collector width in order to avoid premature breakdown in this] 
region. 


[ TEST YOUR UNDERSTANDING 

E10.13 The metallurgical hase width of a silicon npn bipolar transistoris W& — 0.80 pm. 
The base and collector doping concentrations are Nr — 2 x 10 16 cm' 3 and 
N c = 10" cm' 1 . Find the punch-through breakdown voltage. (A 80Z ' SU V) 
E10.14 The base impurity doping concentration is N e =- 3 x 10 ,ft cm' 3 and the metallur- 
gical base width is W B = 0.70/cm. The minimum required punch-through 
breakdown voltage is specified to be V» = 70 V. What is the maximum allowed 
collectordoping concentration? (f- 1113 c|0[ x 18'£— J N ' SU V) 


The second breakdown mechanism to consider is avalanche breakdown, but tak- 
ing into account the gain of the transistor. 1 Figure 10.34a is an npn transistor with a 
reverse-bias voltage applied to the B-C junction and with the emitter left open. The 
current Icbo is the reverse-biased junction current. Figure 10.34b shows the transis- 
tor with an applied C-E voltage and with the base terminal left open. This bias con- 
dition also makes the B-C junction reverse biased. The current in the transistor for ; 
this bias configuration is denoted as I^eo ■ 

The current Icbo shown in Figure 10.34b is the normal reverse-biased B-C junc- 
tion current. Pan of this current is due to the flow of minority carrier holes from the 
collector across the B-C space charge region into the base. The Row of holes into the 


'The doping concentrations i n the base and collector of the transistor we assume to be small enough that 
Zener breakdown is not a factor to be considered. 


10.4 Nonideal Effects 



Figure 10.34 I (a) Open emitter configuration with saturation current Icbo - (b) Open base 
configuration with saturation current Iceo- 


base makes the base positive with respect to the emitter, and the B-E junction be- 
comes forward biased. The forward-biased B-E junction produces the current I c no ■ 
due primarily to the injection of electrons from the emitter into the base. The injected 
electrons diffuse across the base toward the B-C junction. These electrons are subject 
to all of the recombination processes in the bipolar transistor. When the electrons 
reach the B-C junction, this current component is oiIceo where a is the common base 
current gain. We therefore have 


Iceo = uIceo + Icbo 


(10.55a) 


! or 

Iceo = * PIcbo (10.55b) 

| 1 — a 

where fi is the common-emitter current pain. The reverse-biased junction current 
Icbo I s multiplied by the current gain fi when the transistor is biased in the open-base 
configuration. 

When the transistor is biased in the open-emitter configuration as in Figure 10.34a, 
thecurrent Icbo at breakdown becomes Icbo —> MIcbo, where Mis the multiplication 
factor. An empirical approximation for the multiplication factor is usually written as 


M = 


\ 

1 -(Vcb/BV C bo)" 


(10.56) 


where n is an empirical constant, usually between 3 and 6, and BV cb q is the B-C 
breakdown voltage with the emitter left open. 

When the transistor is biased with the base open circuited as shown in Fig- 
ure 10.34b, the currents in the B-C junction at breakdown are multiplied, so that 


l ceo = M (<xl ceo + Icbo) 


Solving for Iceo , we obtain 


ICEO — 


M Icbo 
1 — uM 


(10.57) 

(10.58) 


The condition for breakdown corresponds to 
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Figure 10.35 I Relative breakdown 
voltages and saturation currents of the 
open base and open emitter configurations 



Using Equation (10.56) and assuming that Vcb Vf-f, Equation (10.59) becomes 

a 


(K J 


1 - (BVceoI BVcro)" 
where BVceq is the C-E voltage at breakdown in the open base configuration. Solv- 


ing for B V CE 0 , we find 


B Vceo = B V CB() V 1 — a 
where, again, a is the common-base current gain. The common-emitter anif 


< 10 .| 


common-base current gains are related by 




1 — a 


(10.62; 


i 


Normally a ^ 1 , so that 


1 -a =« - 

P 


(T0.62M 


Then Equation (10.61) can be written as 


r 


BVceo — 


BVcbo 


VP 


(10.631 


The breakdown voltage in the open-base configuration is smaller, by the factor (//?, 
than the actual avalanche junction breakdown voltage. This characteristic is shown ii 
Figure 10.35. 


| Objective 


3 


10.9 


To design a bipolar transistor to meet a breakdown voltage specification. ^ 

Consider a silicon bipolar transistor with a common-emitter current gain of = 100 and 
a base doping concentration of Ns = 10 17 cm~ 3 . The minimum open-base breakdown voltage 
is to be 1 5 volts. 


1 0 . Eouivalent Circuit Models 


■ Solution 

Bon Equation (10. 63). the minimum open-emitter junction breakdown voltage must be 

BV, CBO = 1/PBVceo 

Assuming the empirical constant n is 3, we find 

BVcbo = \/T00(15) = 69.6 V 

Finn Figure 8.25, the maximum collector doping concentration should be approximately 
7 x 10 15 cm -3 to achieve this breakdown voltage. 

■ Comment 

In a transistor circuit, the transistor must be designed to operate under a worst-case situation. 
In this example, the transistor must be able to operate in an open-base configuration without 
going into breakdown. As we determined previously, an increase in breakdown voltage can be 
achieved ty decreasing the collector doping concentration. 


TEST YOUR UNDERSTANDING 

E10.15 A uniformly doped silicon transistor has base and collector doping concentrations 
of 5 x 10 16 cm~ 3 and 5 x 10 15 cm -3 , respectively. The common emitter current 
gain is fi = 85. Assuming an empirical constant value of n = 3, determine BV CE0 
(A9TZ'* U V) 

E10.16 The minimum required breakdown voltage of a uniformly doped silicon npn 

bipolar transistor is to be BVcto = 70 V. The base impurity doping concentration 
is N B — 3 x 10 16 cm~ 3 , the common-emitter current gain is ^1 = 85, and the 
empirical constant value is n — 3. Determine the maximum collector impurity 
doping concentration. (c- 1113 S iOI x 1 TV ' SU V) 


10.5 I EQUIVALENT CIRCUIT MODELS 

In order to analyze a transistor circuit either by hand calculations or using computer 
codes, one needs a mathematical model, or equivalent circuit, of the transistor. There 
are several possible models, each one having certain advantages and disadvantages. 
Adetailed study of all possible models is beyond the scope of this text. However, we 
will consider three equivalent circuit models. Each of these follows directly from the 
work we have done on the pn junction diode and on the bipolar transistor. Computer 
analysis of electronic circuits is more commonly used than hand calculations, but it 
is instructive to consider the types of transistor model used in computer codes. 

It is useful to divide bipolar transistors into two categories — switching and 
amplification — definedby their use in electronic circuits. Switching usually involves 
turning a transistor from its "off" state, or cutoff, to its "on" state, either forward- 
active or saturation, and then back to its “off ” state. Amplification usually involves 
superimposing sinusoidal signals on dc values so that bias voltages and currents are 
only perturbed. The Ebers-Moli model is used in switching applications; the hybrid- 
pi model is used in amplification applications. 
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*10.5.1 Ebers-Moll Model 


The Ebers-Moll model, or equivalent circuit, is one of the classic models of the bij 
lar transistor. This particular model is based on the interacting diode junctions and 
applicable in any of the transistor operating modes. Figure 10.36 shows the current 
directions and voltage polarities used in the Ebers-Moll model. The currents are 
fined as all entering the terminals so that 


h + h + fc = 0 


The direction of the emitter current is opposite to what we have considered up to 
point, but as long as we are consistent in the analysis, the defined direction does 


The collector current can be written in general as 


lc — &f!f — h 


where a f is the common hase current rain in the forward-active mode. In this mode. 
Equation (10.65a) becomes J 


lc — ctfh + A.' 


(10.65b) 


where the current l<s is the reverse-bias B-C junction current. The current If is 
given by 


- 1 

h - Ies [exp \ -k^- ) 


( 10 . 66 ) 


If the B-C junction becomes forward biased, such as in saturation, then we can write 
the current I R as 




Using Equations (10.66) and (10.67), the collector current from Equation (10,65a) 
can be written as 


' c = b (tt ) - ’] - '«b (tf) - 




( 10 . 68 ) 



Figure 10.36 I Current direction and 
voltage polarity definitions lor the 
Ebers-Moll model. 


10.5 Equivalent Circuit Models 



Figure 10.37 1 Basic Ebers-Moll equivalent circuit. 


Wb can also write the emitter current as 



I E - a K Iji - Ip 


Ie ~ urIcs 






H KT ) 

- 1 

- Ies 

bTTFj-'J 


(10.69) 


(10.70) 




The current is the reverse-bias B-E junction current and (Xr is the common base 
current gain for the inverse-active mode. Equations (10.68) and (10.70) are the clas- 
sic Ebers-Moll equations. 

Figure 10.37 shows the equivalent circuit corresponding to Equations (10.68) 
and (10.70). The current sources in the equivalent circuit represent current compo- 
nents that depend on voltages across otherjunctions. The Ebers-Moll model has four 
parameters: a E ,aR, / E s, and fcs- However, only three parameters are independent. 
The reciprocity relationship states that 

a fh:s — vrIcs (10.71) 


Since the Ebers-Moll model is valid in each of the four operating modes, we 
can, for example, use the model for the transistor in saturation. In the saturation 
mode, both B-E and B-C junctions are forward biased, so that V be > 0 and 
| Vflc > 0. The B-E voltage will be a known parameter since we will apply a voltage 
across this junction. The forward-biased B-C voltage is a result of driving the tran- 
sistor into saturation and is the unknown to be determined from the Ebers-Moll 
equations. Normally in electronic circuit applications, the collector-emitter voltage 
at saturation is of interest. We can define the C-E saturation voltage as 


Vet (sat) = V B e - V B c 


(10.72) 


We will find an expression for VcE(sat) by combining the Ebers-Moll equations. In 
the following example we see how the Ebers-Moll equations can be used in a hand 
calculation, and we may also see how a computer analysis would make the calcula- 
tions easier. 
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EXAMPLE 10.10 


Combining Equations (10.64) and (10.70), we have 


~(h+ Ic) = urIcs 



- 1 


- h 


t:s 


exp 


eV B 

kT 





If we solve for [exp (eV H( _ : /kT) — 1] from Equation (10.73). and substitute there 
ing expression into Equation (10.68), we can then find V BE as 


Vbe = V, I" 



o'/? ) + h 4- Ies( 1 


01f0/r) 


(10,74) 


where V, is the thermal voltage. Similarly, if we solve for [exp (eV BE / kT) - 1 1 from 
Equation (10.68), and substitute this expression into Equation (10.73), we can 


V BC as 


V BC = V t In 


arh — 0 ~ <xf)Ic + ArsO — <xf<xr) 
I ^cs(l — (Xf<Xr) 


« 

( 10 . 75 ) 


We may neglect the and les terms in the numerators of Equations (10.74) and 
(10.75). Solving for Vce(sat), we have 


Vce (sat) = V BE - V CB - V, In 


/ c d ~ Or) + h 

& f J ft — (1 — <*f)Ic 



( 10 . 76 ) 


The ratio of Ics to I E s can be written in terms of a E and oir from Equation (10.71). 
We can finally write 


Vce (sat) = V, In 


/c-(l - “«) + h 


L OtFh - (I - “e)/c 


or 


I 

(10.77) 


Objective 

To calculate the collector-emitter saturation voltage of a bipolar transistor at T = 300 K. 
Assume that a, . - 0.99. a, - 0.20. I c = I mA, and I R = 50 /rA. 

■ Solution 

Substituting the parameters into Equation (10.77). we have 


V C£ (sat)=: (0.0259) In 


(1)(1 — 0.2) + (0.05) 

/0.99 \ 1 

_ (0.99)(0.05) - (1 — 0.99)(1) 

vo.2o;j 


0.121 V 


■ Comment 

This V C£ (sat) value is typical of collector-zmitter saturation voltages. Because cf the lof 
function, V CE (sat) is not a strong function of l c or l R . 


10.5.2 Gummel-Poon Model 

The Gummel-Poon model of the BJT considers more physics of the transistor thar 
the Ehers-Moll model. This model can he used if, for example, there is a nonunifom 
doping concentration in the base. 
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I The electron current density in the base of an npn transistor can be written as 

J n =epMx)E + eD n ^^- (10.78) 

electric field will occur in the base if nonuniform doping exists in the base. This 
was discussed in Section 10.4.5. The electric field, from Equation (10.52), can be 
written in the form 


kT 1 dp(x) 
e p(x) dx 


( 10 . 79 ) 


where p(x) is the majority carrier hole concentration in the base. Under low injection, 
the hole concentration is just the acceptor impurity concentration. With the doping 
profile shown in Figure 10.31, the electric field is negative (from the collector to the 
emitter). The direction of this electric field aids the flow of electrons across the base. 

Substituting Equation (10.79) into Equation (10.78), we obtain 


\ 


kT 1 dp(x) 

J n - ep„n(x) — . — - 

e p(x) dx 


eD, 


dn(x ) 
dx 


Using Einstein's relation, we can write Equation (10.80) in the form 


(10.80) 


J„= 


eD„ 

p(x) 



dp (x) 
dx 


+ p(x) 


dn(x)\ 

dx ) 


, Equation (10.81) can be written in the form 


J„p(x) _ d(pn) 
eD„ dx 


eD„ _ d\pn) 
p(x) dx 


(10.81) 


(10.82) 


Integrating Equation (10.82) through the base region while assuming that the elec- 
tron current density is essentially a constant and the diffusion coefficient is a con- 
stant, we find 


A 

eD \ 


r rxK rx* dp( x ) 

/ p(x)dx= / dx - p(x B )n(x B ) - p{0)n(0) 

Jn JO Jo dX 


( 10 . 83 ) 


Assuming the B-E junction is forward biased and the B-C junction is reverse biased, 
we have «(0) = « so exp {Vre/V,) and n(xe) = 0- We may note that naoP = nf so 
that Equation (10. 83) can be written as 


, -eD„n}exp(V BE /V,) etno „ 

J " = A r ^ (I °- 84) 

/ 0 B p(x)dx 

The integral in the denominator is the total majority carrier charge in the base and is 
known as the base Gummel number; defined as Qb ■ 

If we perform the same analysis in the emitter, we find that the hole current den- 
sity in the emitter of an npn transistor can be expressed as 


-eD p n}exp(V B E/Vt) 

JA n(x') dx' 


(10.85) 
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The integral in the denominator is the total majority carrier charge in the emitterand 
is known as the emitter Gummel number, defined as Qe 

Since the currents in the Gummel-Poon model are functions of the total inte- 
grated charges in the base and emitter, these currents can easily be determined ia 
nonuniformly doped transistors. 

The Gummel-Poon model can also take into account nonideal effects, such 
the Early effect and high-level injection. 4 s the B-C voltage changes, the neui 
base width changes so that the base Gummel number changes. The change in 
with B-C voltage then makes the electron current density given by Equation (10.84) 
a function of the B-C voltage. This is the base width modulation effect or Early effect 
as discussed previously in Section 10.4,1. 

If the B-E voltage becomes too large, low injection no longer applies, which 
leads to high-level injection. In this case, the total hole concentration in the base in- 
creases because of the increased excess hole concentration. This means that the base 
Gummel number will increase. The change in base Gummel number implies, from 
Equation (10.84). that the electron current density will also change. High-level in- 
jection was also previously discussed in Section 10.4.2. 

The Gummel-Poon model can then he used to describe the basic operation of 
the transistor as well as to describe nonideal effects. 




10.5.3 Hybrid-Pi Model 


I 


Bipolar transistors are commonly used in circuits that amplify time-varying or sinu- 
soidal signals. In these linear amplifier circuits, the transistor is biased in the 
forward-active region and small sinusoidal voltages and currents are superimposed 
on dc voltages and currents. In these applications, the sinusoidal parameters are of in- 
terest, so it is convenient to develop a small-signal equivalent circuit of the bipolar 
transistor using the small-signal admittance parameters of the pn junction developed 
in Chapter 8. 

Figure 10.38a shows an npn bipolar transistor in a common emitter configura- 
tion with the small-signal terminal voltages and currents. Figure 10.38b shows the 
cross section of the npn transistor. The C. B, and E terminals are the external con- 
nections to the transistor, while the C', B', and E' points are the idealized internal col- 
lector, hase, and emitter regions. 

We can begin constructing the equivalent circuit of the transistor by considering 
the various terminals individually. Figure 10.39a shows the equivalent circuit 
between the external input base terminal and the external emitter terminal. The resis- 
tance r£, is the series resistance in the base between the external base terminal B and 
the internal base region B'. The B'-E r junction is forward biased, so C T is the junc- 
tion diffusion capacitance and r w is the junction diffusion resistance. The diffusion 
capacitance C T is the same as the diffusion capacitance Cj given by Equation (8.72), 
and the diffusion resistance r n is the same as the diffusion resistance rj given ty 
Equation (8. 35). The values of both parameters are functions of the junction current. 
These two elements are in parallel with the junction capacitance, which is C,,.. 
Finally, r ex is the series resistance between the external emitter terminal and the 



420 


EXAMPLE 10.11 


CHAPTER 10 The Bipolar Transistor 



Figure 10.40 ) Hybrid-pi equivalent circuit. 


internal emitter region. This resistance is usually very small and may he on the i 
of 1 to2 £2. 

Figure 10.39b shows the equivalent circuit looking into the collector termina 


The r c resistance is the series resistance between the external and internal collectdl 


connections and the capacitance C, is the junction capacitance of the reverse-biasecl 
collector-substrate junction. The dependent current source. V*v> is the collectcr| 
current in the transistor, which is controlled by the internal base-emitter voltage. The] 
resistance r o is the inverse of the output conductance go and is primarily due to the 
Early effect. 

Finally, Figure 10. 39c shows the equivalent circuit of the reverse-biased B'-C' 


junction. The C, parameter is the reverse-biased junction capacitance and r ^ is the 


reverse-biased diffusion resistance. Normally, r ^ is on the order of megohms and can 
be neglected. The value of C ^ is usually much smaller than but, because of the 
feedback effect which leads to the Miller effect and Miller capacitance, cannot be 
ignored in most cases. The Miller capacitance is the equivalent capacitance between 


B' andE' due to and the feedback effect, which includes the gain of the transistor. 


The Miller effect also reflects C, between the C and E terminals at the output. How- 
ever, the effect on the output characteristics can usually he ignored. 

Figure 10.40 shows the complete hybrid-pi equivalent circuit. A computer sim- 
ulation is usually required for this complete model because of the large number of 
elements. However, some simplifications can be made in order to gain an apprecia- 
tion for the frequency effects of the bipolar transistor. The capacitances lead to fre- 
quency effects in the transistor, which means that the gain, for example, is a function 
of the input signal frequency. ^ 


| Objective 

To determine, to a first approximation, the frequency at which the small-signal current gain 
decreases to 1/V2 of its low frequency value. 
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Figure 10.41 1 Simplified hybrid-pi 
equivalent circuit. 


Consider the simplified hybrid-pi circuit shown in Figure i 0.4 i . We are ignoring C,,, C s , 
r^, C,„ tq, and the series resistances. We must emphasize that this is a first order calculation 
and that Cp normally cannot be neglected. 

■ Solution 

At very low frequency, we may neglect C jT so that 

V„. = hr* and I, = g,„ V he = g m r* I t 

can then write 

, _ h _ 

•Ife 0 — , — Rm 

wher zhfci) is the low-frequency, small-signal common emitter current gain 
Taking into account C ny we have 

v be = h 


I 1 + jo>r^ C n J 


Then 


T — gnt l — lb 


*/ fO 


L 1 + j<° r x c .t J 

or the small-signal current gain can be written as 

hfe I) 




L 1 + j°>r x C„ J 


The magnitude of the current gain drops to 1 /-v/2 of its low-frequency value at / = 
Ijlnr^Cx ■ 

If, for example, r K — 2.6 kfi and — 4 pF, then 


f = 15.3 MHz 


■ Comment 

High-frequency transistors must have small diffusion capacitances, implying the use of small 
devices. 
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10.6 [ FREQUENCY LIMITATIONS 


The hybrid-pi equivalent circuit, developed in the last section, introduces frequency « 
fects through the capacitor-resistor circuits. We will now discuss the various physicd 
factors in the bipolar transistor affecting the frequency limitations of the device, anq 
then define the transistor cutoff frequency, which is a figure of merit for a transistor. 

10.6.1 Time-Delay Factors 

The bipolar transistor is a transit-time device. When the voltage across the B-Ejumcl 
tion increases, for example, additional carriers from the emitter are injected intothd 
base, diffuse across the base, and are collected in the collector region. As the fre-' 
quency increases, this transit time can become comparable to the period of the inputj 
signal. At this point, the output response will no longer be in phase with the input an 
the magnitude of the current gain will decrease. 

The total emitter-to-collector time constant or delay time is composed of fo 
separate time constants. We can write 

T er = T e -f T h + t,i + T t 



where 


i (r = emitter-to-collector time delay 
r ( , — emitter-base junction capacitance charging time 
Xj } — base transit time 
id = collector depletion region transit time 
r t — collector capacitance charging time 

The equivalent circuit of the forward-biased B-E junction was given in Fig-J 
ure 10.39a. The capacitance Cj c is the junction capacitance. If we ignore the seriesj 
resistance, then the emitter-base junction capacitance charging time is 


= r' e (C ie -f C p ) 


(10.87) 


where r' c is the emitter junction or diffusion resistance. The capacitance C„ includes 
any parasitic capacitance between the base and emitter. The resistance r' is found as 
the inverse of the slope of the l h versus V^/t curve. We obtain 


r -- 


kT I 
e /f 


( 10 . 88 ) 


where is the dc emitter current. 

The second term, r i,, is the base transit time, the time required for the minority 
carriers to diffuse across the neutral base region. The base transit time is related to the 
diffusion capacitance C % of the B-E junction. For the npn transistor, the electron cur- 
rent density in the base can he written as 


J n = -en D (x)v(x) 


(10.89) 
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where v{x) is an average velocity. We can write 

v(x) — dxjdt or dt — dxfv{x) 


The transit time can then be found by integrating, or 


= r dtss r*L = f 

Jo Jo V(x) Jo 


en B (x) dx 

i-J n ) 


(10.90) 


(10.91) 


The electron concentration in the base is approximately linear (see Example 10.6) so 
we can write 


n B (x) % n B o exp 


mi'- 


(10.92) 


and the electron current density is given by 


Jn — eDn 


dn B {x ) 


(10.93) 


The base transit time is then found by combining Equations (10.92) and (10.93) with 
Equation (10.91). We find that 

(10.94) 

The third time-delay factor is r<j, the collector depletion region transit time. As- 
suming that the electrons in the npn device travel across the B-C space charge region 
at their saturation velocity, we have 

(10.95) 

where Av f is the B-C space charge width and u., is the electron saturation velocity. 

The fourth time-delay factor, r c , is the collector capacitance charging time. The 
B-C is reverse biased so that the diffusion resistance in parallel with the junction 
capacitance is very large. The charging time constant is then a function of the collec- 
tor series resistance r c . We can write 

(10.96) 

where C„ is the B-C junction capacitance and (\ is the collector-to-substrate capaci- 
tance. The series resistance in small epitaxial transistors is usually small; thus the 
time delay r,. may be neglected in some cases. 

Example calculations of the various time-delay factors will he given in the next 
section as part of the cutoff frequency discussion. 
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10.6.2 Transistor Cutoff Frequency 

The current gain as a function of frequency was developed in Example 10. 1 1 sothu: 
we can also write the common base current gain as 


a — 


ao 



(10.97 


where «o is the low-frequency common base current gain and f., is defined as the 
alpha cutoff frequency. The frequency f a is related to the emitter-to-collector time 
delay x ec as 


fa = 


1 

2jt x ec 


(10.98) 


When the frequency is equal to the alpha cutoff frequency, the magnitude of the 
common base current gain is 1/^/2 of its low-frequency value. 

We can relate the alpha cutoff frequency to the common emitter current gain b\ 
considering 


P = 


a 


1 — a 


(10J 


We may replace u in Equation (10.99) with the expression given by Equation (1Q.97| 
When the frequency / is of the same order of magnitude as f a , then 


m = 


1 — a 


fa 


(10.1C 


where we have assumed that ao % 1 . When the signal frequency is equal to the alpha 
cutoff frequency, the magnitude of the common emitter current gain is equal to unity. 
The usual notation is to define this cutoff frequency as fj, so we have 1 



( 10.101 


From the analysis in Example 10.11, we may also write the common-emittei 
current gain as 




Ai 

1 +j(f/ft>) 


(10.102; 


where fp is called the beta cutoff frequency and is the frequency at which the magni- 
tude of the common-emitter current gain ft drops to 1 / \/2 of its low-frequency value 
Combining Equations (10.99) and (10.97). we can write 

t 

an I 


fi = 


1 —a 


1 +j(f/fr) 
ao 


ao 


1 - ao + ./(///r) 


(10.103; 


1 + j(f/fr) 
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Figure 10.42 I Bode plot of common 
emitter current gain versus frequency. 


where 


<*<> 


A> 


(1 -ffo) 


1+7 


/ 


(1 -ao)/rJ 


1+7 


.Pof 


JT 


(10.104) 


A) = 


qp 

I -a 0 


1 


I -a 0 


Comparing Equations (10.104) and (10.102), the beta cutoff frequency is related to 
the cutoff frequency by 



( 10 . 105 ) 


Figure 10.42 shows a Bode plot of the common emitter current gain as a func- 
tion of frequency and shows the relative values of the beta and cutoff frequencies. 
Keep in mind that the frequency is plotted on a log scale, so fp and f j usually have 
significantly different values. 


Objective 


To calculate the emitter-to-collector transit time and the cutoff frequency of a bipolar transis 
tor, given the transistor par ameters. 

Consider a silicon npn transistor at T =: 300 K. Assume the following parameters: 


Ie = 1 mA 
x B = 0.5 Jim 
x dr = 2.4 jim 
Cp = 0.1 pF 


Cj, ~ 1 pF 
D„ = 25 cm 2 /s 
r, — 20 £2 
Cj =0.1 pF 


EXAMPLE 10.12 
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■ Solution 

We will initially calculate the various time-delay factors. If we neglect the parasitic capai 
tance, the emitter-base junction charging time is 


— r e Cje 


where 


kT 1 


0.0259 


eh lx 10 -3 


: 25.9 Q 


Then 


r, = (25.9H10 - 2 ) = 25.9 ps 


The base transit time is 


xl (0.5 x 10" 4 ) 2 

r " = 2t = -W~ = 50pS 


The collector depletion region transit time is 

x dc 2.4 x I O’ 4 


Th v s 


10 7 


= 24 ps 


The collector capacitance charging time is 

t c = r c (C „ + C s ) = (20)(0.2 x 10“ l2 ) = 4 ps 
The total emilter-to-collector time delay is then 

r„ = 25.9 + 50+ 24 + 4 = 103.9 ps 
so that the cutoff frequency is calculated as 

I 1 


fr — 


2nr ec 2>t ( 1 03.9 x 10 -12 ) 


= 1.53 GHz 


[ 


I 


If we assume a low-frequency common-emitter current gain of ji — 100, then the beta cutoff 
frequency is 


f T 1.53 x 10 9 

fa = — = = 15.3 MHz 

100 


■ Comment 

The design of high-frequency transistors requires small device geometries in order to reduce 
capacitances, and narrow base widths in order to reduce the base transit time. 


TEST YOUR UNDERSTANDING 

EL0.17 A silicon npn bipolar transistor is biased at h. = 0.5 mA and has a junction capaci- 
tance of C ic = 2 pF. All other parameters are the same as listed in Example 10.12. 
Find the emitter-to-collector transit time, the cutoff frequency, and the beta cutoff 
frequency. ( Z HIM V\ \ = H ‘ Z HD tH'l = - t /‘sd9'l8I = suy) 
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10.7 I LARGE-SIGNAL SWITCHING 

Switching a transistor from one state to another is strongly related to the frequency 
characteristics just discussed. However, switching is considered to be a large-signal 
change whereas the frequency effects assumed only small changes in the magnitude 
of the signal. 

10.7.1 Switching Characteristics 

Consider an npn transistor in the circuit shown in Figure 1 0.43a switching from cut- 
off to saturation, and then switching back from saturation to cutoff. We will describe 
the physical processes taking place in the transistor during the switching cycle. 

Consider, initially, the case of switching from cutoff to saturation. Assume that 
in cutoff Vbe % Vbb < 0. thus the B-E junction is reverse biased. At T = 0, assume 
that Vf)n switches to a value of V'^o as shown in Figure 10.43b. We will assume that 
Vbbo is sufficiently positive to eventually drive the transistor into saturation. For 
0 < f < f[ , the base current supplies charge to bring the B-E junction from reverse 
bias to a slight forward bias. The space charge width of the B-E junction is narrow- 
ing, and ionized donors and acceptors are being neutralized. A small amount of 
charge is also injected into the base during this time. The collector current increases 
from zero to 10 percent of its final value during this time period, referred to as the 
delay time. 


lc 



V' , 

L 


v BB0 




V'bb 



Time ► 





/ = 

= 0 l = 

: '} 


(b) 



Figure 10.43 I (a) Circuit used for transistor switching, (b) Input hasc drive for transistor 
switching. ( c ^Collector current versus time during transistor switching. 
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During the next time period, t j < t S h< the base current is supplying charg* 
which increases the B-E junction voltage from near cutoff to near saturation. DurinJ 
this time, additional carriers are being injected into the base so that the gradient of 
minority carrier electron concentration in the base increases, causing the collei 
current to increase. We refer to this time period as the rise time, during which theco 1 
lector current increases from 10 percent to 90 percent of the final value. For t > t\ 
the base drive continues to supply base current, driving the transistor into saturati 
and establishing the final minority carrier distribution in the device. 

The switching of the transistor from saturation to cutoff involves removing all 
the excess minority carriers stored in the emitter, base, and collector regions. Fi; 
ure 10.44 shows the charge storage in the base and collector when the transistor is : 
saturation. The charge Q B is the excess charge stored in a forward-active transisto: 
and Qsx and Qc are the extra charges stored when the transistor is biased in sa:u 
tion. Att = t\, the base voltage Vbb switches to a negative value of (— V^j.Theb 
current in the transistor reverses direction as was the case in switching a pn jun *io 
diode from forward to reverse bias. The reverse base current pulls the excess stop 
carriers from the emitter and base regions. Initially, the collector current does n 
change significantly, since the gradient of the minority carrier concentration in the, 
base does not change instantaneously. Recall that when the transistor is biased in saM; 
uration, both the B-E and B-C junctions are forward biased. The charge Q B x in tha| 
base must be removed to reduce the forward-biased B-C voltage to zero volts bef 
the collector current can change. This time delay is called the storage rime and is de-^ 
noted by r, . The storage time is the time between the point at which V B b switches top 
the time when the collector current is reduced to 90 percent of its maximum satura 
tion value. The storage time is usually the most important parameter in the switchin 
speed of the bipolar transistor. 

The final switching delay time is the fall time tj during which the collector cur 
rent decreases from the 90 percent to the 10 percent value. During this time, the B-i 



Figure 10.44 I Charge storage in the base and collector at 
saturation and in the active mode. 
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junction is reverse biased but excess carriers in the base are still being removed, and 
tbe B-E junction voltage is decreasing. 

The switching-time response of the transistor can be determined by using the 
Ebers-Moll model. The frequency-dependent gain parameters must be used, and 
normally the Laplace transform technique is used to obtain the time response. The 
details of this analysis are quite tedious and will not be presented here. 


10.7.2 The Schottky-Clamped Transistor 

One method frequently employed to reduce the storage time and increase the switch- 
ing speed is the use of a Schottky-clamped transistor. This is a normal npn bipolar 
device with a Schottky diode connected between base and collector, as shown in Fig- 
ure 10.45a. The circuit symbol for the Schottky-clamped transistor is shown in Fig- 
ure 10.45b. When the transistor is biased in the forward-active mode, the B-C junc- 
tion is reverse biased; hence, the Schottky diode is reverse biased and effectively out 
cf the circuit. The characteristics of the Schottky-clamped transistor — or simply the 
Schottky transistor — are those of the normal npn bipolar device. 

When the transistor is driven into saturation, the B-C junction becomes forward 
biased; hence the Schottky diode also becomes forward biased. We may recall from our 
discussion in the previous chapter that the effective turn-on voltage of the Schottky 
diode is approximately half that of the pn junction. The difterence in turn-on voltage 
means that most of the excess base current will be shunted through the Schottky diode 
and away from the base so that the amount of excess stored charge in the base and 
collector is drastically reduced. The excess minority carrier concentration in the base 
and collector at the B-C junction is an exponential function of V^c- If Vbc is reduced 
from 0.5 volt to 0.3 volt, for example, the excess minority earner concentration is 
reduced by over 3 orders of magnitude. The reduced excess stored charge in the base of 
the Schottky transistor greatly reduces the storage time — storage times on the order of 
Ins or less are common in Schottky transistors. 



Figure 10.45 I (a)The Schottky-clamped transistor, (b) Circuit 
symbol of the Schottky-clamped transistor. 
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*10,8 I OTHER BIPOLAR TRANSISTOR I 

STRUCTURES i 

This section is intended to briefly introduce three specialized bipolar transistor struc- 
tures. The first structure is the polysilicon emitter bipolar junction transistor iBJT), 
the second is the SiGe-base transistor, and the third is the heterojunction bipolar tran- 
sistor (HBT). The poly silicon emitter BJT is being used in some recent integrated cir- 
cuits, and the SiGe-base transistor and HBT are intended for high-frequency/high- 
speed applications. 

I 

10.8.1 Polysilicon Emitter BJT 

The emitter injection efficiency is degraded by the carriers injected from the base 
back into the emitter. The emitter width, in general, is thin, which increases speed 
and reduces parasitic resistance. However, a thin emitter increases the gradient in the 
minority carrier concentration, as indicated in Figure 10.19. The increase in the gra- 
dient increases the B-E junction current, which in turn decreases the emitter injection 
efficiency and decreases the common emitter current gain. This effect is also shown 
in the summary of Fable 10.3. 

Figure 10.46 shows the idealized cross section of an npn bipolar transistor with 
a polysilicon emitter. As shown in the figure, there is a very thin n + single crystal 
silicon region between the p-type base and the n-type polysilicon. As a first approxi- 
mation to the analysis, we may treat the polysilicon portion of the emitter as low- 
mobility silicon, which means that the corresponding diffusion coefficient is small. 

Assuming that the neutral widths of both the polysilicon and single-crystal por- 
tions of the emitter are much smaller than the respective diffusion lengths, then the 
minority carrier distribution functions will be linear in each region. Both the minority 
carrier concentration and diffusion current must be continuous across the polysilicon/ 
silicon interface. We can therefore write 



pbase 


n collector 

Figure 10.46 I Simplified cross section of an npn polysilicon 
emitter BJT. 
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Figure 10.47 I Excess minority carrier hole 
concentrations in n + polysilicon and n + silicon emitter. 


d{&PE( n-)) _ Pf(poiy) d (fyfc(poly)) 

dx D Ein+} dx 


(10.106b) 


Since D Eipo i y ) < D E ( n +\, then the gradient of the minority carrier concentration at the 
emitter edge of the B-E depletion region in the n + region is reduced as Figure 10.47 
shows. This implies that the current back-injected from the base into the emitter is re- 
duced so that the common-emitter current gain is increased. 


10.8.2 Silicon- Germanium Base Transistor 

The bandgap energy of Ge (—0.67 eV) is significantly smaller than the bandgapen- 
ergy of Si (— 1.12 eV). By incorporating Ge into Si, the bandgap energy will de- 
crease compared to pure Si. If Ge is incorporated into the base region of a Si bipolar 
transistor, the decrease in bandgap energy will influence the device characteristics. 
The desired Ge concentration profile is to have the largest amount of Ge near the 
base-collector junction and the least amount of Ge near the base-emitter junction. 
Figure 10,48a shows an ideal uniform boron doping concentration in the p-type base 
and a linear Ge concentration profile. 

The energy bands of a SiGe-base npn transistor compared to a Si-base npn tran- 
sistor, assuming the boron and Ge concentrations given in Figure 10.48a, are shown 
in Figure 10.48b. The emitter- base junctions of the two transistors are essentially 
identical, since the Ge concentration is very small in this region. However, the 
bandgap energy of the SiGe-base transistor near the base-collector junction is 
smaller than that of the Si-base transistor. The base current is determined by the 
base-emitter junction parameters and hence will be essentially the same in the two 
transistors. This change in bandgap energy will influence the collector current. 
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Concentration 




(b) 


Figure 10.48 I (a) Assumed boron and germanium concen- 
trations in the base of the SiGe-base transistor, (b) Energy 
band diagram of the Si- and SiGe-base transistors. 



Collector Current and Current Gain Effects Figure 10.49 shows the themal 
equilibrium minority carrier electron concentration through the base region of tha 
SiGe and Si transistors. This concentration is given by 1 


= 


Ng 


(10.1071 


where N$ is assumed to be constant. The intrinsic concentration, 
tion of the bandgap energy. We may write 


n^(SiGe) 
ft} (Si) 



however, is a func-i 


(10.108; 


I 


where n,(SiGe) is the intrinsic carrier concentration in the SiGe material, n, (Si) is 
the intrinsic carrier concentration in the Si material, and AE, is the change in the 
bandgap energy of the SiGe material compared to that of Si 

The collector current in a SiGe-base transistor will increase. As a first approxi- 
mation, we can see this from the previous analysis. The collector current was found 
from Equation (10.36a), in which the derivative was evaluated at the base-collector 
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Figure 10.49 1 Thermal equilibrium minority carrier electron 
concentration through the base of the Si- and SiGe-basc 
transistors. 

junction. This means that the value of n /(|| in the collector current expression in 
Equation (10.37) is the value at the base-collector junction. Since this value is larger 
for the SiGe-base transistor (Figure 10.49), the collector current will be larger com- 
pared to the Si-base transistor. Since the base currents are the same in the two tran- 
sistors, the increase in collector current then implies that the current gain in the 
SiGe-base transistor is larger. If the bandgap narrowing is 100 meV, then the increase 
in the collector current and current gain will be approximately a factor of four. 

Early Voltage Effects The Early voltage in a SiGe-base transistor is larger than 
that of the Si-base transistor. The explanation for this effect is less obvious than the 
explanation for the increase in collector current and current gain. For a bandgap nar- 
rowing of 100 meV, the Early voltage is increased by approximately a factor of 12. 
Incorporating Ge into the base region can increase the Early voltage by a large 
factor. 

Base Transit Time and Emitter-Base Charging Time Effects The decrease in 
bandgap energy from the base-emitter junction to the base-collector junction in- 
duces an electric field in the base that helps accelerate electrons across the p-type 
base region. For a bandgap narrowing of 100 meV, the induced electric field can be 
on the order of 10 3 to 10 4 V/cm. This electric field reduces the base-transit time by 
approximately a factor of 2.5. 

The emitter-base junction charging time constant, given by Equation (10.87), is 
directly proportional to the emitter diffusion resistance r' . This parameter is in- 
versely proportional to the emitter current, as seen in Equation (10.88). For a given 
hase current, the emitter current in the SiGe-base transistor is larger, since the current 
gain is larger. The emitter-base junction charging time is then smaller in a SiGe-base 
transistor than that in a Si-base transistor. 

The reduction in both the base-transit time and the emitter-base charging time 
increases the cutoff frequency of the SiGe-base transistor. The cutoff frequency of 
these devices can be substantially higher than that of the Si-base device. 
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10.8.3 Heterojunction Bipolar Transistors 



As mentioned previously, one of the basic limitations of the current gain in the bipolar 
transistor is the emitter injection efficiency. The emitter injection efficiency y can be 
increased by reducing the value of the thermal-equilibrium minority carrier con- 
centration pEn in the emitter. However, as the emitter doping increases, the bandga^ 
narrowing effect offsets any improvement in the emitter injection efficiency. GnJ 
possible solution is to use a wide-bandgap material for the emitter, which will mini- 
mize the injection of carriers from the base hack into the emitter. 

Figure 10.50a shows a discrete aluminum gallium arsenide/gallium arsenide het- 
erojunction bipolar transistor, and Figure 10.50b shows the band diagram of the 




(a) 



Figure 10.50 t (a) Cross section of AlGaAslGaAs hetero- 
junction bipolar transistor showing a discrete and integrated 
structure, (b) Energy-band diagram of the n AlGaAs emitter 
and p GaAs base junction, 
f From Tiwari e! al. 119].) 



n-AlGaAs emitter to p-(iaAs base junction. The large potential barrier V) , limits the 
number of holes that will be injected back from the base into the emitter. 

The intrinsic carrier concentration is a function of bandgap energy as 

( "'““'’(tf) 

or a given emitter doping, the numher of minority carrier holes injected into the 
s emitter is reduced by a factor of 



inchanging from a narrow- to wide-handgapemitter. If A E g — 0.30 eV, for example, 
| nj would he reduced by approximately 10 s at T = 300 K. The drastic reduction in nj 
for the wide-bandgap emitter mean? that the requirements of a very high emitter 
doping can be relaxed and a high emitter injection efficiency can still be obtained. A 
| lower emitter doping reduces the handgap-narrowing effect. 

The heterojiinction GaAs bipolar transistor has the potential of being a very high 
frequency device. A lower emitter doping in the wide-bandgap emitter leads to a 
[ smaller junction capacitance, increasing the speed of the device. Also, for the GaAs 
npn device, the minority carriers in the base arc electrons with a high mobility. The 
electron mobility in GaAs is approximately 5 times that in silicon; thus, the base tran- 
sit time in the GaAs base is very short. Experimental AlGaAs/GaAs heterojunction 
transistors with hase widths on the order of 0.1 /<m have shown cutoff frequencies on 
the order of 40 GHz. 

One disadvantage of GaAs is the low minority carrier lifetime. The small 
lifetime is not a factor in the base of a narrow-base device, but results in a larger B-E 
recombination current, which decreases the recombination factor and reduces the 
current gain. A current gain of 150 has been reported. 

\ 

10.9 I SUMMARY 

■ There are two complementary bipolar transistors — npn and pnp. Each transistor has 
three separately doped regions and two pn junctions. The center region (base) is very 
narrow, so the two pn junctions are said to he interacting junctions. 

■ In the forward-active mode, the B-E junction is forward hiased and the B-C junction is 
reverse biased. Majority carriers from the emitter arc injected into the hase where they 
become minority earners. These minority carriers diffuse across the base into thr B-C 
space charge region where they are swept into the collector. 

■ When a transistor is hiased in the forward-active mode of operation, the current at one 
terminal of the transistor (collector current) is controlled hy the voltage applied across 
the other two terminals of the transistor (base-emitter voltage). This is the basic 
transistor action 

■ The minority carrier concentrations were determined in each region of the transistor. 

The principal currents in the device are determined hy the diffusion of these minority 


earners. 
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The common-base current gain, which leads to the common-emitter current gain, is : 
function of three factors — emitter injection efficiency, base transport factor, and 
recombination factor The emitter injection efficiency takes into account carriers fra 
the base that are injected back into the emitter, the base transport factor takes into 
account recombination in the base region, and the recombination factor takes into 
account carriers that recombine within the forward-biased B-E junction. 

Several nonideal effects were considered: 


1 . 


5 . 


6 . 


Base width modulation, or Early effect — thechangc in the neutral base width with 1 
a change in B-C voltage, producing a change in collector current with a change in 
B-C orC-E voltage. 

High-injection effects that cause the collector current to increase at a slower rate 
with base-emitter voltage. 

Emitter bandgap narrowing that produces a smaller emitter injection efficiency 
because of a very large emitter region doping concentration. 

Current crowding effects that produce a larger current density at the emitter edge 
than in the center of the emitter 

A nonuniform base doping concentration that induces an electric field in the base 
region, which aids the flow of minority carriers across the base. 

Two breakdown voltage mechanisms — punch-through and avalanche. 


I 


■ Three equivalent circuits or mathematical models of the transistor were considered. The 
Ebers-Moll model and equivalent circuit are applicable in any of the transistor 
operating modes. The Gummcl-Poon model is convenient to use when nonuniform 
doping exists in the transistor. The small-signal hybrid-pi model applies to transistors 
operating in the forward-active mode in linear amplifier circuits. 

The cutoff frequency of a transistor, a figure of merit for the transistor, is the frequency 
at which the magnitude of the common-emitter current gain hccomes equal to unity. 
The frequency response is a function of the emitter-base junction capacitance charging 
time, the base transit time, the collector depletion region transit time, and the collector 
capacitance charging time. 

■ The switching characteristics are closely related to the frequency limitations although 
switching involves large changes in currents and voltages. An important parameter in 
switching is the charge storage time, which applies to a transistor switching from 
saturation to cutoff. 


GLOSSARY OF IMPORTANT TERMS 

alpha cutoff frequency The frequency at which the magnitude of the common base current 
is I / \/2 of its low-Srequcncy value; also equal to the cutoff frequency, 
bandgap narrowing The reduction in the forbidden energy bandgap with high emitter 
doping concentration. 

hase transit time The time that it takes a minority carrier to cross the neutral base region, 
base transport factor The factor in the common base current gain that accounts for recom- 
bination in the neutral base width. 

base width modulation The change in the neutral base width with C-E or C-B voltage, 
beta cutoff frequency The frequency at which the magnitude of the common emitter cur- 
rent gain is 1 / s/2 of its low frequency value. 


collector capacitance charging time The time constant that describes the time required for 
the B-C and collector- substrate space charge widths to change with a change in emitter 
current. 

collector depletion region transit time The time that it takes a carrier to be swept across the 
B-C space charge region. 

common-base current gain The ratio of collector current to emitter current, 
rommon-emitter current gain The ratio of collector current to base current, 
current crowding The nonuniform current density across the emitter junction areacreated by 
a lateral voltage drop in the base region due to a finite base current and base resistance, 
cutoff The bias condition in which zero- or reverse-bias voltages are applied to both transis- 
tor junctions, resulting in zero transistor currents, 
cutofffrequency The frequency at which the magnitude of the common emitter current gain 
is unity. 

early effect Another term fur base width modulation. 

early voltage The value of voltage (magnitude) at the intercept on the voltage axis obtained 
by extrapolating the ! c versus curves to zero current, 
emitter-base junction capacitance charging time The time constant describing the time 
for the B-E space charge width to change with a change in emitter current, 
emitter injection efficiency factor The factor in the common-base current gain that takes 
into account the injection of carriers from the base into the emitter, 
forward active The bias condition in which the B-E junction is forward biased and the 
B-C junction is reverse biased. 

inverse active The bias condition in which the B-E junction is reverse biased and the 
B-C junction is forward biased. 

output conductance The ratio of a differential change in collector current to the corre- 
sponding differential change in C-E voltage. 

CHECKPOINT 

After studying this chapter, the reader should have the ability to: 

■ Describe the basic operation of the transistor. 

■ Sketch the energy bands of the transistor in thermal equilibrium and when biased in the 
various operating modes. 

■ Calculate, to a good hrst approximation, the collector current as a function of 
base-emitter voltage. 

■ Sketch the minority carrier concentrations throughout the transistor under the various 
operating modes. 

■ Define the various diffusion and other current components in the transistor front the 
minority carrier distribution curves. 

■ Explain the physical mechanisms of the current gain limiting factors. 

Define the current-limiting factors front the current components in the transistor. 

■ Describe the physical mechanism of base width modulation and its effect on the 
current-voltage characteristics of the transistor 

■ Describe the voltage breakdown mechanisms in a bipolar transistor 

■ Sketch the simplified small-signal hybrid-pi equivalent circuit of the transistor biased in 
the forward-active mode. 
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■ Describe qualitatively the four time-delay or time-constant components in the frequent 
response of the bipolar transistor. 


REVIEW QUESTIONS 

1. Describe the charge flow in an npn bipolar transistor biased in the forward-active 
mode. Is the current by drift or diffusion? 

2. Define the common-emitter current gain and explain why, to a first approximation, the j 
current gain is a constant. 

3 . Explain the conditions of the cutoff, saturation, and invcrsc-activc modes. 

4. Sketch the minority carrier concentrations in a pnp bipolar transistor biased in the 
forward-active mode. 

5. Define and describe the three limiting factors in the common-base current gain. 

6. What is meant by base width modulation? What is another term used for this effect? 

7. What is meant by high injection? 

8. Explain emitter current crowding. 

9 . Define Icbo and I C f.o > an d explain why Iceo > Icbo 1 

10. Sketch a simplified hybrid-pi model for an npn bipolar transistor and explain when thi 
equivalent circuit is used. 

11. Describe the time-delay factors in the frequency limitation oi the bipolar transistor. 

12. What is the cutoff frequency of a bipolar transistor? 

13 . Describe the response of a bipolar transistor when it is switching between saturation 
and cutoff. 

PROBLEMS 

(Note: In the following problems, use the transistor geometry shown in Figure 10.13. Assum< 
T = 300 K unless otherwise stated.) J 

Section 10.1 The Bipolar Transistor Action ■ 

10.1 Fur a uniformly doped n ++ p T n bipolar transistor in thermal equilibrium, (a) sketch 
the energy-band diagram, ( b ) sketch the electric field through the device, and 

(c) repeat parts ( a ) and (h) for the transistor biased in the forward-active region. 

10.2 Consider a p ++ n+p bipolar transistor, uniformly doped in each region. Sketch the 
energy-band diagram for the case when the transistor is (a) in thermal equilibrium, 

( b ) biased in the forward-active mode, (c) biased in the inverse-active region, and 

( d ) biased in cutoff with both the B-E and B-C junctions reverse biased. 

10.3 The parameters in the base region of an npn bipolar transistor are D n = 20 enr/s, 
n B o = I0 4 citT-’, - 1 /rm,andA S£ = 10 4 cm 2 , (a) Comparing Equations (10.1) 
and (10.2), calculate the magnitude of 4.(fj) Determine the collector current for 
(<) v B e = 0.5 V, (» ) v BE = 0.6 V, and (iii) ~ 0.7 V . 

10.4 Assume the common-base current gain for the transistor described in Problem 10.3 
is a = 0.9920. (a) What is the common-emitter current gain [Note that ft = 
a/( 1 - a).) (b) Determine the emitter and base currents corresponding to the collector 
currents determined in Problem 10.3b. 
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105 (a) In a bipolar transistor biased in the forward-active region, the base current is 

I iff — 6.0/uA and the collector current is i c — 510 p.A. Determine j3, a, and i F . 

(Note that i e = i c + i B .) ( b) Repeat part (a) if i B =50 pA and i c = 2.65 mA. 

10.6 Assume that an npn bipolar transistor has a common-emitter current gain of p = 100. 

(a) Sketch the ideal current-voltage characteristics (i'c versus vcf, ), like those in 
Figure 10.9, as i g varies from zero to 0.1 mA in 0.01-inA increments. Let v CE vary 
over the range 0 < v ct < 10 V. ( b ) Assuming V C c = 10 V and R c = 1 k£2 in the 
circuit in Figure 10.8. superimpose the load line on the transistor characteristics in 
part (a).(c) Plot, on the resulting graph, the value of ic and Per corresponding to 
is - 0.05 mA. 

10.7 Consider Equation (1 0.7). Assume V E c = 10 V, R c = 2 k£2, and Vg£ — 0-6 V. 

(a) Plot V E B versus Ic over the range 0 < Ic < 5 mA. ( h )At what value of I c does 

f V C B=0> 

Section 10.2 Minority Carrier Distribution 

10.8 A uniformly doped silicon npn bipolar transistor is to he biased in the forward-active 
mode with the B-C junction reverse hiased by 3 V The metallurgical base width 
is 1.10 pm. The transistor dopings are N F — 10 17 cm” 3 , Ng — lO 16 cm"\ and 
N c = 10 15 cm -3 . («)For T = 300 K, calculate the B-E voltage at which the minority 
carrier electron concentration at x = 0 is 10 percent of the majority carrier hole 
concentration, (b) At this bias, determine the minority carrier hole concentration at 
x' = 0. (r) Determine the neutral base width for this bias. 

10.9 A silicon npn bipolar transistor is uniformly doped and biased in the forward-active 
region. The neutral base width is x B — 0.8 pm. The transistor doping concentrations 
are N F = 5 x 1 0 ,T cirT 3 , Ng = 10 16 cm 3 , and Nc = 10 15 crrT 3 . (n) Calculate the 
values of p/rn, Ubo- and pro- (b) For V Bt =0.625 V, determine rig atx =: 0 and p E 
at x' = 0. (c) Sketch the minority carrier concentrations through the device and label 
each curve. 

10.10 A uniformly doped silicon pnp transistor is biased in the forward-active mode. The 
doping concentrations are N E — 10 18 cm -3 , N B — 5 x 10 16 cm" 3 , and N c — 

10 15 cm '. (a) Calculate the values of p B o, and (b) For Vfg = 0.650 V , 

determine pg at .v =0 and n t at ,r' = 0. (c) Sketch the minority carrier concentra- 
tions through the device and label each curve. 

10.11 Consider the minority carrier electron concentration in the base of an npn bipolar 
transistor as given by Equation (10,15a). In this problem, we want to compare 
the gradient of the electron concentration evaluated at the B-C junction to that 
evaluated at the B-E junction. In particular, calculate the ratio of di&nsMdx at 
x = Xg to d(8n B )/dx atx = 0 for (a) xg/Lg - 0.1, (b) XgjLg = 1.0, and 
(c)x b /L b = 10 . 

10.12 Derive the expressions for the coefficients given by Equations (10.14a) and (10.14b). 
*10.13 Derive the expression for the excess minority carrier hole concentration in the base 
region of a uniformly doped pnp bipolar transistor operating in the forward-active 
region. 

10.14 The excess electron concentration in the base of an npn bipolar transistor is given 
by Equation (10.15a). The linear approximation is given by Equation (10.15b). If 
& n Bo( x ) is the linear approximation given by Equation (10.15b) and 8n a (x) is the 
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actual distribution given by Equation (10.15a), determine 

Sn B0 (x) - Sn B (x) 

x 100% 

Sn B o(x) 


at x = Xg j 2 for (a) x B /L B =0,1 and (b ) Xg/Lg = 1.0. Assume V BE 3> kT/e. 

10.15 Consider a pnp bipolar transistor. Assume that the excess minority carrier hole 

concentrations at the edges of the B-E and B-C space charge regions are <5p s (0) = 

8 x 10 14 cirT 3 and Sp B (x B ) — —2.25 x 10 4 cm -3 , respectively. Plot, on the same 
graph, Sp B (x) for (a) the ideal case when no recombination occurs in the base, and 
(. b ) the case when x B = Lg = 10 pm. (r) Assuming D B = 10 cm 2 /s, calculate the 
diffusion current density at x =0 and x = x B for the conditions in parts ( a (and (b) 
Determine the ratio ./ (x — x B )/J(x = 0) for the two cases. 

* 10.16 (a) A uniformly doped npn bipolar transistor at 7 = 300 K is biased in saturation. 
Starting with the continuity equation for minority carriers, show that the excess 
electron concentration in the base region can be expressed as 


Sn B (x) = n B o 





for x B j L B <K I where x B is the neutral base width, {b) Show that the minority 
carrier diffusion current in the base is then given by 


J„=~ 


e P B n t 
xh 


r (eV BE \ 

(eV BC \\ 

r P { kT } 

( - CTp (lFjJ 


(c) Show that the total excess minority carrier charge (C/cm 2 ) in the base region is 
given by 


*Q„b 


~en BO x b 

2 



+ 


exp 


(tt) 


* 10.17 Consider a silicon pnp bipolar transistor at 7 = 300 K with uniform dopings of 
N e - 5 x 10 ls cm~ 3 , N B — 10 17 cm -5 , and Nc — 5 x 10 15 cm -3 . Let D e = 

10 enr/s, Xg = 0.7 pm, and assume tj « Z,j, The transistor is operating in 
saturation with J p = 165 A/cm 2 and V EH =0.75 V. Determine (a) V CB , 

(b) Lsc(sat), (cjthe #/cnr of excess minority carrier holes in the base, and 
(d) the #/cm 2 of excess minority carrier electrons in the long collector. Let 
L c - 35 (trn. 


10.18 An npn silicon bipolar transistor at 7 — 300 K has uniform dopings of N E = 

10 19 cm -3 . Nr = 10 17 cm -3 , and N c = 7 x 10 15 cm -3 . The transistor is operat- 
ing in the inverse-active mode with V B k = — 2 V and Vgc' = 0.565 V. (a) Sketch 
the minority carrier distribution through the device, (b) Determine the minority 
carrier concentrations at .v = x B and x" — 0. (c) If the metallurgical base width is 
1.2 gm, determine the neutral base width. 


10.19 A uniformly doped silicon pnp bipolar transistor at 7 = 300 K with dopings of 

N E = 5 x 10" cm~ 3 , Ng = 10 16 cirT 3 , and N c = 5 x 10 14 cm 3 is biased in the 
inverse-active mode. What is the maximum B-C voltage so that the low-injection 
condition applies? 



Section 10.3 Low-Frequency Common-Base Current Gain 

10.20 The following currents are measured in a uniformly doped npn bipolar transistor: 

I,„ = 1.20 mA I„, = 0.10 mA 
!„c = 1.18 mA I R - 0.20 mA 
l u = 0.00 1 mA /,,,<> = 0.001 mA 

Determine (a) a. (b) y, ( c ) a E , (d) S, and (e) fi. 

10.21 A silicon npn transistor at T = 300 K has an area of 10~ J cm 2 , neutral base width 
of I jtm. and doping concentrations of N E = 10' 8 cm -3 , Nb = 10 17 cm - ' 3 , N, = 
!0 16 cm -3 , Other semiconductorparameters are Dp = 20cm 2 /s, Tf.\) = Tgo = I0 -7 s, 
and r c :o = 10' 6 s. Assuming the transistor is biased in the active region and the 
recombination factor is unity, calculate the collector current for: (a) V B e — 0.5 V, 

(b) = 1.5 mA, and (c) I B = 2 jxA. 

10.22 Consider a uniformly doped npn bipolar transistor at T = 300 K with the following 
parameters: 

N e = I0 ,(i cm' 1 N B = 5 x 10 16 cm -3 N c = 10 15 cm -3 

D e = 8cm 2 /s D b — 15cm 2 /s D c = 12cm 2 /s 

— I0 -8 S r B0 = 5 x 10 -8 $ r co = 10 -7 s 

x E — 0.8 fi m Xp = 0.7 fxm J r0 = 3 x 10 -8 A/cm 2 

For V BL = 0.60 V and V CE -.5 V, calculate (a) the currents J „ E , ] pE , J , lC , and Jr 
and (b)t he current gain factors y,a-j . S,a. and ff. 

10.23 Three npn bipolar transistors have identical parameters except for the bass doping 
concentrations and neutral base widths. The base parameters for the three devices are 
as follows: 


Device 

Base duping 

Base width 

A 

Ng = Nrq 

'Vff = Xeo 

B 

Nr =■■ 2 Npn 


C 

Np = N/su 

xb = .rsa/2 


(The base doping concentration for the B device is twice that of A and C, and the 
neutral base width for the C device is half that of A and B.) 

id) Determine the ratio of the emitter injection efficiency of (i) device B to device A 
and (ii ) device C to device A. 

(h) Repeat part (a ) for the base lranspon factor. 

(<:} Repeat pan (a)for the recombination factor. 

{d) Which device has the largest common-emitter current gain /?? 

10.24 Repeat Problem 10.23 for three devices in which the emitter paramelers vary. The 
emitter parameters for the three devices are as follows: 


Device 

Emitter doping 

Emitter width 

A 

C 

£ 

II 

•ii 

trt 

II 

Pi 

o 

B 

N e = 2 

X E = *£0 

C 

Ne — N E q 

Pi 

II 

* 

Pn 

To 
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10.25 


10.26 


An npn silicon transistor is biased in the inverse active mode with Vb e = —3 V areL| 

iia 


10.27 


N c = 10 16 cm -3 . Other parameters are.t/, = I /im, t £ 0 = t B o = T-c o = 2 x 10' 

D l = 10cm 2 /s, Db = 20cm : /s, D c =15 cirr/s, and A = 10 -3 cm'. («) Calculi 
and plot the minority carrier distribution in the device. ( b ) Calculate the collector 
and emitter currents. (Neglect geometry factors and assume the recombination 
factor is unity.) 

(a)Calculate the base transport factor, at T , for x B /L B = 0.01,0.10, 1.0. and 10. 
Assuming that y and 8 are unity, determine fi for each case, (fc) Calculate the emitter 
injection efficiency, y. for Nb/Ne — 0-01 ,0.10, 1.0, and 10. Assuming that a T and 
S are unity, determine /? for each case. ( cjConsidering the results of pans (a)and (if), 
what conclusionr can be made concerning when the base transport factor or when the 
emitter injection efficiency are the limiting factors for the common-emitter current 
gain? 

/aJCalculate the recombination factorfor V Bh — 0.2, 0.4, and 0.6 V. Assume the 
following parameters: 


1 


D b =25 enr/s 

Dt 

= 10 enr/s 

N e — 5 x (0 18 cm' 1 

Nb 

= 1 x 10 17 cm ' 3 

N c =5 x !0 15 cm' 3 

*b- 

= 0.7 (jm 

fi !0 = r £0 = 10' 7 s 

JrO 

= 2 x 10 -9 A/cm' 

n. = 1.5 x 10'° cm" 3 




(b) Assuming the base transport and emitter injection efficiency factors are unity, 
calculate the common-emitter current gain for the conditions in part (a), (c) Consi- 
dering the results of part (b), what can be said about the recombination factor being 
the limiting factor in the common emitter current gain. I 

10.28 Consider an npn silicon bipolar transistor al T =- 300 K with the following 1 

parameters: I 

Du - 25cnrls D F - lOcnT/s 
ffio - r £( ) = 5 x 

Nt i = 10 16 cm -3 xe — 0.5 (itn 

The recombination factor, S, has been determined to he 5 := 0.998. We need a 
common-emitter current gain of ft — 120. Assuming that a j = y, determine the 
maximum base width, x g , and the minimum emitter doping, Nt , to achieve this 
specification. 

*10.29 (a) The recombination current density, J r() , in an npn silicon bipolar transistor at 
T = 300 K is J r u = 5 x I0 -8 A/cm : . The uniform dopings are N E = 10 IS cm -3 , 

— 5 x lO 1 *' cm -3 , and N c = 10 ls cm -3 . Other parameters are D E = 10 cm 1 /®, 
D g — 25 cm 2 /s. r En = (0 s s, and r B0 — 10' 7 s. Determine the neutral base width 
so that the recombination factor is ft = 0.995 when V BE — 0.55 V (/>) If J,q remains 
constant with temperature, what is the value of 8 when V B f = 0.55 V for the case 
when the temperature is T = 400 K 1 ? Use the value of x B determined in pan (a). 

10.30 (a)Plot, for a bipolar transistor, the base transport factor, aj , as a function of (xe /L b) 
over the rangeO.Ol < < 10. (Use a log scale an the horizontal axis.) 


(b) Assuming that the emitter injection efficiency and recombination factors are 
unity, plot the common emitter gain for the conditions in part (a).(c /Considering the 
results of pan (Z>),what can be said about the base transport factor being the limiting 
factor in the common emitter current gain? 

1031 (a) Plot the emitter injection efficiency as a function of the doping ratio, N B /N E , over 

therangeO.Ol <Ng/ N £ < 10. Assume that D L — Dg, Lg = L E , and x„ — x F . 
(Use a log scale on the horizontal axis.) Neglect bandgap narrowing effects, (b) Assum- 
ing that the base transport factor and recombination factors are unity, plot the common 
emitter current gain for the conditions in part (a), (c) Considering the results of part (b), 
what can be said about the emitler injection efficiency being the limiting factor in the 
common emitter current gain. 

1 10.32 (a) Plot the recombination factor as a function of the forward-bias B-E voltage for 
0-1 £ Vbe £ 0.6. Assume the following parameters: 


\ 


Dg = 25 enr/s 
Me —5 x 10 18 cm -3 
N c - 5 x 10 15 cnrT 3 

Uio =T£o = 10 7 s 
n , = 1.5 x 10 l(l cm -3 


D e — 10 cm 2 /s 
N B = lx 10 17 cm” 3 
x B - 0.7 /tm 
/,o - 2x 10 -9 A/cm' 


ih) Assuming the base transport and emitter injection efficiency factors are unity, 
plot the common emitter current gain for the conditions in part (a), (c) Considering 
the results of part (b), what can be said about the recombination factor being the 
limiting factor in the common emitter current gain. 

1033 The emitter in a BJT is often made very thin to achieve high operating speed. In this 
problem, we investigate the effect of emitter width an current gain. Consider the 
emitter injection efficiency given by Equation (10.35a). Assume that Ng = 100 Ng. 
De = Dg, and Lg = Lg . Also let x B =0.1i B , Plot the emitter injection efficiency 
for 0.011;. < x£ < 10 L e . From these results, discuss the effect of emitter width on 
the current gain. 

I 


Section 10.4 Nonideal Effects 


10.34 A silicon pnp bipolar transistor at T = 300 K has uniform dopings of Ng = 10 ls cm -3 , 
Ng — 10 16 crrU 3 , and N E — 10 15 cm -3 . The metallurgical hase width is 1.2 /Am. 

Let Dg = 10 cm 2 /s and r B o = 5 x 10 -7 s. Assume that the minority carrier hole 
concentration in the hase can be approximated by a linear distribution. Let r — 
0.625 V (a) Determine the hole diffusion current density in the base for V BE = 5 V, 
Vgc = 10 V, and Vgc = 15 V (b) Estimate the Early voltage. 

*10.35 The base width of a bipolar transistor is normally small to provide a large current 
gain and increased speed. The hase width also affects the Early voltage. In a silicon 
npn bipolar transistor at T = 300 K, the doping concentrations arc N E = 10 ls cm -3 , 
Ng = 3 x |() 16 cm -3 , and Nc = 5 x 10" cm -3 . Assume Dg = 20 enr/s and 
r B |> = 5 x I0 -7 s, and let V BE = 0.70 V. Using voltages V CB = 5 V and = 10 V 
as two data paints, estimate the Early voltage for metallurgical base widths of 
(a) 1.0 ftm, (b) 0.80 /Am, and (c) 0.60 /Am. 
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10.36 An npn silicon bipolar transistor has a base doping concentration of Ng — I0 17 CirT 
a collector doping concentration of N f ; — I O' 6 cm' 3 , a metallurgical base width of 
1 . 1 gm, and a base minority carrier diffusion coefficient of D B =20 cm 2 /s. The 
transistor is biased in the forward-active region with V BE = 0.60 V. Determine 
( a jthe change in the neutral base width as changes from I V to 5 V, and (b) the 
corresponding change in the collector current. 

1037 Consider a uniformly doped silicon npn bipolar transistor in which x E ~ x B , 

L L = L b , and D E = Dg. Assume that aj = <5 = 0.995 and let N B — 10 17 cm -3 , 
Calculate and plot the common emitter current gain p for N E = 10 17 , ]0 i8 , 10 19 , 
and 10 20 cm -3 , and for the case (a) when the bandgap narrowing effect is neglected, 
and (b) when the bandgap narrowing effect is taken into account. 

10.38 A silicon pnp bipolar transistor at T = 300 K is to be designed so that the emitter 
injection efficiency is y - 0.996. Assume that x E = x B , L E = L s , D E = Dg. and 
let N E = I0 19 cm -3 . ( a j Determine the maximum base doping, taking into account 
bandgap narrowing, (h) If bandgap narrowing were neglected, what would he the 
maximum base doping required? 

10.39 A first-approximation type calculation of the current crowding effect can be made 
using the geometry shown in Figure 10.51. Assume that one-half of the base current 
enters from each side of the emitter strip and flows uniformly to the center of the 
emitter. Assume the base is p type with the following parameters: 

Ng = 10 16 cm' 3 Xg = 0.70 gm 

gt f , = 400cm 2 /V-s 5 = 8 /j,m 

Emitter length L = 100 jttm 

(a) Calculate the resistance between x — 0 and x — S/2. ( b ) If j l B = 10 pA, 
calculate the voltage drop between ,v = 0 and x — S/2, (c) If Vgg — 0.6 Vatr = 0 
estimate in percent the number of electrons being injected into the base at x = S/2 
compared to x — 0. 

10.40 Consider the geometry shown in Figure 10.51 and the device parameters in 

Problem 10.39 except the emitter width S. The emitter width 5 is to be changed so 
that the number of electrons injected into the hase at x — Sf2 is no more than 10 

percent less than the number of electrons injected into the base at x — 0. Calculated 



L 
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x = 0 x B x = 5/2 


Figure 10.51 I Figure for Problems 10.39 
and 10.40. 


* 10.41 The base doping in a diffused n + pn bipolar transistor can be approximated by an 
exponential as 


Mb = N b (0) exp 



where a is a constant and is given by 


a = In 



(a) Show that, in thermal equilibrium, the electric field in the neutral base region is a 
constant, (b) Indicate the direction of the electric field. Does this electric held aid or 
retard the flow of minority carrier electrons across the base'? (r) Derive an expres- 
sion for the steady-state minority carrier electron concentration in the base under 
forward bias. Assume no recombination occurs in the base. (Express the electron 
concentration in terms of the electron current density.) 

10.42 Consider a silicon npn bipolar transistor with uniform dopings of N E = 5 x 10 ls cm -3 , 
Mr = 10 17 cm -3 , and Nr- =5 x 10 15 cm' 5 . Assume the common-base current gain is 
a - 0.9920. Determine {a) BV cbo . ( b ) B Veto, and (c) the base -emitterbreakdown 
voltage. (Assume n ~ 3 for the empirical constant.) 

10.43 A high-voltage silicon npn bipolar transistor is to be designed such that the uniform 
base doping is Ng —■ 10 lf> cm - ' and the common-emitter current grain is fi = 50. 
The breakdown voltage B Vcf.o is to he at least 60 V. Determine the maximum 
collector doping and the minimum collector length to support this voltage. (Assume 
n = 3.) 

10.44 A uniformly doped silicon epitaxial npn bipolar transistor is fabricated with a base 
doping of Njj ~ 3 x lO 15 cm' 3 and a heavily doped collector region with Me = 

5 x 10 17 crrT 3 . The neutral base width is xg = 0.70 gm when V B £ ~ Vac = 0. 
Determine V BC at which punch-through occurs. Compare this value to the expected 
avalanche breakdown voltage of the junction. 

10.45 A silicon npn bipolar transistor has a base doping concentration of Ng = 10' 7 cm' 3 , 
a collector duping concentration of Nc ~ 7 x 10 13 cm -3 , and a metallurgical base 
width of 0.50 ix m. Let Vgg = 0.60 V. (a) Determine V c g at punch-through. 

lb ) Determine the peak electric field in the B-C space charge region at punch-through. 

10.46 A uniformly doped silicon pnp bipolar transistor is to be designed with Mr — 
lO 17 c m 3 and N c — !0 I<S cm' 3 . The metallurgical base width is 0.75 gm. Deter- 
mine the minimum base doping so that the punch-through voltage is no less than 
i;., -25 V. 


Section 10.5 Equivalent Circuit Models 

10.47 The VcE(sat) voltage of an npn transistor in saturation continues to decrease slowly as 
the base current increases. In the Ehers-Moll model, assume a r = 0.99. exu = 0.20. 
and l c = I raA. For T = 300 K, determine the base current, lg , necessary to give 
(a) V C £(sat) = 0.30 V, (b) V C£ (sat) = 0.20 V, and (c) V C£ (sat) = 0.10 V. 

10.48 Consider an npn bipolar transistor biased in the active mode. Using the Ebers-Moll 
model, derive the equation for the base current, / s , in terms of a £ , a, , ! Ms • and 
Vbe- 
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10.49 


Consider the Ebers-Moll model and let the base terminal be open so In = 0. S 
that, when a collector-emitter voltage is applied, we have 



If = Icto 


/tv 


(1 - u h a K ) 
(1 ) ” 


10.50 In the Ebers-Moll model, let a h = 0.98, / f , = 10 17 A, and I, , =. 5 x 10 [ ’ A. 

T = 300 K. Plot !( versus V ( , for — V Hh < V CB < 3 V and for Vnt -■ 0.2, 0.4, 
and 0.6 V. (Note that V CB == — Vac-) What can be said about the base width modu 
lation effect using this model? 

10.51 The collector-emitter saturation voltage, from the Ebers-Mull model, is given by 
Equation (10.77). Consider a power BJT in which a h — 0.98. a K — 0.20. and 4 
1 A. Plot Vo t (sat) versus In over the range 0.03 < In < 1.0 A. 

Section 10.6 Frequency Limitations 

10.52 Consider a silicon npn transistor s t 7 — 300 K. Assume thr following parameters: 

It— 0.5 mA Cjr- 0.8 pF \ 

xn=0.7fim D„ - 25 cm : /s 

— 2.0 /xm r L = 30 S2 

C, = C„ =r().08pF P = 5ti * 

( a /Calculate the transit time factors, (b) Calculate the cutoff and beta cutoff fre- 
quencies. ft and fp. respectively. 

10.53 In a particular bipolar transistor, the base transit time is 20 percent of the total delay 
time. The base width is 0.5 grn and the base diffusion coefficient is Dtj = 20 un’/s. 
Determine the cutoff frequency. 

10.54 Assume the base transit time of a BJT is 100 ps and carriers cross the 1.2 pin B-C 

space charge region at a speed of 10 7 cm/s. The emitter-base junction charging time 
is 25 ps and the collector capacitance and resistance are 0. 10 pi and 10 Ti . respec- 
tively. Determine the cutoff frequency. ■ 

Summary and Review j 

* 10.55 (a) A silicon npn bipolar transistor at T = 300 K is to be designed with an Early 

voltage of at least 200 V and a current gain of at least ft — 80. (b) Repeat pan (a) fori 
s pnp bipolar transistor, 

* 10.56 Design a uniformly doped silicon npn bipolar transistor so that ft = 100 at T — "i 
300 K. The maximum CE voltage is to be 1 5 V and any breakdown voltage is to be 
at least 3 times this value. Assume the recombination factor is constant at $ ^ 0.995. 
The transistor is to be operated in low injection with a maximum collector current of 
lc — 5 mA. Bandgap narrowing effects and base width modulation effects are to he 
minimized. Let D /; = 6 errr/s, D B — 25 enr/s, r L(t = I0 _s s. and r«u - 10 7 s. 
Determine duping concentrations, the metallurgical base width, the active area, and 
the maximum allowable v BE . 

* 10,57 Deign a pair of complementary npn and pnp bipolar transistors. The transistors are 
to have the same metallurgical base and emitter widths of Wg — . 0.75 /cm and 

i 


Reading List 


x t — 0 5 p.m. Assume that the following minority carrier parameters apply to each 
device. 


D„ — 23 cm’/s r,,o = 10 7 s 

D„ = 8 crrr/s Tpt, = 5 x 10“ 8 s 

The collector doping concentration in each device is 5 x 10 15 cm -3 and the recom- 
bination factor in each device is constant at S — 0.9950. ( a JDesign, if possible, fhe 
devices so that fi = 100 in each device. If this is not possible, how close a match can 
be obtained'! (b) With equal forward-bias base-emitter voltages applied, the collector 
currents are to he /<■ = 5 mA with each device operating in low-injection. Determine 
the active cross-sectional areas. 
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Fundamentals of the 
Metal - Oxide - Semiconductor 
Field-Effect Transistor 


PREVIEW 


T he fundamental physics of the Metal-Oxide-Semiconductor Field-Effect 
Transistor (MOSFET) is developed in this chapter. Although the bipolar tran- 
sistor was discussed in the last chapter, the material in this chapter presumes 
a knowledge only of the semiconductor material properties and characteristics of the 
pn junction. 

The MOSFET, in conjunction with other circuit elements, is capable of voltage 
gain and signal-power gain. The MOSFET is also used extensively in digital circuit 
applications where, because of its relatively small size, thousands of devices can be 
fabricated in a single integrated circuit. The MOSFET is, without doubt, the core of 
integrated circuit design at the present lime. 

The MOS designation isimplicityused only for the metal- silicon dioxide (SiOi)- 
silicon system. The more general terminology is metal-insulator-semiconductor 
(MIS), where the insulator is not necessarily silicon dioxide and the semiconductor is 
not necessarily silicon. We will use the MOS system throughout this chapter although 
the same basic physics applies to the MIS system. 

The heart of the MOSFET is a metal-oxide- .semiconductor structure known 
as an MOS capacitor. The energy bands in the semiconductor near the oxide- 
semiconductor interface bend as a voltage is applied across the MOS capacitor. The 
position of the conduction and valence bands relative to the Fermi level at the 
oxide-semiconductor interface is a function of the MOS capacitor voltage, so that 
the characteristics of the semiconductor surface can be inverted from p-type to 
n-type, or from n-type to p-type, by applying the proper voltage. The operation and 
characteristics of the MOSFET are dependent on this inversion and the creation of 
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an inversion charge density at the semiconductor surface. The threshold voltage is 
defined as the applied gate voltage required to create the inversion layer charge and 
is one of the important parameters of the MOSFET. 

The various types of MOSFETs are examined and a qualitative discussion of (he 
current-voltage characteristics is initially presented. A mathematical derivation ofij 
the current- voltage relation is then covered in detail. The frequency response and 
limitations of the MOSFET are also considered. 

Although we have not discussed fabrication processes in any detail in this text, 
there is an MOS technology that should be considered, since it directly influences the 
characteristics and properties of the MOS devices and circuits. We will consider the 
complementary MOS (CMOS) process. The discussion of this technology will be 
brief, but should provide a good base for further in-depth study. ■ 


11.1 I THE TWO-TERMINAL MOS STRUCTURE 

The heart of the MOSFET is the metal-oxide-semiconductor capacitor shown it 
Figure 11.1. The metal may be aluminum or some other type of metal, although in 
many cases, it is actually a high-conductivity polycrystalline silicon that has beende- 
posited on the oxide; however, the term metal is usually still used. The parameter 
in the figure is the thickness of the oxide and e ox is the permittivity of the oxide. 

11.1.1 Energy-Band Diagrams 

The physics of the MOS structure can be more easily explained with the aid of the 
simple parallel-plate capacitor. Figure 1 1 ,2a shows a parallel-plate capacitor with the 
top plate at a negative voltage with respect to the bottom plate. An insulator material 
separates the two plates. With this bias, a negative charge exists on the top plate, a 
positive charge exists on the bottom plate, and an electric field is induced between 
the two plates as shown. The capacitance per unit area for this geometry is 

c = ^ ( 11 . 1 ) 

a 
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Figure 11.11 The basic MOS capacitor 
structure. 
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Figure 11.2 I (a) A parallel-plate capacitor showing the electric field and conductor charges, (b) A corresponding 
MOS capacitor with a negative gate bias showing the electric field and charge Row. (c) The MOS capacitor with 
an accumulation layer of holes. 


f where € is the permittivity of the insulator and d is the distance between the two 
plates. The magnitude of the charge per unit area on either plate is 

Q' =C'V (11.2) 

where the prime indicates charge or capacitance per unit area. The magnitude of the 
. electric field is 


V 

E=-t (H.3) 

d 

Figure 11.2b shows an MOS capacitor with a p-type semiconductor substrate. 
The top metal gate is at a negative voltage with respect to the semiconductor sub- 
strate. From the example of the parallel-plate capacitor, we can see that a negative 
charge will exist on the top metal plate and an electric field will be induced with 
the direction shown in the figure, if the electric field were to penetrate into the 
semiconductor, the majority carrier holes would experience a force toward the 
oxide -semiconductor interface. Figure 1 1 ,2c shows the equilibrium distribution of 
charge in the MOS capacitor with this particular applied voltage. An accumulation 
layer of holes in the oxide-semiconductor junction corresponds to the positive 
charge on the bottom "plate" of the MOS capacitor. 
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Figure 1 1.3a shows the same MOS capacitor in which the polarity of the appli 
voltage is reversed. A positive charge now exists on the top metal plate and the l 
duced electric field is in the opposite direction as shown. If the electric field pen 
trates the semiconductor in this case, majority carrier holes will experience a for 
away from the oxide-semiconductor interface. As the holes are pushed away fro. 
the interface, a negative space charge region is created because of the fixed ioni 
acceptor atoms. The negative charge in the induced depletion region corresponds 
the negative charge on the bottom "plate" of the MOS capacitor. Figure 11.3b sho 
the equilibrium distribution of charge in the MOS capacitor with this applied voltage 

The energy-hand diagram of the MOS capacitor with the p-type substrate, forthi 
case when anegative voltage is applied to the top metal gate, is shown in Figure 1 1 ,4a 
The valence-band edge is closer to the Fermi level at the oxide -semiconductor inter- 
face than in the bulk material, which implies that there is an accumulation of holes 
The semiconductor surface appears to he more p-type than the bulk material. 
Fermi level is a constant in the semiconductor since the MOS system is in therm 
equilibrium and there is no current through the oxide. 

Figure 11.4b shows the energy-band diagram of the MOS system when a posi 
five voltage is applied to the gate. The conduction and valence band edges bend 


+ + + + + + 



Induced space 
charge region 


Figure 11.3 I The MOS capacitor with a moderate positive gate bias, showing (a) the electric field and charge flow and 
(b) the induced space charge region. 
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Figure 1 1 .4 I The energy-band diagram of an MOS capacitor with a p-type substrate for (a) a negative gate bias and 
(b) a moderate positive gate bias. 
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R twn in the figure, indicating a space charge region similar to that in a pn junction, 
e conduction hand and intrinsic Fermi levels move closer to the Fermi level. The 
luced space charge width is xj . 

Now consider the case when a still larger positive voltage is applied to the top 
metal gate of the MOS capacitor. We expect the induced electric field to increase in 
t magnitude and the corresponding positive and negative charges on the MOS capaci- 
I tor to increase. Alarger negative charge in the MOS capacitor implies a larger induced 
' space charge region and more band bending. Figure 11.5 shows such a condition. The 
intrinsic Fermi level at the surface is now below the Fermi level: thus, the conduction 
band is closer to the Fermi level than the valence band is. This result implies that the 
surface in the semiconductor adjacent to the oxide-semiconductorinterface is n type, 
i By applying a sufficiently large positive gate voltage, we have inverted the surface of 
I the semiconductor from a p-type to an n-type semiconductor. We have created an 
inversion layer of electrons at the oxide-semiconductorinterface. 

In the MOS capacitor structure that we have just considered, we assumed a p- 
type semiconductor substrate. The same type of energy-band diagrams can be con- 
structed for an MOS capacitor with an n-type semiconductor substrate. Figure 11.6a 
shows the MOS capacitor structure with a positive voltage applied to the top gate ter- 
minal. Apositive charge exists on the top gate and an electric field is induced with the 
direction shown in the figure. An accumulation layer of electrons will be induced in 


t 


Figure 11.51 The energy-band diagram of the MOS capacitor 
with a p-type substrate for a ''large” positive gate bias. 




Figure 1 1.6 l The MOS capacitor with an n-type substrate for (a) a positive gate bias and (b) a moderate negative gate bias. 
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the n-type substrate. The case when a negative voltage is applied to the top gate is 
shown in Figure 1 1.6b. A positive space charge region is induced in the n-type semi- 
conductor in this situation. < 

The energy-band diagrams for this MOS capacitor with the n-type suhstrate at 
shown in Figure 11.7. Figure 11.7a shows the case when a positive voltage is ap 
plied to the gate and an accumulation layer of electrons is formed. Figure 11.7 
shows the positive space charge region induced by an applied negative gate voltagf 
in it the conduction and valence band energies bend upward. Figure 11.7c shows th 
energy bands when a larger negative voltage is applied to the gate. The conduction 
and valence bands are bent even more and the intrinsic Fermi level has moved 
above the Fermi level so that the valence band is closer to the Fermi level than the 

4 



(a) 


Induced positive space 
charge region 
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Figure 11.7 1 The energy-band diagram of the MOS 
capacitor with an n-type substrate for (a) a positive 
gate bias, (b) a moderate negative bias, and (c) a 
''large” negative gate bias. 
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conduction band is. This result implies that the semiconductor surface adjacent to 
the oxide-semiconductor interface is p type. By applying a sufficiently large nega- 
1 tive voltage to the gate of the MOS capacitor, the semiconductor surface has been 
, inverted from n type to p type. An inversion layer of holes has been induced at the 
I oxide-semiconductor interface. 


11.1.2 Depletion Layer Thickness 


Wfe may calculate the width of the induced space charge region adjacent to the oxide- 
semiconductor interface. Figure 1 1.8 shows the space charge region in a p-type semi- 
conductor substrate. The potential:® is the difference (in volts) between £>,- and E t - 
and is given by 


\ 


. ,, , (N a \ 

4>f P = V' f In — 

V n; / 


01 . 4 ) 


where N a is the acceptor doping concentration and n,- is the intrinsic carrier 
concentration. 

The potential <p s is called the surface potential; it is the difference (in volts) be- 
tween Ef, measured in the bulk semiconductor and Ef, measured at the surface. The 
surface potential is the potential difference across the space charge layer. The space 
charge width can now be written in a form similar to that of a one-sided pn junction. 
We can write that 


x d ~ 


( 2 e s <p s 
V eN a 


1/2 


( 11 . 5 ) 


where is the permittivity of the semiconductor. Equation (11.5) assumes that the 
abrupt depletion approximation is valid. 

Figure 1 1 .9 shows the energy bands for the case in which <j> s — 2 <pf p . The Fermi 
level at the surface is as far above the intrinsic level as the Fermi level is below the 



Figure 11.8 I The energy-band diagram in the p-type 
semiconductor, indicating surface potential. 
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Figure 11.9 I The energy-hand diagram in ihe p-type 
semiconductor at the threshold inversion point. 





intrinsic level in the hulk semiconductor. The electron concentration at the surface is 
the same as the hole concentration in the bulk material. This condition is known as 
the threshold inversion point. The applied gate voltage creating this condition is 
known as the threshold voltage. If the gate voltage increases above this threshold 
value, the conduction bend will hrnd slightly closer to the Fermi level, but th< 
change in the conduction hand at the surface is now only a slight function of gats 
voltage. The electron concentration at the surface, however, is an exponential func- 
tion of the surface potential. The surface potential may increase by a few (kT ! e) 
volts, which will change the electron concentration by orders of magnitude, butthe 
space charge width changes only slightly. In this case, then, the space charge region 
has essentially reached a maximum width. 

The maximum space charge width, Xjr . at this inversion transition point can be 
calculated from Equation (11.5) by setting <j> s = 2$/,,. Then 



EXAMPLE ii.i [ Objective 

To calculate the maximum space charge width given a particular semiconductor doping 
concentration. 

Consider silicon at T — 300 K doped to A,, = I0 1 '’ cnr ‘ . The intrinsic carrier concern, 
tration is n, = 1.5 x )0 1D cm"- 1 . 

■ Solution ! 

From Equatiun t L l .4), we have 

*» ~ V H«) “ <0<,25, > , “(t5VTo 5;) = a,<7V 
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4S7 


[Then the maximum space charge width is 



p'2 

'4(11.7)(8.85 x 10“ 14 )(0.347) ” 

. eN a , 


(1.6 x 10-”)(I0' S ) 


[or 


Xf IT = 0.30 x 10 4 cm - 0.30 


■ Comment 

The maximum induced space charge width is on the same order of magnitude as pn junction 
space charge widths. 


We have been considering a p-type semiconductor substrate. The same maxi- 
mum induced space charge region width occurs in an n-type substrate. Figure 11.10 
is the energy-band diagram at the threshold voltage with an n-type substrate. We can 
write 



(11.7) 



( 11 . 8 ) 


Note that we are always assuming the parameters <pf p and cj>j n to be positive quantities. 

Figure 11.11 is a plot of x,, r at T = 300 K as a function of doping concentration 
in silicon. The semiconductor doping can be either n-type or p-type. 



E t . 

E F 


Er, 




Figure 11.10 I The energy-band diagrem in the n-type 
semiconductor at the threshold inversion point. 
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N. semiconductor doping (an 3 ) 

Figure 11.11 I Maximum induced space charge region width 
versus semiconductor doping. 


TEST YOUR UNDERSTANDING 

EU.l (a) Consider as oxide-to-p-type silicon junction at 7 = 300 K. The impurity doping 
concentration in the silicon is N, = 3 x I0 ifl cm -3 . Calculate the maximum space- 
charge width in the silicon. ( b ) Repeat part (a )for an impurity concentration cf 
N a = 10 15 cm -3 , [urt £98’0 (<?) 'torfosio (») '^Vl 
E11.Z Consider an oxide-to-n-type silicon junction at T = 300 K. The impurity doping 
concentration in the silicon is N d = 8 x 10 1S cm -3 . Calculate the maximum space- 
charge width in the silicon. ( ulrf £E'0 SU V) 


11.1.3 Work F unction Differences 


I 




We have been concerned, so far. wtth the energy-band diagrams of the semiconduc 
tor material. Figure 11.12a shows the energy levels in the metal, silicon dioxide, and 
silicon relative to the vacuum level. The metal work function is <p„, and the elecboi 
affinity is x • The parameter Xi is the oxide electron affinity and, for silicon dioxi, 

Xi ~ 0.9 V. 

Figure 11.12b shows the energy-band diagram of the entire metal-oxide- 
semiconductor structure with zero gate voltage applied. The Fermi level is a constant 
through the entire system at thermal equilibrium. We may define <p' m as a modifi e l| 
metal work function — the potential required to inject an electron from the metal ii Jt< 1 
the conduction band of the oxide. Similarly, x ’ is defined as a modified electron 
affinity. The voltage is the potential drop across the oxide for zero applied gal 
voltage and is not necessarily zero because of the difference between <pm an d X 
potential <p s q is the surface potential for this case. 


AIU11 

gala 

1 
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Vacuum level 



Figure 11.12 I (a) Energy levels in an MOS system pnor to contact and (b) energy-hand diagram through the 
MOS structure in thermal equilibrium after contact. 


If we sum the energies from the Fermi level on the metal side to the Fermi level 
on the semiconductor side, we have 

£ 

+ e KwO = ex ' + — e^.vo + e4>fp (11 -9) 

Equation ( 1 1 .9) can be rewritten as 

VoxO + 0.iO — ~ <P'„, ~ + <Pfpj j (11.10) 

We can define a potential 4>m.\ as 

( 11 . 11 ) 


which is known as the metal- semiconductor work function difference 

Objective | EXAMPLE 11.2 

To calculate the metal-semiconductor work function difference <p mi for a given MOS system 
and semiconductor doping. 
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For an aluminium-silicon dioxide junction, (j> m = 3.20 V and for a silicon-silicon diox- 
ide junction, x' = 3.25 V. We may assume that E.. = 1.11 eV, Let the p-type doping be N a = 
10 14 cm"'. 


■ Solution 

For silicon at T = 300 K, we may calculate (j>f p as 


; 0.228 V 


Then the work function difference is 


, N s 10” \ 

■p = v, In ( — ) = (0.0259) In / J = I 
\ n, / I 1.5 x 10 ' 

ction difference is 

4 > m , = 0 :, -(*'+§ + * n >) = 320 - ( - 3 - 25 + °- 535 + °- 228 ) 


4>m. - -0.83 V 

■ Comment 

The value of <p ms will become more negative as the doping of the p-type substrate increases.! 


Degenerately doped polysilicon deposited on the oxide is also often used as the 
metal gate. Figure 1 1 . 1 3a shows the energy-band diagram of an MOS capacitor wit u 
an n + polysilicon gate and a p-type substrate. Figure 1 1.1 3b shows the energy-bat 
diagram for the case of a p + polysilicon gate and the p-type silicon substrate. In die 
degenerately doped polysilicon, we will initially assume that Ef — E c for the n- 
case and Ef — E v for the p+ case. 

For the n + polysilicon gate, the metal-semiconductor work function difference 



Figure 11.13 I Energy-band diagram through the MOS structure with a p-type substrate at zero gate bias for (a) an n + 
polysilicon gate and (b) a p + polysilicon gate. 



I . 

t and for the p polysilicon gate, we have 
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(11.13) 


I However, for degenerately doped rt + polysilicon and p + polysilicon, the Fermi level 
can be above E c and below £,,, respectively, by 0.1 to 0.2 V. The experimental <p ms 
values will then be slightly different from the values calculated by using Equa- 
j tions (11.12) and (11.13). 

We hare been considering a p-type nemiconductor substrate. We may also hair 
an n-type semiconductor substrate in an MOS capacitor. Figure 11.14 shows the 
energy-band diagram of the MOS capacitor with a metal gate and the n-type semi- 
conductor substrate, for the case when a negative voltage is applied to the gate. The 
metal- semiconductor work function difference for this case is defined as 



( 11 . 14 ) 


where 4>fn is assumed to be a positive value. We will have similar expressions for n + 
and p + polysilicon gates. 

Figure 11.15 shows the work function differences as a function of semiconduc- 
tor doping for the various types of gates. We may note that the magnitude of <p ms for 
the polysilicon gates are somewhat larger than Equations (11.12) and (11.13) predict. 
This difference again is because the Fermi level is not equal to the conduction band 
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Figure 1 1.14 I Energy-band diagram through the MOS 
structure with an n-type substrate for a negative applied 
gate bias. 
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Figure 11.15 1 Metal-semiconductor work 
function difference versus doping for 
aluminum, gold, and n + and p* 
poly silicon gates. 

( From Sze 1161 and Werner [19].) 


energy for the n + gate and is not equal to the valence band energy for the p + gate. 
The metal-semiconductor work function difference becomes important in the flat-band 
and threshold voltage parameters discussed next. 


TEST YOUR UNDERSTANDING 


E11.3 

E11.4 

E11.5 


The silicon impurity doping concentration in an aluminum- silicon dioxide-silicon | 
MOS structure is /V„ = 3 x lO" 1 cm' 3 . Using the parameters in Example 1 1 .2, deter- 
mine the metal-semiconductor work function difference A i860— = '"@ SU V)| 

lKetratp ’ 


Consider an iT" polysilicon gate in an MOS structure with a p-type silicon substrate. 
The doping concentration of the silicon is N„ = 3 x KJ' 6 cm 1 . Using Equa- 
tion (11.12), find the value of 0„„. (A IE6'0 — — "“'P ' S W) 

Repeat El 1.4forap 4 ' polysilicon gate using Equation! i 1. 13). ( A 61F0+ = "9 '* U V) 


11.1.4 Flat-Band Voltage 

The flat-band voltage is defined as (he applied gate voltage such that there is no band 
bending in the semiconductor and, as a result, zero net space charge in this region. 
Figure 11.16 shows this Rat-band condition. Because of the work function difference 
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Figure 1 1.16 I Energy-band diagram of an 
MOS capacitor at flat band. 


and possible trapped charge in the oxide, the voltage across the oxide for this case is 
not necessarily zero. 

We have implicitly been assuming that there is zero net charge density in the 
oxide material. This assumption may not be valid — a net fixed charge density, usu- 
ally positive, may exist in the insulator. The positive charge has been identified with 
broken or dangling covalent bonds near the oxide-semiconductor interface. During 
the thermal formation of S 1 O 2 , oxygen diffuses through the oxide and reacts near the 
Si-SiOj interface to form the Si02. Silicon atoms may also break away from the 
silicon material just prior to reacting to form SiOi. When the oxidation process is 
terminated, excess silicon may exist in the oxide near the interface, resulting in the 
dangling bonds. The magnitude of this oxide charge seems, in general, to be a strong 
function of the oxidizing conditions such as oxidizing ambient and temperature. The 
charge density can be altered to some degree by annealing the oxide in an argon or 
nitrogen atmosphere. However, the charge is rarely zero. 

The net fixed charge in the oxide appears to be located fairly close to the oxide- 
semiconductor interface. We will assume in the analysis of the MOS structure that an 
equivalent trapped charge per unit area, Q'., is located in the oxide directly adjacent 
to the oxide-semiconductor interface. For the moment, we will ignore any other 
oxide-type charges that may exist in the device. The parameter Q' si is usually given 
in terms of number of electronic charges per unit area. 

Equation (11.10), for zero applied gate voltage, can be written as 

K)x0 + <PsO — — <t>ms (11.15) 

If a gate voltage is applied, the potential drop across the oxide and the surface poten- 
tial will change. We can then write 

Vq = A V ox + A <p 5 — (V ox - V ox q) + (4> s - 0jo) (11.16) 

Using Equation (11.15), we have 

VV; — V 0 x + 4>s + (11-17) 

Figure 11.17 shows the charge distribution in the MOS structure for the flat-band 
condition. There is zero net charge in the semiconductor and we can assume that an 
equivalent fixed surface charge density exists in the oxide. The charge density on the 
metal is Q’ m , and from charge neutrality we have 

Q'm + < 2 ; - 0 


(11.18) 
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Figure 11.17 I Charge distribution in 
an MOS capacitor at flat band. 


We can relate Q' to the voltage across the oxide by 

V: = (1 1.19 

'-'OX 1 

where C ox is the oxide capacitance per unit area.' Substituting Equation (11.18) int< 
Equation (11.19), we have 

-O' 

( 11.20 

'-'OX 


In the flat-hand condition, the surface potential is zero, or <p s = 0. Then from Equa-; 
tion (1 1.17). we have 


Vc = 


VFB = 4>mt 



(11.2 


Equation (1 1 .21) is the flat-band voltage for this MOS device. 


example ii.3 | Objective 


To calculate the flat-band voltage for an MOS capacitor with a p-type semiconductor substrate. 

Consider an MOS structure with a p-type semiconductor substrate doped to N„ = 
iO 16 cm -1 , a silicon dioxide insulator with a thickness of t m = 500 A. and an ir poiysilico 
gate. Assume that Q' st = 10" electronic charges percm'. 


Solution 

The work function difference, from Figure 1 1 . 15, is s - — 1 . 1 V. The oxide capacitancecar 
be found as 

(3.9)(8.85 x IO” 14 ) 


C„ = — = 

500 x 


- 6.9 x 10'" F/cm 


'Although we will, in general, use the primed notation for capacitance per unit area or charge per unit 
area, we will omit, fur convenience, the prime on the oxide capacitance per unit area parameter 
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The equivalent oxide surface charge density is 

£?;, = (10")(1.6 X 10 lv ) = 1.6x l(T s C/cm 2 
The Hat-band voltage is then calculated as 


Vfb — = -U 


/ 1 .6 x 10 _lt \ 
\ 6.9 x 10- a ) 


-1.33 V 


■ Comment 

The applied gate voltage required to achieve the flat-band condition for this p-type substrate is 
negative. If the amount of fixed oxide charge increases, the Hat-band voltage becomes even 
more negative. 


TEST YOUR UNDERSTANDING 

E11.6 Consider the MOS structure described in El 1.3. Far an oxide thickness of r, a — 

200 A and an axide charge of Q' ss = 8 x 10 )o cm - ’, calculate the flat-band voltage. 
(A 90' l- = 11 J A ‘s«V) 

Ell. 7 Repeat El 1.6 for the MOS device described in El 1.4. (A 10' l — = ffy /l suv) 

E11.8 Repeat El 1.6 for the MOS device described in El 1.5. (A 9010+ — 9/1 A SU V) 


11.1.5 Threshold Voltage 

The threshold voltage was defined as the applied gate voltage required to achieve the 
threshold inversion point. The threshold inversion point, in turn, is defined as the con- 
dition when the surface potential is @ = ?§), for the p-type semiconductor and = 
2 <p f „ for the n-type semiconductor. These conditions were shown in Figures 1 1.9a 
and 11.10. The threshold voltage will he derived in terms of rhe electrical and geo- 
metrical properties of the MOS capacitor. 

Figure 11.18 shows the charge distribution through the MOS device at the 
threshold inversion point for a p-type semiconductor substrate. The space charge 


p-type 

Metal Oxide semiconductor 



Figure 11.18 I Charge distribution in an 
MOS capacitor with a p-type substrate at 
the threshold inversion point. 
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width has reached its maximum value. We will assume that there is an equivalent 
oxide charge Q' s , and the positive charge on the metal gate at threshold is Q’ ml .The 
prime on the charge terms indicates charge per unit area. Even though we are assum- 
ing that the surface has been inverted, we will neglect the inversion layer charge at 
this threshold inversion point. From conservation of charge, we can write 

Q' mT + Q' ss = |0' SD (max)| ( ] 1 .22) 

where 


l£?s D (max)| = eN u x dT 


(11.23) 


and is the magnitude of the maximum space charge density per unit area of the de- 
pletion region. 

The energy-band diagram of the MOS system with an applied positive gate volt- 
age is shown in Figure 11.19. As we mentioned, an applied gate voltage will change 
the voltage across the oxide and will change the surface potential. We had from Equ- 
ation (11.16) that 

= AV' 0X 4- — V 0!( 4- 4- (j> mx 1 

At threshold, we can define Vq = Vtn . where Vjn is the threshold voltage that 
creates the electron inversion layer charge. The surface potential is tfi 3 = 2 <j>f p at 
threshold so Equation (11.16) can be written as 

Vtn — V ox r + 2<pf p + <j) ms (11.24) 

where F ox t is the voltage across the oxide at this threshold inversion point. 




Figure 11.19 ( Energy-band diagram through the MOS 
structure with apositive applied gate bias. 
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I The voltage V^r can be related to the charge on the metal and to the oxide capa- 
citance by 

(1125) 

'-'OX 

f where again C ox is the oxide capacitance per unit area. Using Equation (1 1.22), we 
, can write 

K>*r = ~ = ~(|Q; /J (max)| - Q'J ( 11 . 26 ) 

t ox X OX 


Finally, the threshold voltage can be written as 


V TN 


I Q'sn (max) | Q' s 


--T-+ 4>ms + 2(j)fp 
'■'OX 


* 


(11.27a) 


Vtn = (IG'spfmax)! - Q' s ) ( — j + 4>ms + 2 <Pfr 

\^ox / 


( 11 . 27 b) 


Using the definition of flat-band voltage from Equation ( 1 1.21), we can also express 
the threshold voltage as 


Vtn 


I8'sp(max)l 


+ V FF! + 2 <pf p 


( 11 . 27 c) 


For a given semiconductor material, oxide material, and gate metal, the threshold volt- 
age is a function of semiconductor doping, oxide charge Q' s ( , and oxide thickness. 


„b.ective 
O J 

To design the oxide thickness of an MOS system to yield a specitied threshold voltage. 

Consider an n + polysilicon gate and a p-type silicon substrate doped to N„ = 3 x 
10' 6 cnr-\ Assume Q' 1S - 10” cnr ; . Determinethcoxidethickncsssuclthat V rN — +0.65V. 

■ Solution 

Rom Figure 11.15, the work function difference is <p„ u = —1.13 V. The various parameters 
can be calculated as 

(N a \ ( 3 x 10 lh \ 

ln ( = (00259) ln (nr io^) = 0376 v 


Then 


x,ir 


j 4f*4>f P l l/2 

( eN. I 


4(1 1.7)(8.85 x 10 14 )(0.376) I 1/3 


= 0.18 /rm 


Qs D (max)| =eN a x dT = (1.6 x 10“ l9 )(3 x 10 lh )(0.18 x 10~ 4 ) 


DESIGN 
EXAMPLE 11.4 
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or 

|g' S£> (max)| = 8.64 x 10 -8 C/cm 2 

The oxide thickness can be determined from the threshold voltage equation 

Vr* - (\Q: S0 {™m - q'^— ) + <s>ms + Uj P 


Then 


0.65 = 


[(8.64 x 10~ 8 ) - (10")(1.6 x 10- |9 )i 
~(3.9)(8.85~x 10' 1 " 4 ) 


•f ox - 1.13 + 2(0.376) 


or 


0.65 = 2.0 x 10 5 r ni - 0.378 


which yields 


= 504 A 


■ Comment 

The threshold voltage for chis case is a positive quantity, which means that the MOS device is 
an enhancement mode device: a gate voltage must he applied to create the inversion layer 
charge, which is zero for zero applied gate voltage. 


The threshold voltage must be within the voltage range of a circuit design. 
Although we have not yet considered the current in an MOS transistor, the threshold 
voltage is the point at which the transistor turns on. If a circuit is to operate between 
0 and 5 V and the threshold voltage of a MOSFET is 10 V, for example, the device 
and circuit cannot be turned "on” and "off. "The threshold voltage, then, is one of the, 
important parameters of the MOSFET. | 


EXAMPLE 11.5 


| Objective 

To calculate the threshold voltage of an MOS system using the aluminum gate. 

Consider a p-type silicon substrate at T = 300 K doped to N a — 10 14 cur 5 . Let 
(}' , - 10 10 cm -2 , t m = 500 A, and assume the oxide is silicon dioxide. From Figure 11.15, 
we have that <p mi — —0.83 V. 

■ Solution 

We can start calculating the various parameters as 

( N \ l ! 0 14 \ 

= v ' in = (0 - 0259)ln ( TT7W>) - °' 228 v 

and 


XdT ~ 


eN a 


[4(11.7)(8.85 x 10 _l4 )(0.228) 
(T6"x 10-^)(10 14 j 


1/2 


= 2.43 yum 
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Then 

ie' D (max)| =eN a x dr = (1.6 x 10" l9 )(10 u )(2.43 x 1(T 4 ) = 3.89 x KT 9 C/em 2 
W: can now calculate the threshold voltage as 


Vts =(|{2:«,(max)|- Q' ss ) 


fe) 


+ 0ms + 20 f p 


= [(3.89 x 10 9 ) - (10 IO )(1.6 x KT 19 )] 

— 0.83 + 2(0.228) 

= -0.341V 


500 x 10 

L(3.9K8.85~x 10~ i4 )J 


■ Comment 

In this example, the semiconductoris very lightly doped which, in conjunction with the posi- 
tive charge in the oxide and the work function potential difference^ sufficient to induce an 
electron inversion layer charge even with zero applied gate voltage. This condition makes the 
threshold voltage negative. 


A negative threshold voltage for a p-type substrate implies a depletion mode de- 
vice. A negative voltage must be applied to the gate in order to make the inversion 
layer charge equal to zero, whereas a positive gate voltage will induce a larger inver- 
sion layer charge. 

Figure 1 1.20 is a plot of the threshold voltage V TN as a function of the acceptor 
doping concentration for various positive oxide charge values. We may note that the 
p-type semiconductor must be somewhat heavily doped in order to obtain an en- 
hancement mode device. 

The previous derivation of the threshold voltage assumed a p-type semiconduc- 
tor substrate. The same type of derivation can be done with an n-type semiconductor 
substrate, where a negative gate voltage can induce an inversion layer of holes at the 
oxide-semiconductor interface. 

Figure 11.14 showed the energy-band diagram of the MOS structure with an n- 
type substrate and with an applied negative gate voltage. The threshold voltage for 
this case can be derived and is given by 


Vtp = (— IOs D (max)| - Q'j (— ) + <P,„ S - 2 <j> fn j (11.28) 

\ f ox / 


where 

4>ms = 4>’ m - (x' + § - 01.29a) 

ie' SD (max)| = eN d x dr 
1/2 


(11.29b) 
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and 



A,, (cm' 3 ) 


Figure 11.20 1 Threshold voltage of an n-channel MOSFET 
versus the p-type substrate doping concentration for various 
values of oxide trapped charge (i gx = 500 A, aluminum gate). 


4>f„ - V, In 




We may note that X c u and ( pf n are defined as positive quantities. We may also note 
that the notation of Vjp is the threshold voltage that will induce an inversion layer of 
holes. We will later drop the N and P subscript notation on the threshold voltage, but, 
for the moment, the notation may be useful for clarity. 

j Objective ' ~ 


To design the semiconductor doping concentration to yield a specified threshold voltage. 

Consider an aluminum- silicon dioxide-silicon MOS structure. The silicon is n type, the 
oxide thickness is = 650 A, and the trapped charge density is Q\ . = ]0 10 cm -2 . Deter- 
mine the doping concentration such that \'tp = —1.0 V. 

i 

■ Solution 

The solution to this design problem is not straightforward, since the doping concentration ap- 
pears in the terms <j>f„.x dT , g' !fJ (nnax) and . The threshold voltage, then, is a nonlinear 
function of N c i. Without a computer-generated solution, we resort to trial and error. 
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For N d = 2.5 x 10 14 cm 3 , we find 

4>m = V, In = 0.253 V 


and 


Then 


XdT = 


eN d 


Ml 


- ? .62 


K>' si ,(max)| = eN d x<iT = 6.48 x 10 9 C/cm 2 

From Figure 11.15, 

<p ms = -0.35 V 

The threshold voltage is 

Vtp = (-|0' sfl (m«)| - Q'J f— ) +</>„, - 2<t> f „ 

\ / 


[—(6.48 x 10“ 9 ) - ( 10 ICI )( 1 .6 x 10- ,9 )](650 x !0~ 8 ) 
(3,91(8.85 x 10 - l4 ) 


- 0.35 -2(0.253) 


which yields 


V TP = -1.008 V 


and is essentially equal to the desired result. 

■ Comment 

The threshold voltage is negative, implying that this MO S capacitor, with the n-type substrate, 
is an enhancement mode device. The inversion layer charge is zero with zero gate voltage, and 
anegative gate voltage must he applied to induce the hole inversion layer. 


Figure 11.21 is a plot of Vj p versus doping concentration for several values of 
Q[ s . We may note that, for all values of positive oxide charge, this MOS capacitor is 
always an enhancement mode device. As the Q' charge increases, the threshold 
voltage becomes more negative, which means that it takes a larger applied gate volt- 
age to create the inversion layer of holes at the oxide-semiconductor interface. 

11.1.6 Charge Distribution 

We've discussed the various charges in the MOS structure. We may gain a better un- 
derstanding by considering the following figures. The electron concentration in the 
inversion layer (p-type substrate) at the oxide interface is given by n s — (nj/N a ) 
exp (<pi l Vf ) . For silicon at T = 300 K with an impurity doping concentration of 
N„ =■ 1 x 10 16 cm- 3 , the surface potential at the threshold inversion point is 
0, = 2 4>f p — 0.695 V. The electron concentration at the oxide interface at this sur- 
face potential is just = 1 x 10 16 cm -3 as we have discussed before. Figure 11.22 
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jV,# (cm 3 ) 



Figure 11.21 1 Threshold voltage of a p-channel MOSFET 
versus the n-type substrate doping concentration for 
various values of oxide trapped charge (t m = 500 A. 
aluminum gate). 



Figure 11.22 I Electron inversion charge 
density as a function of surface 
potential. 




11.1 The Two-Terminal MOS Structure 



•MV) 


Figure 1 1 .23 I Variation of surface charge density (accumulationcharge 
and inversion charge) as a function cf surfece potential. 

( FrnmSze 116].) 


shows the increase in electron concentration at the surface with an increase in surface 
potential. As discussed previously, since the electron concentration increases rapidly 
with very small changes in surface potential, the space charge width has essentially 
reached a maximum value. 

Figure 11.23 shows the total charge density (C/cm") in the silicon as a function 
cf the surface potential. At flat band, the total charge is zero. For 0 < <p s < we 
are operating in the depletion mode since the inversion charge has not yet been 
formed. For <pf P < (j> s < 2 the Fermi energy at the surface is in the upper half of 
the band diagram, which implies an n-type material, but we have not yet reached the 
threshold inversion point. This condition is referred to as weak inversion. The condi- 
tion for <p s > 2 is called strong inversion, since the inversion charge density in- 
creases rapidly with an increase in surface potential, as we have seen. 


TEST YOUR UNDERSTANDING 

E11.9 An MOS device has the following parameters: aluminum gate, p-type substrate with 
/V), = 3 x 10 16 cm - ' 3 , t m = 250 A. and Q' si — 10 1 1 c m 2 . Determine the threshold 
voltage. (A I8 c’0+ = AU A ‘ S0 V) 
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E11.10 Consider an MOS device with the following parameters: p + poiysiiicon gate, 
n-type substrate with Nj — 10 11 cm 3 , i M = 220 A, and (T. = 8 x lO 10 cm -2 . 
(Use Figure 11.15). Determine the threshold voltage. (A t?3Z 0+ = dl A ’ SU V) 
*E11,11 The device described in El 1.10 is to be redesigned by changing the n-type doping con- 
centration such that the threshold voltage is in the range -0.50 < V T /• < -0.30 V. 
( C _«I3 9l 0I Xp= '"/V JOJ A SOUQ- = dI A ‘10113 pue isuj/Cg -suy) 


11.2 l CAPACITANCE-VOLTAGE 
CHARACTERISTICS 


The MOS capacitor structure is the heart of the MOSFET. A great deal of informa- 
tion about the MOS device and the oxide-semiconductor interface can be obtain 0 
from the capacitance versus voltage or C-V characteristics of the device. The capdSj 
itance of a device is defined as 

d A 

dV 


C = 


(11.3c 


where d Q is the magnitude of the differential change in charge on one plate aS I] 
function of the differential change in voltage dV across the capacitor. The capafl : 
tance is a small-signal or ac parameter and is measured by superimposing a small 36j 
voltage on an applied dc gate voltage. The capacitance, then, is measured as a fuii£ : 
tion of the applied dc gate voltage. 


11.2.1 Ideal C-V Characteristics 


i 


First we will consider the ideal C-V characteristics of the MOS capacitor and then 
discuss some of the deviations that occur from these idealized results. We will ini- 
tially assume that there is zero charge trapped in the oxide and also that there is no 
charge trapped at the oxide-semiconductor interface. 

There are three operating conditions of interest in the MOS capacitor: accumu- 
lation, depletion, and inversion. Figure 1 1 ,24a shows the energy-band diagram of an 
MOS capacitor with a p-type substrate for the case when a negative voltage is ap- 
plied to the gate, inducing an accumulation layer of holes in the semiconductor at the 
oxide-semiconductor interface. A small differential change in voltage across the 
MOS structure will cause a differential change in charge on the metal gate and also 
in the hole accumulation charge, as shown in Figure 1 1 ,24b. The differential changes 
in charge density occur at the edges of the oxide, as in a parallel-plate capacitor. The 
capacitance C 1 per unit area of the MOS capacitor for this accumulation mode is just 
the oxide capacitance, or 


C’(acc) — C m = — (11.31) 

Ax 

Figure 1 1 ,25a shows the energy-hand diagram of the MOS device when a 
small positive voltage is applied to the gate, inducing a space charge region in the 
semiconductor; Figure 11.25b shows the charge distribution through the device for 
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Figure 11.24 1 (a) Energy-band diagram through an MOS capacitor for the accumulation mode, (b) Differential 
charge distribution at accumulation for a differential change i n gate voltage. 


Metal Oxide p-typ e semiconductor 




Figure 11.25 | (a) Energy-band diagram through an MOS capacitor for the depletion mode, (b) Differential 
charge distribution at depletion for a differential change in gate voltage. 


this condition. The oxide capacitance and the capacitance of the depletion region 
are in series. A small differential change in voltage across the capacitor will cause 
a differentia] change in the space charge width. The corresponding differential 
changes in charge densities are shown in the figure. The total capacitance of the se- 
ries combination is 


1 

C'(depl) 


1 1 

Cox C so 


; 11.32a) 


Co \C SD 
Cox + C' SD 


C'(depl) 


(11.32b) 
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Since C ox = e ox /T ox and C' SD = € x /Xd, Equation (11.32b) can be written as 


C'(depl) 


C, 


1 + 


OX 

c„ 


C'c 


SP 



(11.33 


As the space charge width increases, the total capacitance C'(depl) decreases. 

We had defined the threshold inversion point to he the condition when the max- 
imum depletion width is reached but there is essentially zero inversion charge den- 
sity. This condition will yield a minimum capacitance C' rin which is given by 


C' = 

'"'mm 



(11.341 


Figure 1 1 .26a shows the energy-band diagram of this MOS device for the inver- 
sion condition. In the ideal case, a small incremental change in the voltage across the 
MOS capacitor will cause a differential change in the inversion layer charge density 
The space charge width does not change. If the inversion charge can respond to the 
change in capacitor voltage as indicated in Figure 11.26b, then the capacitance i- 
again just the oxide capacitance, or 

C'(inv) = C ox = (11.3B 

*OX M 

Figure 1 1.27 shows the ideal capacitance versus gate voltage, or C-V, characte r " 
istics of the MOS capacitor with a p-type substrate. The three dashed segments cd r ' 
respond to the three components C ox , C’ SD , and CO The solid curve is the ideal n e * 
capacitance of the MOS capacitor. Moderate inversion, which is indicated in the f$" 
ure, is the transition region between the point when only the space charge density 



Figure 11.26 I (a) Energy-band diagram through an MOS capacitor for the inversion mode, (b) Differential charge 
distribution at inversion for a low-frequency differentialchange in gate voltage. 


1 1 .2 Capacitance-VoltageCharacteristics 


I 

c 



1_1 I 

V FB o v T v G ► 


Figure 1 1 .27 I Ideal low-frequency capacitance versus gate 
voltage of an MOS capacitor with a p-type substrate. 
Individual capacitance components are also shown. 


changes with gate voltage and when only the inversion charge density changes with 
gate voltage. 

The point on the curve that corresponds to the flat-band condition is of interest. 
The flat-band condition occurs between the accumulation and depletion conditions. 
The capacitance at flat band is given by 


C' — 

6 

OX 


^ FB 


(t) 

(%) 


(11.36) 


We may note that the flat-band capacitance is a function of oxide thickness as well as 
semiconductor doping. The general location of this point on the C-Vplot is shown in 
Figure 11.27. 


" Objective [ 

To calculate C ox , C' nin , and C’ FB for an MOS capacitor. 

Consider a p-type silicon substrate at T = 300 K doped to N a = 10 16 cm' 3 . The oxide is 
silicon dioxide with a thickness of 550 A and the gate is aluminum. 


■ Solution 

The oxide capacitance is 


(3.9K8-85 x IQ' 14 ) 
550 x 10- 8 


= 6.28 x 10 8 F/cm 2 


To find the minimum capacitance, we need to calculate 

/ N \ / 10 16 \ 

+» = V Hf) = (00259) ,n (UTW) = 0347 V 


EXAMPLE 11.7 
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and 

XdT = 

Then 

C • = - — 


4e, v 

eN,. 


1/2 


4(ll.7)(8.85 x 1 0 — M ) (0.347) ) ,/2 lr . 

— — — — } = 0.30 X 10 

(1.6 x 10- |9 )(1() 16 ) 1 


(3.9X8.83 x 10' 14 ) 




(550 X 10-«)-F^-^j(0.3x 10- 4 ) 


cm 


= 2.23 x 1 0 '* F/cm 1 " 


We may note that 


The Rat-hand capacitance is 


C /it ~ 


C'.„ 2.23 x 10- 


6.28 x 10- s 


= 0.355 



(550 x 10-S) + 

= 5.03 x l(r s F/cm 2 
We may also note that 


/ 3.9 
1 11.7 


(0.0259) 


(11.7)(8 .85 x XT u ) 


(1.6 x 10- |V )(10 10 ) 


C fb _ 5 - 03 xl 0 " 8 _ 0 y 0 
C„ x 6.28 x 10-* 


■ Comment 

The ratios of C mm to C,,* and of to C ox are typical values obtained in C-V plots 


TEST YOUR UNDERSTANDING 

E11.12 For the device described in El 1.9, determine C' 1)in /C„ x and C FH /C 0X . 
(90.0 - xo Dl aJ l O V6c'0 = w 0l" m ,3 '*uv) 


Typical values of channel length and width are 2 jim and 20 )(in, respectively. 
The total gate oxide capacitance for this example is then 

C mT = (6.28 x 1(T S )(2 x 1 0" 4 ) (20 x 10 4 ) = 0.025 x !0 _l - F = 0.025 pF 

The total oxide capacitance in a typical MOS device is quite small. 

The same type of ideal C-V characteristics are obtained for an MOS capacitor 
with an n-type subsrrate by changing the sign of the voltage axis. The accumulation 
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Figure 1 1.28 I Ideal low-frequency capacitance versus gate 
voltage of an MOS capacitor with an n-type substrate. 


condition is obtained for a positive gate bias and the inversion condition is obtained 
fora negative gate bias. This ideal curve is shown in Figure 11.28. 

11.2,2 Frequency Effects 

Figure 11.26a showed the MOS capacitor with a p-type substrate and biased in the 
inversion condition. We have argued that a differential change in the capacitor volt- 
age in the ideal case causes a differential change in the inversion layer charge den- 
sity. However, we must consider the source of electrons that produces a change in the 
inversion charge density. 

There are two sources of electrons that can change the charge density of the 
inversion layer. The first source is by diffusion of minority carrier electrons from the 
p-type substrate across the space charge region. This diffusion process is the same 
as that in a reverse-biased pn junction that generates the ideal reverse saturation 
current. The second source of electrons is by thermal generation of electron-hole 
pairs within the space charge region. This process is again the same as that in a 
reverse-biased pn junction generating the reverse-biased generation current. Both of 
these processes generate electrons at a particular rate. The electron concentration in 
the inversion layer, then, cannot change instantaneously. If the ac voltage across the 
MOS capacitor changes rapidly, the change in the inversion layer charge will not be 
able to respond. The C-V characteristics will then be a function of the frequency of 
the ac signal used to measure the capacitance. 

In the limit of a very high frequency, the inversion layer charge will not respond 
to a differential change in capacitor voltage. Figure 1 1 .29 shows the charge distribu- 
tion in the MOS capacitor with ap-type substrate. At a high-signal frequency, the dif- 
ferential change in charge occurs at the metal and in the space charge width in the 
semiconductor. The capacitance of the MOS capacitor is then which we dis- 
cussed earlier. 

The high-frequency and low-frequency limits of the C-V characteristics are 
shown in Figure 11.30. In general, high frequency corresponds to a value on the order 
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Figure 11.29 I Differential charge distribution at inversion 
for a high-frequency differential change in gate voltage. 



Figure 11.30 i Low-frequency and high-frequency capacitance 
versus gate voltage of an MOS capacitor with a p-type substrate. 


of 1 MHz and low frequency corresponds to values in the range of 5 to 100 Hz. Typ- 
ically, the high-frequency characteristics of the MOS capacitor are measured. 

11.2.3 Fixed Oxide and Interface Charge Effects 

In all of the discussion concerning C-Vcharacteristics so far, we have assumed an ideal 
oxide in which there are no fixed oxide or oxide-semiconductor interface charges. 
These two types of charges will change the C-Vcharacteristics. 

We previously discussed how the fixed oxide charge affects the threshold volt- 
age. This charge will also affect the flat-band voltage. The fiat-band voltage from 
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Equation (1 1.21) was given by 

1/ A Q'ss 

VhB = <Pms ~ r ~ 

Cox 

where Q' is the equivalent fixed oxide charge and (j >„, , is the metal- semiconductor 
work function difference. The flat-band voltage shifts to more negative voltages for 
a positive lixed oxide charge. Since the oxide charge is not a function of gate voltage, 
the curves show a parallel shift with oxide charge, and the shape of the C-V curves 
remains the same as the ideal characteristics. Figure 11.31 shows the high-frequency 
characteristics of an MOS capacitor with a p-type substrate for several values of 
fixed positive oxide charge. 

The C-V characteristics can be used to determine the equivalent fixed oxide 
charge. For agiven MOS structure, <p„ „ and C m are known, so the ideal flat-band volt- 
age and flat-band capacitance can be calculated. The experimental value of flat-band 
voltage can be measured from the C-V curve and the value of fixed oxide charge can 
then be determined. The C-V measurements are a valuable diagnostic tool to charac- 
terize an MOS device. This characterization is especially useful in the study of radia- 
tion effects on MOS devices, for example, which we will discuss in the next chapter. 

We first encountered oxide-semiconductor interface states in Chapter 9 in the 
discussion of Schottky barrier diodes. Figure ! 1 .32 shows the energy-band diagram 
of a semiconductor at the oxide-semiconductor interface. The periodic nature of the 
semiconductor is abruptly terminated at the interface so that allowed electronic 
energy levels will exist within the forbidden bandgap. These allowed energy states 
are referred to as interface states. Charge can flow between the semiconductor and 
interface states, in contrast to the fixed oxide charge. The net charge in these interface 
states is a function of the position of the Fermi level in the bandgap. 

In general, acceptor states exist in the upper half of the bandgap and donor states 
exist in the lower half of the bandgap. An acceptor state is neutral if the Fermi level 



figure 11.31 I Fligh-frequency capacitance versus gate 
voltage of an MOS capacitor with a p-type substrate 
for several values of effective trapped oxide charge. 


Figure 11.32 I Schematic diagram 
showing interface states at the oxide- 
semiconductor interface. 
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is below the state, and becomes negatively charged if the Fermi level is above the 
state. A donor state is neutral if the Fermi level is above the state and becomes posi- 
tively charged if the Fermi level is below the state. The charge of the interface states 
is then a function of the gate voltage applied across the MOS capacitor. 

Figure 1 1 ,33a shows the energy-band diagram in a p-type semiconductor of an 
MOS capacitor biased in the accumulation condition. In this case, there is a net pos- 
itive charge trapped in the donor states. Now let the gate voltage change to produce 
the energy-band diagram shown in Figure 1 1.33b. The Fermi level corresponds to 
the intrinsic Fermi level at the surface; thus, all interface states are neutral. This 


Neutral 


Positive 

donors 



r 


(a) 




Figure 11.33 I Energy-band diagram in a p-type semi- 
conductorshowing the charge trapped in the interface states 
when the MOS capacitor is biased (a) in accumulation, 

(b) at midgap, and (c) at inversion. 


11.3 The Basic MOSFET Operation 



Figure 11.34 I High-frequency C-V characteristics of an 
MOS capacitor showing effects of interface states. 


particular bias condition is known as midgap. Figure 1 1 .33c shows the condition at 
inversion in which there is now a net negative charge in the acceptor states. 

The net charge in the interface states changes from positive to negative as the 
gate voltage sweeps front the accumulation, depletion, to the inversion condition. We 
noted that the C-Vcurves shifted in the negative gate voltage direction due to posi- 
tive fixed oxide charge. When interface states are present, the amount and direction 
of the shift changes as we sweep through the gate voltage, since the amount and sign 
of the interface trapped charge changes. The C-V curves now become "smeared out" 
as shown in Figure 1 1 .34. 

Again, the C-V measurements can be used as a diagnostic tool in semiconductor 
device process control. For a given MOS device, the ideal C-V curve can be deter- 
mined. Any "smearing out" in the experimental curve indicates the presence of in- 
terface states and any parallel shift indicates the presence of fixed oxide charge. The 
amount of smearing out can be used to determine the density of interface states. 
These types of measurement are extremely useful in the study of radiation effects on 
MOS devices, which we will consider in the next chapter. 

11.3 I THE BASIC MOSFET OPERATION 

The current in an MOS field-effect transistor is due to the flow of charge in the inver- 
sion layer or channel region adjacent to the oxide-semiconductor interface. We have 
discussed the creation of the inversion layer charge in enhancement-type MOS ca- 
pacitors. We may also have depletion-type devices in which a channel already exists 
at zero gate voltage. 

11.3.1 MOSFET Structures 

There are four basic MOSFET device types. Figure 11.35 shows^an n-channel 
enhancement mode MOSFET. Implicit in the enhancement mode notation is the idea 
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that the semiconductor substrate is not inverted directly under the oxide with zero gate 
voltage. Apositive gate voltage induces the electron inversion layer, which then "con- 
nects" the n-type source and the n-type drain regions. The source terminal is the source j 
of carriers that flow through the channel to the drain terminal. For this n-channel de- i 
vice, electrons flow from the source to the drain so the conventional current will enter j 
the drain and leave the source. The conventional circuit symbol for this n-channel j 
enhancement mode device is also shown in this figure. 

Figure 11.36 shows an n-channel depletion mode MOSFET. An n-channel re- 
gion exists under the oxide with zero volts applied to the gate. Fiowever, we have: 
shown that the threshold voltage of an MOS device with a p-type substrate may be: 



Figure 11.35 I Cross section and circuit symbol for an 
n-channel enhancement-mode MOSFET. 


B 
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Source (S) Gate (G) Drain (D) 



Figure 11.36 I Cross sectiun and circuit symbol for an 
n-channel depletion-mode MOSFET. 
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negative; this means that an electron inversion layer already exists with zero gate 
voltage applied. Such a device is also considered to be a depletion mode device. The 
n-channel shown in this figure can be an electron inversion layer or an intentionally 
doped n region. The conventional circuit symbol for the n-channel depletion mode 
MOSFET is also shown in the tigure. 

Figures 1 1 ,37a and 1 1 ,37b show a p-channel enhancement mode MOSFET and a 
p-channel depletion mode MOSFET. In the p-channel enhancement mode device, a 
negative gate voltage must he applied to create an inversion layer of holes that will 
"connect" thep-type source and drain regions. Holes flow from the source to the drain, 
so the conventional current will enter the source and leave the drain. A p-channel 
region exists in the depletion mode device even with zero gate voltage. The conven- 
tional circuit symbols are shown in the figure. 


Source (S) Gaie(G) Drain (D) 




0 ) 

Figure 1 1.37 I Cross section and circuit symbol for (a) a p-channel en- 
hancement mode MOSFET and (b) a p-channel depletion mode MOSFET 
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11.3.2 Current-Voltage Relationship — Concepts a 

Figure i 1.38a shows an n-channel enhancement mode MOSFET with a gate-t« 
source voltage that is less than the threshold voltage and with only a very smaB 
drain-to-source voltage. The source and substrate, or body, terminals are held a 
ground potential. With this bias configuration, there is no electron inversion lays 
the drain-to-substrate pn junction is reverse biased, and the drain current is zerofdis 
regarding pn junction leakage currents). 

Figure 11.38b shows the same MOSFET with an applied gate voltage suchtha 
Vgs > Vy. An electron inversion layer has been created so that, when a small draii 
voltage is applied, the electrons in the inversion layer will Row from the source to the 
positive drain terminal. The conventional current enters the drain terminal and leaves 
the source terminal. In this ideal case, there is no current through the oxide to the gate 
terminal. 

For small Vo$ values, the channel region has the characteristics of a resistor, s< 
we can write 


h=gdV DS (11.37 

where gj is defined as the channel conductance in the limit as — > 0. The channe 

conductance is given by 

gd=™-nM\ (H.31 

where /<,, is the mobility of the electrons in the inversion layer and j Q' n | is the mag 
nitude of the inversion layer charge per unit area. The inversion layer charge is a 
function of the gate voltage; thus, the basic MOS transistor action is the modulation 
of the channel conductance by the gate voltage. The channel conductance, in tu; 
determines the drain current. We will initially assume that the mobility is a constant; 
we will discuss mobility effects and variations in the next chapter. 



Figure 11.38 I The n-channel enhancement mode MOSFET (a) with an applied gate voltage V CiS < W , and (b) with an 
applied gate voltage V' ( - s > V T . 
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The If) versus Vps characteristics, for small values of Vos, are shown in Fig- 
ure 11.39. When VV,- _v < Vj , the drain current is zero. As becomes larger than 
Vj , channel inversion charge density increases, which increases the channel con- 
ductance. A larger value of gj produces a larger initial slope of the Id versus Vos 
characteristic as shown in the figure. 

Figure 1 1 ,40a shows the basic MOS structure for the case when Vqs > Vj- and 
the applied Vos voltage is small. The thickness of the inversion channel layer in the 
figure qualitatively indicates the relative charge density, which is essentially constant 
along the entire channel length for this case. The corresponding I d versus Vos curve 
is shown in the figure. 

Figure 1 1 ,40b shows the situation when the Vos value increases. As the drain volt- 
age increases, the voltage drop across the oxide near the drain terminal decreases, 
which means that the induced inversion charge density near the drain also decreases. 
The incremental conductance of the channel at the drain decreases, which then means 
that the slope of the Id versus Vos curve will decrease. This effect is shown in the 
Id versus Vos curve in the figure. 

When Vos increases to the point where the potential drop across the oxide at the 
drain terminal is equal to Vj , the induced inversion charge density is zero at the drain 
terminal. This effect is schematically shown in Figure 11.40c. At this point, the in- 
cremental conductance at the drain is zero, which means that the slope of the Ip ver- 
sus Vos curve is zero. We can write 

V C s ~ Vos(sat) = V T (11.39a) 


or 


Vos(sat) = V cs — Vr 


(11.39b) 


where Vos(sat) is the drain-to-source voltage producing zero inversion charge den- 
sity at the drain terminal. 



Figure 1 1 .39 1 l t) versus Vp S charac 
teristics for small values of Vos at 
three Vgs voltages. 





Figure 1 1.40 I Cross, section and I » versus V D5 curve when V',- s <. V T for (a) a small V DS 
value, (b) a larger V DS value, fc) a value of Vns — Vos(sat), and (d)a valueof > F^sat). 
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When V DS becomes larger than the E^fsat) value, the point in the channel at 
which the inversion charge is just zero moves toward the source terminal. In this 
case, electrons enter the channel at the source, travel through the channel toward the 
drain, and then, at the point where the charge goes to zero, the electrons are injected 
into the space charge region where they are swept hy the E-field to the drain contact. 
If we assume that the change in channel length AL is small compared to the original 
length L , then the drain current will be a constant for Eos > Eo s (sat). The region of 
the Ip versus Eos characteristic is referred to as the saturation region. Figure 1 1.40d 
shows this region of operation. 

When Ecs changes, the fp versus V os curve will change. We saw that, if V GS 
increases, the initial slope of Ip versus Vp$ increases. We can also note from 
Equation ( 1 1 ,39b) that the value of Eos (sat) is a function of E^s- We can generate 
the family of curves for this n-channel enhancement mode MOSFET as shown in 
Figure 11.41. 

Figure 11.42 shows an n-channel depletion mode MOSFET. If the n-channel 
region is actually an induced electron inversion layer created by the metal- 
semiconductor work function difference and fixed charge in the oxide, the current- 
voltage characteristics are exactly the same as we have discussed, except that Vj 
is a negative quantity. We may also consider the case when the n-channel region is 
actually an n-type semiconductor region. In this type of device, a negative gate 
voltage will induce a space charge region under the oxide, reducing the thickness 
of the n-channel region. The reduced thickness decreases the channel conductance, 
which reduces the drain current. A positive gate voltage will create an electron ac- 
cumulation layer, which increases the drain current. One basic requirement for this 
device is that the channel thickness ? ( . must be less than the maximum induced 
space charge width in order to be able to turn the device off. The general Ip ver- 
sus Vps family of curves for an n-channel depletion mode MOSFET is shown in 
Figure 11.43. 



Figure 11.41 I Family of 1 1 > versus Vps 
curves for an n-channel enhancement- 
mods MOSFET. 



i 


B 

Figure 11.42 I Cross section of an 
n-channel depletion-mode MOSFET, 
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Figure 11.43 I Family of U, versus V DS 
curves for an n-channel depletion-mode 
MOSFET. 



In the next section we will derive the ideal current-voltage relation for the n- 
channel MOSFET. In the nonsaturation region, we will obtain | 

x 

(11.401 


and, in the saturation region, we will have ^ 

(11-41) 


The operation of a p-channel device is the same as that of the n-channel device, 
except the charge carrier is the hole and the conventional current direction and volt- 
age polarities are reversed. 


i D = ~^iy G s - VT ) 1 


Id = [2 (V GS - V T )V I)S - Vds] 


*11.3.3 Current-Voltage Relationship — MathematicalDerivation 

In the previous section, we qualitatively discussed the current- voltage characteris. 
tics. In this section, we will derive the mathematical relation between the drain cur- 
rent, the gate-to-source voltage, and the drain-to-source voltage. Figure 1 1 .44 shows 
the geometry of the device that we will use in this derivation. 

In this analysis, we will make the following assumptions: 

1. The current in the channel is due to drift rather than diffusion. 

2. There is no current through the gate oxide. 

3. A gradual channel approximation is used in which 3E v /9y > 9E x /dx. 

This approximation means that E x is essentially a constant. 

4. Any fixed oxide charge is an equivalent charge density at the oxide- 
semiconductor interface. 

5. The carrier mobility in the channel is constant. 
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Figure 11.44 I Geometry of a MOSFET for l D versus Vos 
derivation. 


We start the analysis with Ohm’s law, which can be written as 

./, = rrE, (11.42) 

where a is the channel conductivity and E, v is the electric field along the channel 
created by the drain-to-source voltage. The channel conductivity is given by a = 
ejinn(y) where /x„ is the electron mobility and n(y) is the electron concentration in 
the inversion layer. 

The total channel current is found by integrating J x over the cross-sectional area 
in they- and ^-directions. Then 



We may write that 

Q' n = ~ f en(y) dy (11.44) 

where Q' n is the inversion layer charge per unit area and is a negative quantity for this 
case. 

Equation (11.43) then becomes 

I x = ~Wn, t Q' a E x (11.45) 

where Wis the channel width, the result of integrating over z- 

Two concepts we will use in the current- voltage derivation are charge neutrality 
and Gauss's law. Figure 11.45 shows the charge densities through the device for 
Vi;;; > Vf. The charges are all given in terms of charge per unit area. Using the 





where the integral is over a closed surface. Qj is the total charge enclosed by the sur- 
face, and E„ is the outward directed normal component of the electric field crossing 
the surface S. Gauss's law will he applied to the surface defined in Figure 11.46. 
Since the surface must he enclosed, we must take into account the two end surfaces 
in the x-y plane. However, there is no ^-component of the electric field so these two 
end surfaces do not contribute to the integral of Equation (1 1.47). 

Now consider the surfaces labeled 1 and 2 in Figure 11.46. From the gradual 
channel approximation, we will assume that E x is essentially a constant along the 
channel length. This assumption means that EjTnto surface 2 is the same as E, out of 
surface I. Since the integral in Equation (1 1.47) involves the outward component of 
the E- field, the contributions of surfaces 1 and 2 cancel each other. Surface 3 is in the 
neutral p-region, so the electric field is zero at this surface. 

Surface 4 is the only surface that contributes to Equation ( 1 1 .47). Taking into ac- 
count the direction of the electric field in the oxide, Equation (11.47) becomes 


i 


eE„ dS - -e ox E ox W dx = Q r 
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where e ox is the permittivity of the oxide. The total charge enclosed is 

Qt = ( G;, + Q'n + G'so(max)) wrfjc (1 1 .49) 

Combining Equations (11.48) and (11.49), we have 

-foxEnx = £?'„ + Q'„ + (2' s „(max) (11.50) 

We now need an expression for E ox . Figure 1 1 ,47a shows the oxide and channel. 
We will assume that the source is at ground potential. The voltage V x is the potential 
in the channel at a point a along the channel length. The potential difference across 
the oxide at x is a function of Vcs , V x , and the metal-semiconductor work function 
difference. 

The energy-band diagram through the MOS structure at point x is shown in Fig- 
ure 11.47b. The Fermi level in the p-type semiconductor is Ep p and the Fermi level 
in the metal is /./,,, . We have 

Ep p - E Fm =e(V GS -V x ) (11.51) 

Considering the potential barriers, we can write 

Vcs - v x = (4>:„ + V m ) - (x' + !*■ - <t>s + 4>f^j (1 1 -52) 

which can also be written as 

V GS - - V ox + 2 4> fp + <p m < (11.53) 

where <p ms is the metal- semiconductor work function difference, and <p s = 2 <pf p for 
the inversion condition. 

The electric field in the oxide is 

E ox = ^ (11.54) 

tox 




Figure 1 1.47 I (a) Potentials at a point x along the channel, (b) Energy-band diagram through the MOS 
structure at the point x. 
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Combining Equations (11.50), (11.53). and (11.54), we find that 
-e«Eo* = -7^ [(Vos - Kv) - + 2<pf P )\ 

‘OX 


(11.55) 


= Q',s + Q'n + Ciu(max) 

The inversion charge density, Q' n , from Equation (11.55) can he substituted ini 
Equation (11.45) and we obtain 

dV x 

(113 


dx 


V x ) 


where E. = —dV x /dx and V T is the threshold voltage defined by Equation (11.27).i 
We can now integrate Equation (1 1.56) over the length of the channel. We have! 


r L pV x {L) 

I l x dx = -W/,„C ox / KVcs - V T ) - V x )dV x (11.57) 
Jo Jv.( 0 ) 

We are assuming a constant mobility fi n . For the n-channel device, the drain current 
enters the drain terminal and is a constant along the entire channel length. Letting 
Id = — I x , Equation (11.57) becomes 

Id = [2 (Vas ~ W) Vos - Vfjs] (1 1 -58) 

Equation (11.58) is valid for V G s > V T and for 0 £ Vp X < V^yfsat). ' 

Figure 11.48 shows plots of Equation (11.58) as a function of Vos for several 
values of Vcs- We can find the value of Vos at the peak current value from 
dip /3 Vds — 0. Then, using Equation ( 1 1 .58), the peak current occurs when j 


V D s = V GS - V T (11.59) 

This value of Vps is just V/> 5 (sat), the point at which saturation occurs. For Vps > 
V/wCsat), the ideal drain current is a constant and is equal to 


/»(sat) = -~~ —[2 (Vcs - VrWosi sat) - v£ s (sat)] ( 11 . 60 ) 



Figure 11.48 I Plots of I D versus Vas 
from Equation (11.58). 
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Using Equation ( 1 1 .59) for Vos(sat), Equation ( 1 1 .60) becomes 

r D ( sat) = ~^( V cs - V T ) 2 (1 1 .61 ) 

Equation (11.58) is the ideal current- voltage relationship of the n-channel 
MOSFET in the nonsaturation region for 0 < V'/jj .<? £ Vo 5 (sat), and Equation (11.61) 
is the ideal current-voltage relationship of the n-channel MOSFET in the saturation 
region for V/js > Vos(sat). These I-V expressions were explicitly derived for an 
n-channel enhancement mode device. However, these same equations apply to an 
n-channel depletion mode MOSFET in which the threshold voltage Vj is a negative 
quantity. 


Objective 


To design the width of a MOSFET such that a specified current is induced for a given applied 
bias. 

Consider an ideal n-channelMOSFET with parameters/, = 1.25 — 650crrr/V-$, 

C os = 6.9 x HT 8 F/cm : , and VY — 0.65 V Design the channel width W such that / u (sat) _ 
4 mA for V GS = 5 V. 


DESIGN 
EXAMPLE 11.8 


■ Solution 

We have, from Equation (11.61), 


T I C 0 \ 2 

/£i(sat)= — — — (Vcs - VY) 


4 x 10-’ 


H'(650)(6.9 x IQ" 8 ) 
2(1.25 x 10~ 4 ) 


• (5 - 0.65) 2 = 3.39 W 


Then 


W = 11.8 /tm 


■ Comment 

The current capability of a MOSFET is directly proportional to the channel width W. The cur- 
rent handling capability can be increased by increasing W. 


TEST YOUR UNDERSTANDING [ 

Ell. 13 The parameters of an n-channel MOSFET are fi n = 650cm 2 /V-s, i = 200 A, 

W/L — 50, and VT — 0.40 V. If the transistor is biased in the saturation region, 
find the drain current for V C s — I, 2, and 3 V. (V 111 61 P UE '6 FA T0'1 = "I ' SU V) 
E11.14 The n-channel MOSFET in El 1.1 3 is to be redesigned by changing the W j L ratio 
such that ]p = 100 ji A when the transistor is biased in the saturation region with 
V Gi - = 1.75 V. (9A6'0 = 7/M ’suy) 
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Figure 11.49 I (a )I D versus V (;s (for small V l)s ) for enhancement mode MOSFET. 
(b) Ideal Jh versus V Gi in saturation region for enhancement mode (curveA) and 
depletion mode (curve B) n-channel MOSFETs. 


We can use the l—V relations to experimentally determine the mobility 
threshold voltage parameters. From Equation (11.58), we can write, for very ana 
values of Vp$, 


Id — 


W(i„C a 


(Vos - V r )V m 


(11.62 


Figure 1 1 ,49a shows a plot of Equation ( 1 1 ,62a) as a function of Vcs for constant Vg 
A straight line is fitted through the points. The deviation from the straight line at lod 
values of Vqs is due to subthreshold conduction and the deviation at higher values oj 
Vqs is due to mobility being afunctionof gate voltage. Both of these effects will be CO 
sidered in the next chapter. The extrapolation of the straight line to zero current give 
the threshold voltage and the slope is proportional to the inversion carrier mobility. 

If we take the square root of Equation (1 1.61), we obtain 


/Msat) = f^ iVas ~ Vt) 


(11.62b 


Figure 1 1 ,49b is a plot of Equation ( 1 1 .62b). In the ideal case, we can obtain the samdl 
information from both curves. However, as we will see in the next chapter, the thresh 1 ! 
oldvoltage may be afunction of Vqs in short-channel devices. Since Equation ( 1 1.62b) I 
applies to devices biased in the saturation region, the V; parameter in this equation may 
differ from the extrapolated value determined in Figure 1 1 ,49a. In general, the nonsat- 
uration current- voltage characteristics will produce the more reliable data. 


example 11.9 | Objective ' ” 

To determine the inversion carrier mobility from experimental results. 

Consider an n-channcl MOSFET with \V = 15 fira, L = 2/uin, and C,„ = 6.9x 
1CT 8 F/cm : . Assume that the drain current in the nonsaturation region for V I)S = 0.10 V is 
I, = 35 //A at Vcs = 1.5 V and //> — 75 fi A at V' (;s — 2.5 V. 
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■ Solution 

Fmm Equation ( 1 1 62a), we can write 

W li, t C ax 

hi ~!m= -- (V B j2 - VciOVns 

sa that 

75 x Kr' 1 - 35 x 10 = ( j j ji n (6.9 x 10 s )(2.5 - l.5)(0.10) 

which yields 

-.= 773 cnr/V-s 

can then determine 

V T = 0.625 V 

■ Comment 

Tlte mobility of carriers in the inversion layer is less than that in the bulk semiconductor due 
to the surface scattering effect. We will discuss this effect in the next chapter. 

The current-voltage relationship of a p-channel device can be obtained by the 
same type of analysis. Figure 1 1.50 shows a p-channel enhancement mode MOSFET. 
The voltage polarities and current direction are the reverse of those in the 
n-channel device. We may note the change in the subscript notation for this device. 
For the current direction shown in the figure, the 1-V relations for the p-channel 
MOSFET are 

(11.63) 




Figure 11.50 1 Cross section and bias 
configuration for a p-channel 
enhancement-mode MOSFET. 
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forC) < Vsd < Vso(sat), and 



Note the change in the sign in front of V T and note that the mobility is now the mo- 
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If we consider an n-channel MOSFET operating in the nonsaturation region, 
thm. using Equation ( 1 1.58). we have 


a/p wii„c m 



■ V DS 


(11.67) 


The transconductance increases linearly with hut is independent of Vr,s in the 
nonsaturation region. 

The I— V characteristics of an n-channel MOSFET in the saturation region were 
given by Equation (11 .6 1). The transconductance in this region of operation is given by 


RnLs — 


a/p(sat) 


W|<„C 0 . X 

L 


(F(7S ~ t'V) 


( 11 . 68 ) 


In the saturation region, the transconductance is a linear function of V'V; v and is inde- 
pendent of Vds- 

The transconductance is a function of the geometry of the device as well as of 
carrier mobility and threshold voltage. The transconductance increases as the width 
of the device increases, and it also increases as the channel length and oxide thick- 
ners decrease. In the design of MOSFET circuits, the sire of the transistor, in partic- 
ular the channel width W. is an important engineering design parameter. 


11.3.5 Substrate Bias Effects 

In all of our analyses so far, the substrate, or hody, has been connected to the source 
and held at ground potential. In MOSFET circuits, the source and hody may not he 
at the same potential. Figure 11,51a shows an n-channel MOSFET and the associated 
double-subscripted voltage variahles. The source-to-substrate pn junction must al- 
ways he zero or reverse biased, so Kv« must always he greeter than or equal to zero. 

If V';, i> — 0, threshold is defined as the condition when — 2 <t>f P as we 
discussed previously and as shown in Figure 1 1 .5 lb. When V's p, > 0 the surface will 
still try to invert when (p, — 2 <pf p . Flowever, these electrons tire at a higher potential 



Figure 11.51 1 (a) Applied voltages on an n-channel MOSFET (b) Energy-band diagram at inversion 
point when Van = 0. (r) Energy-band diagram at inversion point when V Sfi > 0 is applied. 


nt r>i 
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EXAMPLE 11.10 


energy than are the electrons in the source. The newly created electrons will move 
laterally and Row out of the source terminal. When <p. : — 2 4>f p + Vjg, the surface 
reaches an equilibrium inversion condition. The energy-band diagram for this cond* 
tionis shown in Figure 1 1.51c. The curve represented as E F „ is the Fermi level froJ 
the p substrate through the reverse-biased source-substrate junction to the source 
contact. 

The space charge region width under the oxide increases from the original xjt 
value when a reverse-biased source-substrate junction voltage is applied. With an 
applied ¥$# > 0, there is more charge associated with this region. Considering the 
charge neutrality condition through the MOS structure, the positive charge on the top 
metal gate must increase to compensate for the increased negative space charge in 
order to reach the threshold inversion point. So when V SB > 0, the threshold voltage 
of the n-channel MOSFET increases. 

When Vsb =0, we had 

Q' sd ( max) = -eN 0 x dr ^ -j2e^N a (2ty p ) (11.69) 

When Vsb > 0, the space charge width increases and we now have 

Q'sd = ~eN a x d = -y/2et s N a {2ct>f p + V SB ) (11.70) 

The change in the space charge density is then 



To reach the threshold condition, the applied gate voltage must be increased. The 
change in threshold voltage can be written as 


A Vj — — 


AQ’ sd V2^K, 


Co 


Co 


[s/2<Pfp + ^sb — y/2<pf p \ 


( 11.721 


where AV/- — Vj-(Vsb > 0) — Vj-(Vsb — 0). We may note that ¥55 must alwaysbe 
positive so that, for the n-channel device, A Vj- is always positive. The threshold volt- 
age of the n-channel MOSFET will increase as a function of the source-substrate 
junction voltage. j| 

Objective 1 

To calculate the change in the threshold voltage due to an applied source-to-body voltage. 

Consider an n-channel silicon MOSFET at T = 300 K. Assume the substrate is doped to 
N a = 3 x 10 16 cm “ 3 and assume the oxide is silicon dioxide with a thickness of f gs = 500 A. 
Let V SB = 1 V. 

■ Solution 

We can calculate that 


/ N„ \ ( 3 x 10 16 \ 

= v ' ln U) = (a0259) ln ( iTTHP ) - °- 376 v 
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0.64 1.3 2.19 3.9 

V G s (volts) — ►- 


Figure 11.52 I Plots of vTn versus 
V Gi at several values of for an 
n-channel MOSFET. 


We can also find 


!2 = (3.9)(8.85x 1 p =69x 
fox 500 X 10~ 8 

Then from Equation (11 .72), we can obtain 

[2(1.6 x 10' lv )(l l.7)(8.85 x I0- ,4 )(3 x I0 ,6 )] l/2 


A Vj = 


or 


6.9 x 10" 8 

x {[2(0.376) + 1] ,/2 - [2(0.376)] l/2 } 

AV r = 1.445(1.324 - 0.867) =0.66 V 


Comment 

Figure 1 1.52 shows plots of y/ 1 D (sat) versus Vqs for various values of applied Tsu . The orig- 
inal threshold voltage, VYo, is 0.64 V. 


If a body or substrate bias is applied to a p-channel device, the threshold voltage 
is shifted to more negative values. Because the threshold voltage of a p-channel en- 
hancement mode MOSFET is negative, a body voltage will increase the applied neg- 
ative gate voltage required to create inversion. The same general observation was 
made for the n-channel MOSFET. 


~~ TEST YOUR UNDERSTANDING ] 

Ell. 17 A silicon MOS device has the following parameters: N a = 10 16 cm -3 and 
i m = 200 A. Calculate (a) the body-effectcoefficientand ( b ) the change in 
threshold voltage for (i) V 5S = 1 V and (ii) V SB = 2V. 

[A 693 0 = M V 00 'A Kl'0= J A V 0 ) (?) ‘ Z /,A £££'0 = <*■ 00 ' 8 ' U V] 
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Ell . 18 Repeat exercise E 1 1 . 1 7 for a substrate impurity doping concentration of = 
10 15 cm ‘ 3 . LA 8880'0 = VivO.O'A ZSO'O = 2 /lV (?) (<?) ‘ c/r A £010 — * W su 


11.4 I FREQUENCY LIMITATIONS 


In many applications, the MOSFET is used in a linear amplifier circuit. A small-si 
equivalent circuit for the MOSFET is needed in order to mathematically analyze 
electronic circuit. The equivalent circuit contains capacitances and resistances t 
introduce frequency effects. We will initially develop a small-signal equivalent circ 
and then discuss the physical factors that limit the frequency response of 
MOSFET. A transistor cutoff frequency, which is a figure of merit, will then be defi 
and an expression derived for this factor. 




11.4.1 Small-Signal Equivalent Circuit 


\ 


The small-signal equivalent circuit of the MOSFET is constructed from the basi 
MOSFET geometry. A model based on the inherent capacitances and resistance 
within the transistor structure, along with elements that represent the basic de r i 
equations, is shown in Figure 11.53. One simplifying assumption we will make in th 
equivalent circuit is that the source and substrate are both tied to ground potential. 

Two of the capacitances connected to the gate are inherent in the device. These 
capacitances are and Cgj, which represent the interaction between the gate and 
the channel charge near the source and drain terminals, respectively. The remainln 
two gate capacitances, C gsp and C g dp , are parasitic or overlap capacitances. In real 
devices, the gate oxide will overlap the source and drain contacts because of toler 
ance or fabrication factors. As we will see, the drain overlap capacitance — C gi t p , i 
particular — willlower the frequency response of the device. The parameter C^ s is th 



Figure 11.53 1 Inherent resistances and capacitances in the 
n-channel MOSFET structure. 
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drain-to-substrate pn junction capacitance, and r s and are the series resistances as- 
sociated with the source and drain terminals. The small-signal channel current is con- 
trolled by the internal gate-to-source voltage through the transconductance. 

The small-signal equivalent circuit for the n-channel common-source MOSFET 
is shown in Figure 11.54. The voltage is the internal gate-to-source voltage that 
controls the channel current. The parameters Cj . s j and C g( tT are the total gate-to- 
source and total gate-to-drain capacitances. One parameter, r^, shown in Fig- 
ure 11.54, is not shown in Figure 11.53. This resistance is associated with the slope 
Ip versus Vos- hi the ideal MOSFET biased in the saturation region, /y is indepen- 
dent of V/xy so that would be infinite. In short-channel-length devices, in particu- 
lar, rj s is finite because of channel length modulation, which we will consider in the 
next chapter. 

A simplified small-signal equivalent circuit valid at low frequency is shown in 
Figure 1 1.55. The series resistances, r, and have been neglected, so the drain cur- 
rent is essentially only a function of the gate-to-source voltage through the transcon- 
ductance. The input gate impedance is infinite in this simplified model. 

The source resistance r, can have a significant effect on the transistor character- 
istics. Figure 11.56 shows a simplified, low-frequency equivalent circuit including r s 
but neglecting s . The drain current is given by 

I.l = gn,V' 5 ( 11 . 73 ) 



Figure 11.54 1 Small-signal equivalent circuit of a common- 
source n-channel MOSFET. 
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Figure 1155 I Simplified, low-frequency 
small-signal equivalent circuit of a 
common-source n-channel MOSFET. 
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Figure 11.56 1 Simplified, low- 
frequency small- signal equivalent circuit 
of common-source n-channel MOSFET 
including source resistance r, 

and the relation between V',,, and V' can be found from 

= v; s + (g m V^)r„ = (1 + g„,r s )V; s (11.74)] 

The drain current from Equation (11.73) can now be written as 


h = 


8m \ 
+ gn,r< ) 


n,, 




(11.75)1 


The source resistance reduces the effective transconductance or transistor gain. 

The equivalent circuit of the p-channel MOSFET is exactly the same as that of 
the n-channel except that all voltage polarities and current directions are reversed. 
The same capacitances and resistances that are in the n-channel model apply to the 
p-channel model. 


11.4.2 Frequency Limitation Factors and Cutoff Frequency ■ 

1 

There are two basic frequency limitation factors in the MOSFET. The first factor is . 
the channel transit time. If we assume that carriers are traveling at their saturation j 
drift velocity u sal , then the transit time is r, = £/u sat where L is the channel length. 
If u sat = 10 7 cm/s and L — 1 /nn, then r, — 10 ps, which translates into a maximum 
frequency of 100 GHz. This frequency is much larger than the typical maximum fie- ] 
quency response of a MOSFET. The transit time of carriers through the channel is 
usually not the limiting factor in the frequency responses of MOSFETs. 

The second limiting factor is the gate or capacitance charging time. If we neglect 
r s ,rd,rj s , and C ds , the resulting equivalent small-signal circuit is shown in Fig- 
ure 11.57 where Ri is a load resistance. 

The input gate impedance in this equivalent circuit is no longer infinite. Sum- 
ming currents at the input gate node, we have J 

(11.76) 


/, = jMCf, s TVgs + jwCgdTiVgs ~ V d ) 


1 4 Frequency Limitations 


C gdT I,i 



Figure 11.57 I High-frequency small- 
signal equivalent circuit of common- 
source n-channel MOSFET. 



Figure 11.58 I Small-signal equivalent 
circuit including Miller capacitance. 


where I, is the input current. Likewise, summing currents at the output drain node, 
we have 


7T + + j<*CgdT(Vj - Vi = 0 (11.77) 

Xl 

Combining Equations (11.76) and (11.77) to eliminate the voltage variable V' ; - . we 
can determine the input current as 


A — jio 


CguT + CgciT 


( 1 + g»i Ri \ 

\ I + jwRlCgdT ) . 


V 9S 


( 11 . 78 ) 


Normally, loR/ C^jt is much less than unity: therefore we may neglect the 
[jcoRiCgdr) t erm in the denominator. Equation (11.78) then simplifies to 

A = jto[CgxT + Cgdr 0 + gm Rl)] Vgs ( 1 1 -79) 

Figure 1 1.58 shows theequivalent circuit with theequivalent input impedance de- 
scribed by Equation ( 1 1 .79). The parameter Cm is the Miller capacitance and is given by 


Cm = Cgdr( 1 + 


(11.80) 


The serious effect of the drain overlap capacitance now becomes apparent. When the 
transistor is operating in the saturation region, C v j essentially becomes zero, but 
C gdp is a constant. This parasitic capacitance is multiplied by the gain of the transis- 
tor and can become a significant factor in the input impedance. 

The cutoff frequency fr is defined to he the frequency at which the magnitude 
of the current gain of the device is unity, or when the magnitude of the input current 
/,- is equal to the ideal load current /</. From Figure 1 1.58, we can see that 


A = joj(C gs T + Cm i V g , 

and the ideal load current is 


id = 8 m bjj.i 


The magnitude of the current gain is then 


At 

A 


8m 

2 n f (CgsT -h Cm) 


(11.81) 


(11.82) 


(11.83) 
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EXAMPLE 11.11 


Setting the magnitude of the current gain equal to unity at the cutoff frequency, \ 

find 


fr = 


&rn 


27z(C gS T + Cm) 2tiCq 


(11.841 


where Cq is the equivalent input gate capacitance. 

In the ideal MOSFET, the overlap or parasitic capacitances, C Hsp and Cgdp, 
zero. Also, when the transistor is biased in the saturation region, approaches zero" 
and C gi is approximately C ox WL. The transconductance of the ideal MOSFET bi- 
ased in the saturation region and assuming a constant mobility was given by Equa- 
tion (11.68) as 


ff'/r ,, (,' ox 

8ms — T t (' V ' 


Then, for this ideal case, the cutoff frequency is 


V T ) 


W/1 H C U 


(V cs _ V T ) 


2ttC g 


2jt (C m WL) 


Mn(Vcs ~ Vr) 

2nL 2 


(11.84’ 


Objective jj 

To calculate the cutoff frequency of an ideal MOSFET with a constant mobility. 

Assume that the electron mobility in an n-channel device is it,, = 4-OOcnr/V-s and that 
the channel length is L = 4 /zm. Also assume that VV = I V and let V G $ ~ 3 V. I 

■ Solution 1 

From Equation ( 1 1 .85), the cutofffrequency is ] 


_ i i n(VGs — vy) 
~ 2 7i L 2 


400(3 - 1) 
2jt (4 x 10- 4 ) 2 


= 796 MHz 


Comment * 

In an actual MOSFET, the effect of the parasitic capacitance will substantially reduce the cut- 
offfrequency from that calculated in this example. 


j TEST YOUR UNDERSTANDING 

K 1 1.19 An n-channel MOSFET has the following parameters: fj.„ = 400 cm 3 /V-s, t m = 
200 A, W/L = 20. and VV = 0.4 V. The transistor is biased at — 2.5 V in the 
saturation region and is connected to an effective load of Ri = 100 kf2 . Calculate 
the ratio of Miller capacitance Cm to gate-to-drain capacitance C se , r . (Z6 Z ’ SU V) 
E11.20 An n-channel MOSFET has the same parameters as described in El 1.19. The 

channel length is L = 0.5 )J. m. Determine the cutoff frequency. ( Z HD S'ES SU V) 
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*11.5 I THE CMOS TECHNOLOGY 

The primary objective of this text is topresent the basic physics of semiconductormate- 
rials and devices without considering in detail the various fabrication processes; this 
important subject is left to other texts. However, there is one MOS technology that is 
usedextensively, for which the basic fabrication techniques must be considered in order 
tounderstand essential characteristics of these devices andcircuits. The one MOS tech- 
nology we will consider briefly is the complementaiy MOS, or CMOS, process. 

We have considered the physics of both n-channel and p-channel enhancement 
mode MOSFETs. Both devices are used in a CMOS inverter, which is the basis of 
CMOS digital logic circuits. The dc power dissipation in a digital circuit can he re- 
duced to very low levels by using a complementary p-channel and n-channel pair. 

It is necessary to form electrically isolated p- and n-substrate regions in an inte- 
grated circuit to accommodate the n- and p-channel transistors. The p-well process 
has been a commonly used technique for CMOS circuits. The process starts with a 
fairly low doped n-type silicon substrate in which the p-channel MOSFET will be 
fabricated. A diffused p-region, called a p well, is formed in which the n-channel 
MOSFET will be fabricated. In most cases, the p-type substrate doping level must be 
larger than the n-type substrate doping level to obtain the desired threshold voltages. 
The larger p doping can easily compensate the initial n doping to form the p well. A 
simplifiedcross section of the p-well CMOS structure is shown in Figure 1 1.59a, The 


Poly-Si gate 




n substrate 




porn substrate 


(c) 

Figure 11.59 I CMOS structures: (a) p well, (b) n well, and (c) twin well 
< Frnrn Yang 1211 / 
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notation FOX stands for field oxide, which is a relatively thick oxide separating the 
devices. The field oxide prevents either the n or p substrate from becoming inverted 
and helps maintain isolation between the two devices. In practice, additional pro- 
cessing steps must he included; for example, providing connections so that 
p well and n suhstrate can be electrically connected to the appropriate voltages. Thd 
n substrate must always be at a higher potential than the p well; therefore, this pn 
junction will always be reverse biased. 

With ion implantation now being extensively used for threshold voltage control, 
both the n-well CMOS process and twin-well CMOS process can be used. The n-well 
CMOS process, shown in Figure 11.59b, starts with an optimized p-type suhstrate 
that is used to form the n-channel MOSFETs. (The n-channel MOSFETs, in general, 
have superior characteristics, so this starting point should yield excellent n-channel 
devices.) The n well is then added, in which the p-channel devices are fabricated. The 
n-well doping can be controlled by ion implantation. 

The twin-well CMOS process, shown in Figure 11. 59c, allows both the p-well an 
n-well regions to be optimally doped to control the threshold voltage and transcon- 
ductance of each transistor. The twin-well process allows a higher packing density 
because of self-aligned channel stops. 

One major problem in CMOS circuits has been latch-up. Latch-up refers to a 
high-current, low-voltage condition that may occur in a four-layer pnpn structure. 
Figure 1 1 ,60a shows the circuit of a CMOS inverter and Figure 1 1 .60b shows a simpli- 
fied integrated circuit layout of the inverter circuit. In the CMOS layout, the p + -source 
to n-substrate to p-well to n+-source forms such a four-layer structure. 

The equivalent circuit of this four-layer structure is shown in Figure 11. 61. The 
silicon controlled rectifier action involves the interaction of the parasitic pnp and npn 
transistors. The npn transistor corresponds to the vertical n + source top well ton sub 
Strate structure and the pnp transistor corresponds to the lateral p-well to n-substrate 


to p + -source structure. Under normal CMOS operation, both parasitic bipolar tran- 


sistors are cut off. However, under certain conditions, avalanche breakdown may 
occur in the p-well to n-substrate junction, driving both bipolar transistors into satu- 
ration. This high-current, low-voltage condition — latch-up — can sustain itself by 


y DD 



p channel 


n channel 


(a) 



1 


Figure 11.60 I (a) CMOS inverter circuit, (b) Simplified integrated circuit cross section of CMOS inverter. 



(a) (b) 

Figure 1 1.61 I (a) The splitting of the basic pnpn structure, (b) The 
two- transistor equivalent circuit of the four-layered pnpn device. 


positive feedback. The condition can prevent the CMOS circuit from operating and 
can also cause permanent damage and burn-out of the circuit. 

Latch-up can be prevented if the product is less than unity at all times, 
where {}„ and are the common-emitter current gains of the npn and pnp parasitic 
bipolar transistors, respectively. One method of preventing latch-up is to "kill" the 
minority carrier lifetime. Minority carrier lifetime degradation can be accomplished 
by gold doping or neutron irradiation, either of which introduces deep traps within 
the semiconductor. The deep traps increase the excess minority carrier recombina- 
tion rate and reduce current gain. A second method of preventing latch-up is by using 
proper circuit layout techniques. If the two bipolar transistors can he effectively 
decoupled, then latch-up can be minimized or prevented. The two parasitic bipolar 
transistors can also be decoupled by using a different fabrication technology. The 
silicon-on-insulator technology, for example, allows the n-channel and the p-channel 
MOSFETs to be isolated from each other by an insulator. This isolation decouples the 
parasitic bipolar transistors. 

11.6 I SUMMARY 

■ The fundamental physics and characteristics of the metalkoxide-semiconductorfield- 
effect transistor (MOSFET) have been considered in this chapter 

■ The heart of the MOSFET is the MOS capacitor. The energy hands in the semiconductor 
adjacent to the oxide-semiconductor interface bend, depending upon the voltage applied 
across the MOS capacitor. The position of the conduction and valence bands relative to 
the Fermi level at the surface is a function of the MOS capacitor voltage. 

■ The semiconductor surface at the oxide-semiconductor interface can he inverted from 

p type ton type by applying a positive gate voltage, or from n type top type by applying 
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a negative gate voltage. Thus, an inversion layer of mobile charge can be created 
adjacent to the oxide. The basic MOS field-effect action is the modulation of the 
inversion charge density, or channel conductance, by the gate voltage. 

The C-V characteristics of the MOS capacitor were considered. The amount of equivale 
oxide trapped charge and the density of interface states, for example, can be determined 
from the C-V measurements. 

Two basic types of MOSFF.Ts are the n channel, in which current is due to the flow of 
electrons in the inversion layrr. and the p channel, in which current is due to the flow 
of holes in the inversion layer Each of these devices can be cither enhancement mode, 
in which the device is normally "off" and is turned on by applying agate voltage, or 
depletion mode, in which the device is normally "on" and is turned off hy applying a 
gate voltage. 

The flat-band voltage is the gale voltage that must be applied to achieve the flat-banH 
condition, in which the conduction and valence bands in the semiconductor do not hero 
and there is no space charge region in the semiconductor. The Flat-hand voltage is a 
function of the metal-oxide barrier height, the semiconductor-oxide barrier height, and 
the amount of fixed trapped oxide charge. 

The threshold voltage i s the applied gate voltage required to reach the threshold 
inversion point, which is the condition at which the inversion charge density is equal 
in magnitude to the semiconductordoping concentration. The threshold voltage is a 
function of the flat-band voltage, semiconductor doping concentration, and oxide 1 
thickness. 

The current in a MOSFET is due lo the flow of carriers in the inversion layer between j 
the source and drain terminals. The inversion layer charge density and channel j 
conductance are controlled by the gate voltage, which means that the channel current is j 
also controlled by the gate voltage. j 

When the transistor is biased in the nonsaturation region (V ws < V oi (sat)), the 1 
inversion charge extends completely across the channel from the source to the drain i 
terminals. The drain current is a function of bath the gate-to-source and drain-to-source 
voltages. When the transistoris biased in the saturation region ( V/j s (sat)), the 

inversion charge density is pinched off near the drain terminal, and the ideal drain 
current is only a function of the gate-to-source voltage. 

The MOSFET is actually a four-terminal device, with the substrate or body being the .; 
fourth terminal. As the magnitude of the reverse-bias source- to-substrate voltage 
increases, the magnitude of the threshold voltage increases. The substrate bias effect 
may become important in integrated circuits in which the source and substrate are not 
electrically tied together. 

A small-signal equivalent circuit, including capacitances, of the MOSFET was developed 
The various physical factors in the MOSFET that affect the frequency limitations were 
considered. In particular, the drain overlap capacitance may be a limiting factor in the 
frequency response of the MOSFET because of the Miller effect. The cutoff frequency, 
a figure of merit for the frequency response of the device, is inversely proportional to 
channel length: thus, a reduction in channel length results in an increased frequency i 
capability of the MOSFET. 

The CMOS technology, in which both n-channel and p-channel devices are fabricated 
in the same semiconductor chip, was briefly considered. Electrically isolated p- and 
n-substrate regions arc required to accommodate the two types of transistors. Various 
orocesses are used to fabricate this structure. One potential emblem encountered in the 
CMOS structure is latch-up — the high-current, low-voltage condition that may occur in 
a four-layer pnpn structure. 
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GLOSSARY OF IMPORTANT TERMS 

accumulation layer charge The induced charge directly under an oxide that is in excess of 
the thermal-equilibrium majority carrier concentration, 
bulk charge effect The deviation in drain current from the ideal due to the space charge 
width variation along the channel length caused by a drain-to-source voltage, 
channel conductance The ratio uf drain current to drain-to-source voltage in the limit as 
' / i>s 0- 

channel conductance modulation The process whereby the channel conductance varies 
with gate-to-source voltage. 

CMOS Complementary MOS; the technology that uses both p- and n-chatinel devices in an 
electronic circuit fabricated in a single semiconductor chip, 
cutoff frequency The signal frequency at which the input ac gate current is equal to the out- 
put ac drain current. 

depletion mode MOSFET The type of MOSFET in which a gate voltage must be applied 
to turn the device off. 

enhancement mode MOSFET The type of MOSFET in which a gate voltage must he ap- 
plied to turn the device on. 

equivalent fined oxide charge The effective fixed charge in the oxide, Q ' ss , directly adja- 
cent to the oxide -semiconductor interface. 

flat-band voltage The gate voltage that must be applied to create the flat-band condition in 
which there is no space charge region in the semiconductor under the oxide, 
gate capacitance charging time The time during which the input gale capacitance is being 
charged or discharged because of a step change in the gate signal, 
interface states The allowed electronic energy states within the bandgap energy at the 
onide-semiconductor interface. 

inversion layer charge The induced charge directly under the oxide, which is the opposite 
type compared with the semiconductor doping, 
inrersion layer mobility The mohility of carriers in the inversion layer, 
latch-up The high-current, low-voltage condition that may occur in a four-layer pnpn struc- 
ture such as in CMOS. 

maximum induced space charge width The width of the induced space charge region 
under the oxide at the threshold inversion condition. 

metal- semiconductor work function difference The parameter < f> ms . a function of the dif- 
ference between the metal work function and semiconductor electron affinity, 
moderate inversion The condition in which the induced space charge width is changing 
slightly when the gate voltage i s at or near the threshold voltage and the inversion charge 
density is of the same magnitude as the semiconductor doping concentration, 
oxide capacitance The ratio of oxide permittivity to oxide thickness, which is the capaci- 
tance per unit area, C m 

saturation The condition in which the inversion charge density is zero at the drain and the 
drain current is no longer a function of the drain-to-source voltage, 
strong inversion The condition in which the inversion charge density is larger than the mag- 
nitude of the semiconductor doping concentration, 
threshold inversion point The condition in which the inversion charge density is equal in 
magnitude to the semiconductor doping concentration. 
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threshold voltage The gate voltage that must be applied to achieve the threshold inverewi 
point. 

transconductance The ratio of an incremental change in drain current to the correspond^! 
incremental change in gate voltage. 

weak inversion The condition in which the inversion charge density is less than the magd| 
tude of the semiconductor doping concentration. 


CHECKPOINT 


After studying this chapter, the reader should have the ability to: 


Sketch the energy band diagrams in the semiconductor of the MOS capacitor under 
various bias conditions. 

Describe the process by which an inversion layer of charge is created in an MOS 
capacitor. 

Discuss the reason the space charge width reaches a maximum value once the inversion 
layer is formed. 

Discuss what is meant by the metal-semiconductor work function difference, and 
discuss why this value is different between aluminum. n + polysilicon, and p 1 
polysilicon gates. JL 

Describe what is meant by flat-band voltage. ■ 

Define threshold voltage. I 

Sketch the C-Vcharacteristics of an MOS capacitor with p-type and n-type f 

semiconductor substrates under high-frequency and low-frequency conditions. 

Discuss the effects of fixed trapped oxide charge and interface states on the C-V 
characteristics. 

Sketch the cross-sections of n-channel and p-channel MOSFET structures. ■ 

Explain the basic operation of the MOSFET. T 

Discuss the l-V characteristics of the MOSFET when biased in the nonsaturation and 
saturation regions. 

Describe the substrate bias effects on the threshold voltage. 

Sketch the small-signal equivalent circuit, including capacitances, of the MOSFET, and 
explain the physical origin of each capacitance. 

Discuss the condition that defines the cutoff frequency of a MOSFET. fl 


Sketch the cross section of a CMOS structure. 

Discuss what is meant by latch-up in a CMOS structure. 


REVIEW QUESTIONS 


1. Sketch the energy band diagrams in an MOS capacitor with an n-type substrate in 
accumulation, depletion, and inversion modes, 

2. Describe what is meant by an inversion layer of charge. Describe haw an inversion 
layer of charge can be formed in an MOS capacitor with a p-type substrate. 

3. Why does the space-charge region in the semicunductor of an MOS capacitor reach a 
maximum width once the inversion layer is formed? 

4. Define electron affinity in the semiconductor of an MOS capacitor 

5. Sketch the energy band diagram through an MOS structure with a p-type substrate and 
an n + polysilicon gate under zero bias. 



6. Define the Rat-band voltage. 

7. Define the threshold voltage. 

8. Sketch the C-I'cfiaracteristies of an MOS capacitor with an n-type substrate under the 
low-frequency condition. How do the characteristics change for the high-frequency 
condition? 

9. indicate the approximate capacitance at flat-band on the C-Vcharacteristic of an MOS 
capacitor with a p-type substrate under the high-frequency condition. 

10. What is the effect on the C-Vcharacteristics of an MOS capacitor with a p-type 
substrate if the amount of positive trapped oxide charge increases? 

11. Qualitatively sketch the inversion charge density in the channel region when the tran- 
sistor is biased in the nonsaluration region. Repeat for the case when the transistor is 
biased in the saturation region. 

12. Define V^s (sat). 

13. Define enhancement mode and depletion mode for both n-channel and p-channel devices. 

14. Sketch the charge distribution through an MOS capacitor with a p-type substrate when 
biased in the inversion mode. Write the charge neutrality equation. 

15. Discuss why the threshold voltage changes when a reverse-biased source-to-substrate 
voltage is applied to a MOSFET. 


PROBLEMS 

(Note: In the following problems, assume the semiconductor and oxide in the MOS system 

are silicon and silicon dioxide, respectively, and assume the temperature is T = 300 K un- 
less otherwise stated. Use Figure 11.15 to determine the metal-semiconductor work func- 
tion difference.) 

Section 11.1 The Two-Terminal MOS Structure 

11.1 The dc charge distributions of four ideal MOS capacitors are shown in Figure 11.62. 
For each case: (a) Is the semiconductor n- or p-type? ( b ) Is the device biased in the 
accumulation, depletion, or inversion mode'?(e) Draw the energy-band diagram in 
the semiconductor region. 

11.2 ( a fCalculate the maximum space charge width Xjj and the maximum space charge 
density [<3' 5D (max)( in p-type silicon, gallium arsenide, and germanium semiconduc- 
tors of an MOS structure. Let T = 300 K and assume N„ = 10 ls cm', (b) Repeat 
part (a) if T = 200 K. 

113 (ft) Consider n-type silicon in an MOS structure. Let T ~ 300 K. Determine the 

semiconductor doping so that |Q' Si) (max)| — 7.5 x HU 9 C/cm 2 , (b) Determine the 
surface potential that results in the maximum space charge width. 

11.4 Determine the metal-semiconductor work function difference 0 ms in an MOS 
structure with p-type silicon for the case when the gate is (a) aluminum. ( b ) n + 
polysilicon, and (c ) p + polysilicon. Let N a = 6 x 10 15 cm - 3 

11.5 Consider an MOS structure with n-type silicon. A metal-semiconductor work function 
difference of </>,„ , — —0.35 V is required. Determine the silicon doping required to 
meet this specification when the gats is (a) n^ polysilicon, (h) p 4 poly silicon, and 
|r) aluminum. If a particular gate cannot meet this requirement, explain why. 
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Figure 11.62 I Figure for Problem 11.1 


11.6 Consider an n + polysilicon- silicon dioxide-n-type silicon MOS capacitor. Let 

N d = 10 15 cm 3 . Calculate the flat-band voltage for (a) t ox = 500 A when Q' ss is 
(/) 10'° cm -2 , (ii ) 10 11 cm -2 , and (///' ) 5 x 10 11 cm -3 . (f>) Repeat pan fajwhen 
f ox = 250 A. 

11.7 Consider an aluminum gate-silicon dioxide-p-type silicon MOS structure with 
t ox = 450 A. The silicon doping is N a ~ 2 x 10 16 cm -3 and the flat-band voltage 
is Vpg = -1,0 V Determine the fixed oxide charge Q' ss . 

11.8 An MOS transistor is fabricated otl a p-type silicon substrate with N a — 2 x 10 IS cm -3 . 
The oxide thickness is fox =450 A and the equivalent fixed oxide charge is Q' SK ~ 

2 x 10" cm -2 . Calculate the threshold voltage for ( a fan aluminum gate, ( b ) an n + 
polysilicon gate, and (cl a p + polysilicon gate. 

11.9 Repeat Problem 11.8 for an n-type silicon substrate with N d = 10 15 cm' 3 . 

11.10 A400 A oxide is grown on p-type silicon with N a — 5 x 10 15 cm' 3 . The flat-band 
voltage is —0.9 V. Calculate the surface potential at the threshold inversion point 
as well as the threshold voltage assuming negligible oxide charge. Also find the 
maximum space charge width for this device. 

* 11.11 An MOS transistor with an aluminum gate is fabricated on a p-type silicon substrate. 
The oxide thickness is f ox = 750 A, and the equivalent fixed oxide charge is £7 SJ = 
10 11 cm -2 . The measured threshold voltage is V d = +0.80 V. Determine the p-type 
doping concentration. 



*11.12 Repeat Problem 1 1. 1 1 for an n-type silicon substrate if the measured threshold 
voltage is V T = — 1.50 V. Determine the n-type doping concentration. 

11.13 An Al-silicon dioxide -silicon MOS capacitor has an oxide thickness of 450 A and 
a doping of N a — 10 15 cm -3 . The oxide charge density is Q' — 3 x 10 11 cm' 2 . 
Calculate (a) the flat-band voltage and ( b ) the threshold voltage. Sketch the electric 
field through the structure at the onset of inversion. 

11.14 An n-channel depletion mode MOSFET with an n + polysilicon gate is shown in 
Figure 11.42. The n-channel doping is Nj = 10 15 cm -3 , and the oxide thickness is 
f ox = 500 A. The equivalent fixed oxide charge is (T. = 10 I(I era -2 . The n-channel 
thickness 1 L is equal to the maximum induced space charge width. (Disregard the space 
charge region at the n-channel-p-substratejunction.) (a) Determine the channel thick- 
ness t, , and ( b ) calculate the threshold voltage. 

11.15 Consider an MOS capacitor with an n 1 polyrilicon gate and n-type silicon substrate. 
Assume N a — 10 16 cm' 3 and let £/- — £, = 0.2 eV in the n + polysilicon. Assume 
the oxide has a thickness of i,„ = 300 A. Also assume that (polysilicon) = /' 
(single-crystal silicon), (o) Sketch the energy-band diagrams (r) for Vc = 0 and 
(ii) at flat band, (h) Calculate the metal- semiconductar work function difference. 

(c) Calculate the threshold voltage for the ideal case of zero fixed oxide charge and 
zero interface states. 

11.16 The threshold voltage of an n-channel MOSFET is given by Equation (11.27). Plot 
Vf versus temperature over the range 200 < T £ 450 K. Consider both an alu- 
minum gate and an n + polysilicon gate. Assume the work functions are independent 
of temperature and use device parameters similar to those in Example 11.4. 

11.17 Plot the threshold voltage of an n-channel MOSFET versus p-type substrate doping 
concentration similar to Figure 11.20. Consider hoth n + and p~ polysilicon gales. 
Use reasonable device parameters. 

11.18 Plot the threshold voltage of a p-channel MOSFET versus n-type substrate doping 
concentration similar to Figure 11.21. Consider both n 1 and p 4- polysilicon gates. 
Use reasonable device parameters. 

11.19 Consider an NMOS device with the parameters given in Problem 11.10. Plot V : 
versus t m over the range 20 £ t lm < 500 A. 



Section 11.2 Capacitance-Voltage Characteristics 


11.20 An ideal MOS capacitor with an aluminum gate has a silicon dioxide thickness of 
l,, — 400 A on a p-type silicon substrate doped with an acceptor concentration of 
N, = I0 W cm - - 1 . Determine the capacitances C ol , C' FB , CC n , and C'(inv) at 

(a) / = 1 Hz. and (b) f - I MHz. (c) Determine V FB and V T . Sketch C'/C M 
versus Vq for parts (a) and (b). 

11.21 Repeat Problem 1 1 .20 for an n-type silicon substrate duped with a donor concentra- 
tion of N t/ — 5 x 10 14 cm' 3 . 

*11.22 Using superposition, show that the shift in the Rat-band voltage due to a fixed charge 
distribution p(x) in the oxide is given by 




1 


C 


OX 



Xp U) , 
ax 


*11.23 Using the results of Problem 1 1 .22, calculate the shift in the flat-band voltage for 
the following oxide charge distributions: (a) Q,, = 5 x 10" cm'" is entirely 
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located at the oxide-semiconductor interface. Let t px = 750 A. ( b ) Q\ s — fl 
5 x 10 11 cm -2 is uniformly distributed throughout the oxide, which has a thickiiet 
of i m = 750 A .(c) Q' ss — 5 x 10 11 cm -2 forms a triangular distribution with the 
peak at x = f 0J . = 750 A (the oxide -semiconductor interface) and which goes to 
zero at x = 0 (the metal-oxide interface). 

11.24 An ideal MOS capacitor is fabricated by using intrinsic silicon and an n + polysilico* 
gate, (a) Sketch the energy-band diagram through the MOS structure under flat-band 
conditions, (b) Sketch the low-frequency C-V characteristics from negative to 
positive gate voltage. 

11.25 Consider an MOS capacitor with a p-type substrate. Assume that donor-type 
interface traps exist only at midgap (i.e., at E Fi ). Sketch the high-frequency C-V 
curve from accumulation to inversion. Compare this sketch to the ideal C-Vplot. 

11.26 Consider an SOS capacitor as shown in Figure 1 1.63. Assume the SiOi is ideal (no 
trapped charge) and has a thickness of f„ x = 500 A. The doping concentrations are 
Nj — 10 16 cm' 1 and N a = 10 16 cm -3 , (a) Sketch the energy band diagram through 
the device for (r) flat-band, (ii) V c = +3 V. and (iii)V G - — 3 V. (b) Calculate the 
flat-band voltage, (r) Estimate the voltage across the oxide for ( i ) Vq — +3 V and 
(ii) V G = —3 V . (d) Sketch the high-frequency C-V characteristic curve. 

11.27 The high-frequency C-V characteristic curve of an MOS capacitor is shown in 
Figure If .64. The area of the device is 2 x 10“ 3 cm'. The metal-semiconductor 
work function difference is dw = —0.50 V, the oxide is SiO?, the semiconductor 
is silicon, and the semiconductor doping concentration is 2 X L0 IS cm~ 3 . (a) Is the 




Figure 11.64 I Figure for Problem 112 7 




Figure 11.65 I Figure for Problem 11.28 


semiconductor n or p type'?(b) What is the oxide thickness? ( r^What is the 
equivalent trapped oxide charge density? ( d ) Determine the flat-hand capacitance. 

11.28 Consider the high-frequency C-Vplot shown in Figure 11.65. (a)Indicate which 
points correspond to flat-band, inversion, accumulation, threshold, and depletion 
mode. ( b ) Sketch the energy band diagram in the semiconductor for each condition 
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11.29 An expression that includes the inversion charge density was given by Equa- 
tion (1 1.55). Consider the definition of threshold voltage and show that the inversion 
charge density goes to zero at the drain terminal at saturation. (Flint: Let V, — Ids = 
Vos(sat).) 

11.30 An ideal n-channel MOSFET has the following parameters: 

W = 30 /im ti„ - 450cm 2 /V-s 

L = 2 /urn t m - 350 A 

V T = +0.80V 

(a) Plot Id versus V DS for 0 < V Di 5 5 V and for V 0 5 = 0. 1 , 2, 3.4, and 5 V. 

Indicate on each curve the V a s( sat) point, (b) Plot ~JIo (sat) versus Vds for 0 < 

Vqs < 5 V. (c) Plot I t) versus V G s for V DS = 0. 1 V and for 0 < Vqs S 5 V. 

11.31 An ideal p-channel MOSFET has the following parameters: 

W ^ 15 /urn fi p — 300 cm 2 /V-s 

L = 1 .5 fim t ox — 350 A 

V T = -0.80 V 


(a) Plot Id versus Pjo forO £ Vsd £ 5 V and for Vjc; = 0, 1, 2, 3, 4, and 5 V. 
Indicate on each curve the Vjo(sat) point. ( b ) Plot I D versus for V SD = 0.1 V 
and for 0 < V S(i < 5 V. 

Consider an n-channel MOSFET with the same parameters as given in Problem 1 1.30 
except that V T = — 2.0V. (a) Plot Id versus Vn s forO < V D s £ 5 V and for Vc s = 
—2. — 1, 0, +1, and +2 V. ( h ) Plot -*//«( sat) versus Vqs for —25 V Ci < +3 V. 


11.32 



Figure 11.67 I Figure for Problem 11.34 


1 

1 1 .33 Consider an n-channel enhancement mode MOSFET biased as shown in Figure 1 1 .66. 
Sketch the current-voltage characteristics, Ip' versus Vp S , for (a) V GD - 0, (b) V cp - 
V T /2,tmd(c)V GD =2V r . 

11.34 Figure 1 1.67 shows the cross section of an NMOS device that includes source and 
drain resistances. These resistances take into account the bulk n + semiconductor 
resistance and the ohmic contact resistance. The current-voltage relations can be 
generated by replacing Vcs by V c - IpRs and Vps by Vp - lp{Rs + Rp) in the 
ideal equations. Assume transistor parameters of W = I V and K„ = 1 mA/V 2 
(a) Plot the following curves on the same graph: Ip versus Vp for Vq = 2 V and 
Vq = 3 V over the range 0 £ V D < 5 V forfi) R s = Rp = 0 and (it) R s = Rp = 

1 kf2. (b) Plot the following curves on the same graph: J Tp versus V G for 

y n = 0. 1 V and Vp = 5 V over the range 0 5 Ip < I mA for (i ) R$ = Rp = 0 and 
(ii) R$ - Rp = 1 kf7. 

11.35 An n-channel MOSFET has the same parameters as given in Problem 1 1.30. The gate 

terminal is connected to the drain terminal. Plot Ip versus Vos forO < < 5 V. 

Determine the range of V D s over which the transistor is biased in the nonsaturation 
and saturation regions. 




Vfas (volts) 

Figure 11.68 I Figure for Problem 1 1.37. 


11.36 The channel conduclance for a p-channel MOSFET is defined as 


gd 


3/p 


V S D-*0 


Plot the channel conductance for the p-channel MOSFET in Problem 11.31 for 
0 < Vs C < 5 V. 

1 137 The experimental characteristics of an ideal n-channel MOSFET biased in the 
saturation region are shown in Figure 11.68. If W/L = 10 and t m - 425 A, 
determine Vj and . 

11.38 One curve of an n-channel MOSFET is characterized by the following parameters: 

Ip (sat) = 2 x 10“ 4 A, V DS (sat) = 4 V, and V T = 0.8 V. 

(a) What is the gate voltage? 

(b) What is the value of the conduction parameter? 

(c) If F c = 2 V and Vps = 2 V, determine l D . 
id) If Vq = 3 V and — 1 V, determine I D 

(e) For each of the conditions given in (c) and ( d ), sketch the inversion charge 
density and depletion region through the channel. 

11.39 («) An ideal n-channel MOSFET has an inversion carrier mobility )i n = 525 cm 2 /V-s, 
a threshold voltage W = +0.75 V, and an oxide thickness = 400 A. When biased 
in the saturation region, the required rated current is /n(sat) = 6 mA when Vc,s ~ 

5 V. Determine the required W/L ratio, (b) Ap-channel MOSFEThas the same 
requirements when V GS = 5 V and has the same parameters as part (a) except 
f. i p = 300 em 2 /V-s and V T = —0.75 V. Determine the W/L ratio. 

11.40 Consider the transistor described in Problem 1 1 .30. f a ^Calculate g m i for V D $ — 0.5 V. 
(b) Calculate for Vc,s ='- 4 V. 

11.41 Consider the transistor described in Problem 11.31. (a)Calculate g„,L for V S d = 0.5 V. 
(b) Calculate g ms for V$q = 4 V. 
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11.42 An n-channel MOSFET has the following parameters: 

t os = 400 A N a = 5 x 10 16 cm' 5 

V FB = -0.5 V L = 2 /tm 
W = 10 /xm = 450 cnr/V-s 

Plot ~JTi) versus Vcs over the range 0 < 7/j < 1 mA when the transistor is biased! 
the saturation region for the following values of sourcc-to-body voltage: V SB =0. 1, 
and 4 V. 

11.43 Consider a p-channel MOSFET with r„ s = 600 A and = 5 x 10 1:> aTr 3 . 
Determine the body-to-sourcc voltage. I';;.-, . such that the shift in threshold voltage. | 
AV t , from the V Bi — 0 curve is AV r = —1.5 V. 

11.44 An NMOS device has the following parameters: n + poly gate. = 400 A. N„ = 
lO 1 -’ cm -3 , and Q' ss — 5 x 10 111 cm - ’. («) Determine V T . ( b ) Is it possible to apply 
a V $ ii voltage such that V T - 0? If so, what is the value of ? 

11.45 Investigate the threshold voltage shift due to substrate bias. The threshold shift is 
given by Equation (11.72). Plat AV, versus Vj B over the range 0 < V SB 5 5 Vfor 
several values of N a and I... . Determine the conditions for which A V r is limited toa| 
maximum value of 0.7 V over the range of 


Section 11.4 Frequency Limitations 

11.46 Consider an ideal n-channel MOSFET with a width-to-length ratio of ( W/L) — 10, 
an electron mobility of //„ = 400 crtr/V-s, an oxide thickness of — 475 A, anda 
threshold voltage of V T = H-0.65 V. (a)Determine the maximum value of source 
resistance so that the saturation transconductance g ms is reduced by no more than 
20 percent from its ideal value when V cs = 5 V. (b) Using the value of r, calculated 
in part (a), how much is g ms redticcd from its ideal value when V (JS — 3 V! 

11.47 An n-channel MOSFET has the following parameters: 

fi. n = 400 cm 2 /V-s l„, = 500 A 

L — 2 /cm W — 20 gm 

V, = +0.75 V 


Assume the transistor is biased in the saturation region at = 4 V. (a) Calculate 
the ideal cutoff frequency, (b) Assume that the gate oxide overlaps both the source 
and drain contacts by 0.75 /xm. If a load resistance of Rl = 1 0 k£2 is connected to the 
output, calculate the cutoff frequency. 

11.48 Repeat Problem 1 1 .47 for the case when the electrons are traveling at a saturation 
velocity of = 4 x 10 6 cm/s. 

i 

1 

Summary and Review 


*11.49 Design an ideal silicon n-channel MOSFET with a polysilicon gate to have a threshold 
voltage of V T — 0.65 V Assume an oxide thickness of I„, — 300 A, a channel length 
of L = 1.25 pm. and a nominal value of Q\ s — 1.5 k 10 11 cm - It is desired to have j 
a drain current of I D == 50 pAat 17; ? =- 2.5 V and V D 5 =0.1 V. Determine the 
substrate doping concentration, channel width, and type of gale required. 


* 11,50 Design an ideal silicon n-channel depiction mode MOSFET with a polysilicon gate to 
have a threshold voltage of W = —0.65 V. Assume an oxide thickness of r ox = 300 A, 
a channel length of L = 1 .25 /;rn, and a nominal value of Q\, — 1.5 x 10" cm '.It 
is desired to have a drain current of //_> ( sat) = 50 /r A at V (;i - = 0. Determine the type 
of gate, substrate doping concentration, and channel width required. 

*11.51 Consider the CMOS inverter circuit shown in Figure 1 1.60a. Ideal n- and p-channel 
devices arc to bedesigned with channel lengths of L = 2.5 /rmand oxide thicknesses 
of l,„ ;= 450 A. Assume the inversion channel mobilities arc one-halithe bulk values. 
The threshold voltages of the nand p-channcl transistors arc to be +0.5 V and —0.5 V, 
respectively. The draincurrent is to be In ~ 0.256mA when the input voltage to the 
inverter is 1 .5 V and 1 .5 V with Vdd — 5 V. The gate material is to be the same in each 
device. Determine the type of gate, substrate doping concentrations, andchannel widths. 

* 11.52 A complementary pair of ideal n-channel and p-channel MOSFETs are to be 

designed to produce the same I-V characteristics when they are equivalently biased. 
The devices are to have the same oxide thickness of 250 A and the same channel 
length of L = 2 gm. Assume the SiCh layer is ideal. The n-channel device is to have 
a channel width of W = 20 (tm. Assume constant inversion layer mobilities of p„ =- 
600errr/V-s and i< p = 220 crrr/V-s, («) Determine p-type and n-type substrate 
doping concentrations. ( h ) What are the threshold voltages? (c) What is the width 
of the p-channel device? 
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Selected List of Symbols 


T his list does not include some symbols that are defined and used specifically in 
only one section. Some symbols have more than one meaning; however, the 
context in which the symbol is used should make the meaning unambiguous. The 
usual unit associated with each symbol is given. 

Unit cell dimension (A), potential well width, acceleration, 
gradient of impurity concentration, channel thickness of a 
one-sided JFET (cm) 
tfo Bohr radius (A) 

c Speed of light (cm/s) 

d Distance (cm) 

e Electronic charge (magnitude) (C), Napierian base 

/ Frequency (Hz) 

j). ( F. ) Fermi-Dirac probability function 

f T Cutoff frequency (Hz) 

g Generation rate (cm " 3 s~ 1 ) 

g' Generation rate of excess carriers (cm " 3 s _1 ) 

g(E) Density of states function (cm -3 eV" 1 ) 

g c , g v Density of states function in the conduction band and 

valence band (cm " 3 eV' 1 ) 

gd Channel conductance (S), small-signal diffusion 

conductance (S) 

g m Transconductance (A/V) 

g„, g f> Generation rate for electrons and holes (cm " 3 s -1 ) 

h Planck's constant (J-s), induced space charge width in a 

JFET (cm) 

fi Modified Planck's constant (h/lir) 
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h f 

j 

k 

k n 

m 


m 0 

m* 

<,m* p 

n 

n.l,m,s 
n, p 
n 

t t 

n , p 

n B0’ Pb>’ Pco 


n d 

Hi 

no. po 
n,„ Pn 
HpO- PnO 

n s 

P 

Pa 

Pi 

q 

r, 0 , <p 
r<h r„ 
rds 
s 
t 

id 

fox 

U 

u(x) 

V 

Vd 


Small-signal common emitter current gain 
Imaginary constant, V— 1 
Boltzmann’s constant (J/K), wavenumber (cm -1 ) 
Conduction parameter (A/V 2 ) 

Mass (kg) 

Rest mass of the electron (kg) 

Effective mass (kg) 

Effective mass of an electron and hole (kg) 

Integer 

Quantum numbers 

Electron and hole concentration (cm -3 ) 

Index of refraction 

Constants related to the trap energy (cm -3 ) 
Thermal-equilibrium minority carrier electron 
concentration in the base and minority carrier hole 
concentration in the emitter and collector (cm -3 ) 
Density of electrons in the donor energy level (cm -3 ) 
Intrinsic concentration of electrons (cm -3 ) 
Thermal-equilibrium concentration of electrons 
and holes (cm -3 ) 

Minority carrier electron and minority carrier hole 
concentration (cm -3 ) 

Thermal-equilibrium minority carrier electron and 
minority carrier hole concentration (cm -3 ) 

Density of a two-dimensional electron gas (cm -2 ) 
Momentum 

Density of boles in the acceptor energy level (cm -3 ) 
Intrinsic hole concentration (= n,)(cm -3 ) 

Charge (C) 

Spherical coordinates 
Small-signal diffusion resistance (£2) 

Small-signal drain-to-source resistance (£2) 

Surface recombination velocity (cm/s) 

Time (s) 

Delay time (s) 

Gate oxide thickness (cm or A) 

Storage time (s) 

Periodic wave function 
Velocity (cm/s) 

Carrier drift velocity (cm/s) 
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Vds ' Rf ' Rsat 

x, y, z 
x 

Xb,Xe,Xc 

x<t 

x dT 


X „ , X,, 


A 

A* 

B 

B, E , C 

S Vf-flO 


BVqeo 


C 

c 


Cd, C„ 

Cfb 


Crs- C sd • Eds 


Cm 


C C 

'-'77 p 

C m 

Q 

D, S, G 
D' 


Dr- D e , D c 


Du 

D n . Dp 
E 

E a 

E c , E v 

AE,, AE, 


Carrier saturation drift velocity (cm/s) 

Cartesian coordinates 

Mole fraction in compound semiconductors 
Neutral base, emitter, and collector region widths (cm) 
Induced space charge width (cm) 

Maximum space charge width (cm) 

Depletion width from the metallurgical junction into n-type 
and p-type semiconductor regions (cm) 

Area (cm 2 ) 

Effective Richardson constant (A/K 2 /cm 2 ) 

Magnetic flux density (Wb/m 2 ) 

Base, emitter, and collector 

Breakdown voltage of collector-basejunction with emitter 
open (volt) 

Breakdown voltage of collector-emitter 
with base open (volt) 

Capacitance (F) 

Capacitance per unit area (F/cnr) 

Diffusion capacitance (F) 

Flat-band capacitance (F) 

Gate-source, gate-drain, and drain-source capacitance (F) 
Junction capacitance per unit area (F/cm 2 ) 

Miller capacitance (F) 

Constants related to capture rate of electrons and holes 
Gate oxide capacitance per unit area (F/cm 2 ) 
Reverse-biased B-C junction capacitance (F) 

Drain, source, and gate of an FET 
Ambipolar diffusion coefficient (crrr/s) 

Base, emitter, and collector minority carrier diffusion 
coefficients (cm 2 /s) 

Density of intertace states (#/eV-cm 3 ) 

Minority carrier electron and minority carrier hole 
diffusion coefficient (cm 2 /s) 

Energy (joule or eV) 

Acceptor energy level (eV) 

Energy at the bottom edge of the conduction band and top 
edge of the valence band (eV) 

Difference in conduction band energies and valence band 
energies at a heterojunction (eV) 

Donor energy level (eV) 
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E f 

E Fi 

E f „, Ef P 

E x 

A£„ 


E, 

F 

F-, F+ 

n * p 
£l/2(t?) 

G 

G l 

G„o, G p o 


G oi 

/ 

/a 

4, 4 , 4 

ICBO 


l CEO 

Id 

Id (sat) 

4 

4i 

4 

he 

h 

J 

•I gen 

Jl 


4 > Ip 

4 “> 

4ec 

4o 

Jr 




h 

JsT 


L 


Fermi energy (eV) 

Intrinsic Fermi energy (eV) 

Quasi-Fermi energy levels for electrons and holes (eV) 
Bandgap energy (eV) 

Bandgap narrowing factor (eV), difference in bandgap 
energies at a heterojunction (eV) 

Trap energy level (eV) 

Force (N) 

Electron and hole particle flux (cm -2 s“ 1 ) 

Fermi-Dirac integral function 

Generation rate of electron-hole pairs (errr 3 s -1 ) 

Excess carrier generation rate (cm -3 s' ! ) 

Thermal equilibrium generation rate for electrons and 
holes (cm -3 s -1 ) 

Conductance (S) 

Current (A) 

Anode current (A) 

Base, emitter, and collector current (A) 

Reverse-bias collector-base junction current with 
emitter open (A) 

Reverse-bias collector-emitter current with base open (A) 
Diode current (A), drain current (A) 

Saturation drain current (A) 

Photocurrent (A) 

Pinchoff current (A) 

Ideal reverse-bias saturation current (A) 

Short-circuit current (A) 

Photon intensity (energy/cm 2 /s) 

Electric current density (A/cm 2 ) 

Generation current density (A/cm 2 ) 

Photocurrent density (A/cm 2 ) 

Electron and hole electric current density (A/cm 2 ) 
Electron and hole particle current density (cm “ 2 s _1 ) 
Recombination current density (A/cm 2 ) 

Zero-bias recombination current density (A/cm 2 ) 
Reverse-bias current density (A/cm 2 ) 

Ideal reverse-bias saturation current density (A/cm 2 ) 

Ideal reverse saturation current density in a 
Schottky diode (A/cm 2 ) 

Length (cm), inductance (H), channel length (cm) 
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A L 

Lb, Le, Lq 

Ld 

Ln, Lp 
M , M n 
N 
N a 

Nb, Np 
N C ,N V 


N d 

N it 

N, 

P 

P(r ) 

Q 

Q' 

Qb 

Q'n 

Q'^ 

Q' SD (mn\) 

Qss 

R 


R(r) 

R c 

R t „, R, p 
Ren ? Rep 

R „ , R P 

R/jQ, Rp0 


V 

V a 

V A 

v bi 

V B 

Vbd 


Channel length modulation factor (cm) 

Minority carrier diffusion length in the base, emitter, 
and collector (cm) 

Debye length (cm) 

Minority carrier electron and hole diffusion length (cm) 
Multiplication constant 
Number density (cm -3 ) 

Density of acceptor impurity atoms (cm -3 ) 

Base, emitter, and collector doping concentrations (cm -3 ) 
Effective density of states function in the conduction band 
and valence band (cm -3 ) 

Density of donor impurity atoms (cm -3 ) 

Interface state density (cm -2 ) 

Trap density (cm -3 ) 

Power (watt) 

Probability density function 
Charge (C) 

Charge per unit area (C/cm 2 ) 

Gate controlled bulk charge (C) 

Inversion channel charge density per unit area (C/cm 2 ) 
Signal charge density per unit area (C/cm 2 ) 

Maximum space charge density per unit area (C/cm 2 ) 
Equivalent trapped oxide charge per unit area (C/cm 2 ) 
Reflection coefficient, recombination rate (cm" 3 s -1 ), 
resistance (52) 

Radial wave function 

Specific contact resistance (£2-cm 2 ) 

Capture rate for electrons and holes (cm -3 s -1 ) 

Emission rate for electrons and holes (cm" 1 s -1 ) 
Recombination rate for electrons and holes (cm -3 s -1 ) 
Thermal equilibrium recombination rate of electrons 
and holes (cm" 3 s -1 ) 

Temperature (K), kinetic energy (J or eV), 

transmission coefficient 

Potential (volt), potential energy (J or eV) 

Applied forward-bias voltage (volt) 

Early voltage (volt), anode voltage (volt) 

Built-in potential barrier (volt) 

Breakdown voltage (volt) 

Breakdown voltage at the drain (volt) 
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V be i VcB ■ VcE 

Vos ■ '■'GS 
Vos (sat) 

Vfb 

V c 

Vh 


V P » 

V P , 

Vr 
Vs 8 
V, 

Vt 

av t 

w 

W H 

Y 


a n ,a P 

a 0 

Ctf 

P 

Y 

8 

8n , 8p 
8n p , 8p„ 

€ 

*0 

tox 

tr 

ts 

X 

n 

n' 

P n ■ Pp 


Base-emitter, collector-base, and collector-emitter 
voltage (volt) 

Drain-source and gate-source voltage (volt) 
Drain-source saturation voltage (volt) 

Flat-band voltage (volt) 

Gate voltage (volt) 

Hall voltage (volt) 

Open-circuit voltage (volt) 

Potential difference across an oxide (volt) 

Pinchoff voltage (volt) 

Punch-through voltage (volt) 

Applied reverse-bias voltage (volt) 

Source-body voltage (volt) 

Thermal voltage (kT/e) 

Threshold voltage (volt) 

Threshold voltage shift (volt) 

Total space charge width (cm), channel width (cm) 
Metallurgical base width (cm) 

Admittance 

Photon absorption coefficient (cm -1 ), ac common 
base current gain 

Electron and hole ionization rates (cm -1 ) 
dc common base current gain 
Base transport factor 
Common-emitter current gain 
Emitter injection efficiency factor 
Recombination factor 

Excess electron and hole concentration (cm -3 ) 
Excess minority carrier electron and excess minority 
carrier hole concentration (cm -3 ) 

Permittivity (F/cm 2 ) 

Permittivity of free space (F/cm 2 ) 

Permittivity of an oxide (F/cm 1 ) 

Relative permittivity or dielectric constant 
Permittivity of a semiconductor (F/cm 2 ) 

Wavelength (cm or //m) 

Permeability (H/cm) 

Ambipolar mobility (cm 2 /V-s) 

Electron and hole mobility (cm 2 /V-s) 
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<7 

Aa 

°i 
&n » 

r 

TnOi T p{ ) 

TO 

<t> 

4>(t) 

Atp 

4>Bn 

0BO 

4>fn - 0/p 
4>Fp 


<t>m 

tin 

*Pms 

0« > 0p 

X 

x' 

*00 

(i) 

r 

E 

E w 

Ecrii 

0 ( 0 ) 

<t> 

<D(0) 
^(x, t) 


Permeability of free space (H/cm) 

Frequency (Hz) 

Resistivity (R-cm), volume charge density (C/cm 3 ) 
Conductivity (fi^'cm" 1 ) 

Photoconductivity (F2~' cm -1 ) 

Intrinsic conductivity (S2 _I craf 1 ) 

Conductivity of n-type and p-type semiconductor (£2~' cm -1 ) 
Lifetime (s) 

Electron and hole lifetime (s) 

Excess minority carrier electron and hole lifetime (s) 
Lifetime in space charge region (s) 

Potential (volt) 

Time-dependent wave function 
Schottky barrier lowering potential (volt) 

Schottky barrier height (volt) 

Ideal Schottky barrier height (volt) 

Potential difference (magnitude) between Ep; and Ep 
in n-type and p-type semiconductor (volt) 

Potential difference (with sign) between E p-. and £ p 
in n-type and p-type semiconductor (volt) 

Metal work function (volt) 

Modified metal work function (volt) 

Metal-semiconductor work function difference (volt) 
Potential difference (magnitude) between and Ep 
in n-type and between E v and Ep in p-type 
semiconductor (volt) 

Semiconductor work function (volt), surface potential (volt) 
Electron affinity (volt) 

Modified electron affinity (volt) 

Time-independent wave function 
Radian frequency (s _l ) 

Reflection coefficient 
Electric field (V/cm) 

Hall electric field (V/cm) 

Critical electric field at breakdown (V/cm) 

Angular wave function 
Photon flux (cm -2 s _l ) 

Angular wave function 
Total wave function 



System of Units, 
Conversion Factors, 
and General Constants 


Table B,1 1 International system of units* 


Quantity 

Unit 

Symbol 

Dimension 

Length 

meter 

m 


Mass 

kilogram 

kg 


Time 

second 

s or sec 


Temperature 

kelvin 

K 


Current 

ampere 

A 


Frequency 

hertz 

Hz 

i/s 

Force 

newton 

N 

kg-m/s 2 

Pressure 

pascal 

Pa 

N/m 2 

Energy 

joule 

J 

N-m 

Power 

watt 

w 

J/S 

Electric charge 

coulomb 

C 

A-s 

Potential 

volt 

V 

J/C 

Conductance 

siemens 

s 

AN 

Resistance 

ohm 

Q, 

V/A 

Capacitance 

farad 

F 

C N 

Magnetic flux 

webef 

Wb 

V-s 

Magnetic flux density 

tesla 

T 

Wb/m : 

Inductance 

henry 

H 

Wb/A 


*The cm is the common unit of length and the electron-volt is the common unit of energy 
( see Appendix F) used in die study of semiconductors. However, die joule and in some 
cases die meter should be used in moat formulas. 
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Table B.2 1 Conversion factors 


Prefixes 

I A (angstrom) = 10“ 8 cm = 10" 10 m 

io- 15 

femto- 

= f 

1 n m (micron) _ 10' 4 cm 

io- 12 

pico- 

= P 

1 mil — IO -3 in. = 25.4 fii 

10“ 9 

nano- 

— n 

2.54 cm — ] in. 

10' 6 

micro- 

= M 

1 eV = 1.6 X 10- 19 J 

10 3 

milli- 

= m 

1 J = 10 7 erg 

10 +J 

kilo- 

= k 


10 +6 

mega- 

= M 


10 +9 

giga- 

= G 


10+12 

tera 

= T 


Table B.3I Physical constants 
Avogadro’s number 

Boltzmann’s constant 

Electronic charge 
(magnitude) 

Free electron rest mass 
Permeability of free space 
Permittivity of free space 

Planck’s constant 

Proton rest mass 
Speed of light in vacuum 

Thermal voltage ( 7 = 300 K) 


N a = 6.02 x 10+ 23 
atoms per gram 
molecular weight 
k = 1.38 x 10' 23 J/K 
= 8.62 x 10' 5 eV/K 
e = 1.60 x 10' 19 C 

mo = 9.11 x 10 31 kg 
Ho = 4jt x 10“ ? Wm 
e () = 8.85 x 10' 14 F/cm 
= 8.85 x 10' 12 F/m 
h - 6.625 x 10' 34 J-s 
- 4.135 x 10“ 15 eV-s 

jl - ft = 1.054 x 10' 34 J-s 
Zjt 

M = 1.67 x 10' 27 kg 
c = 2.998 x 10’° cm/s 
kT 

V, = — = 0.0259 volt 
e 

kT =0.0259 eV 
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Table B.4 I Silicon, gallium arsenide, and germanium properties (T = 300 K) 


Property 

Si 

GaAs 

Ge 

Atoms (cm -3 ) 

5.0 x 10 22 

4.42 x 10 22 

4.42 x I0 22 

Atomic weight 

28.09 

144.63 

72.60 

Crystal structure 

Diamond 

Zincblende 

Diamond 

Density (g/cm -3 ) 

2.33 

5.32 

5.33 

Lattice constant (A) 

5.43 

5.65 

5.65 

Melting point ('C) 

1415 

1238 

937 

Dielectric constant 

11.7 

13.1 

16.0 

Bandgap energy (eV) 

1.12 

1.42 

0.66 

Electron affinity, x (volts) 

4.01 

4.07 

4.13 

Effective density of states in 

2.8 x 10 19 

4.7 x 10 17 

1.04 x 10 19 

conduction band, N L (cm -3 ) 




Effective density of states in 

1.04 x 10 19 

7.0 x I0 18 

6.0 x 10 1S 

valence band. N, (cm -3 ) 




Intrinsic carrier concentration (cm -3 ) 

1.5 x 10 lu 

1.8 x 10 6 

2.4 x 10 13 

Mobility (cnr/V-s) 




Electron. (jl„ 

1350 

8500 

3900 

Hole, M/j 

480 

400 

1900 

( m*\ 

Effective mass — | 

\m } 




Electrons 

m) =0.98 

0.067 

1.64 


m* =0.19 


0.082 

Holes 

m* h = 0.16 

0.082 

0.044 


< 1 , = 0 - 49 

0.45 

0.28 

Effective mass (density of states) 

/ \ 



Electrons [ — ) 


0.067 

0.55 

\m n ) 

1.08 



Holes f ^ 

\ ,n n / 

0.56 

0.48 

0.37 


Table B.5 1 Other semiconductor parameters 

Material 

£ fi (eV) 

« (A) 


X 

n 

Aluminum arsenide 

2.16 

5.66 

12.0 

3.5 

2.97 

Gallium phosphide 

2.26 

5.45 

10 

4.3 

3.37 

Aluminum phosphide 

2.43 

5.46 

9.8 


3.0 

Indium phosphide 

1.35 

5.87 

12.1 

4.35 

3.37 
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Table R.6 i Properties of Si0 2 and Si,iC (T = 300 K) 


Property 

Si0 2 

Si,N 4 

Crystal structure 

[Amorphous for most integrated 
circuit applications] 

Atomic or molecular 
density (cm' ! ) 

2.2 x 10 22 

1.48 x 10 22 

Density (g-cm~ 3 ) 

2.2 

3.4 

Energy gap 

^9eV 

4.7 eV 

Dielectric constant 

3.9 

7.5 

Melting point (°C) 

%1700 

^1900 





The Periodic Table 



VI 57La 58 Ce 59R 60 Nd 61 Pm 62 Sm 63 Eu MGd 65Tb 66Dy 67 Ho 68Er 69Tm 70Yb 71 Lu 

57-71 138.92 140.13 140.92 144.27 147 150.43 1 5 2.0 156.9 159.2 162.46 164.90 167.2 169.4 173.04 174.99 

The numbers in front of the symbols of the elements denote the atomic numbers; the numbers Underneath are the atomic weights. 
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The Error Function 


erf(z) = —= I e r dt 
V* Jo 

erf(0) = 0 erf(oo) = 1 
erfc(z) = 1 - erf(z) 


z 

erf (-) 

Z 

erf ( z ) 

0.00 

0.00000 

1.00 

0.84270 

0.05 

0.05637 

1.05 

0.86244 

0.10 

0.11246 

1.10 

0.88021 

0.15 

0.16800 

1.15 

0.89612 

0.20 

0.22270 

1.20 

0.91031 

0.25 

0.27633 

1.25 

0.92290 

0.30 

0.32863 

1.30 

0.93401 

0.35 

0.37938 

1.35 

0.94376 

0.40 

0.42839 

1.40 

0.95229 

0.45 

0.47548 

1.45 

0.95970 

0.50 

0.52050 

1.50 

0.96611 

0.55 

0.56332 

1.55 

0.97162 

0.60 

0.60386 

1.60 

0.97635 

0.65 

0.64203 

1.65 

0.98038 

0.70 

0.67780 

1.70 

0.98379 

0.75 

0.71116 

1.75 

0.98667 

0.80 

0.74210 

1.80 

0.98909 

0.85 

0.77067 

1.85 

0.99111 

0.90 

0.79691 

1.90 

0.99279 

0.95 

0.82089 

1.95 

0.99418 

1.00 

0.84270 

2.00 

0.99532 






"Derivation" of Schrodinger's 
Wave Equation 


S chrodinger's wave equation was stated in Equation (2.6). The time -independent 
form of Schrodinger's wave equation was then developed and given by Equa- 
tion (2. 13 ). The time-independent Schrodinger's wave equation can also be devel- 
oped from the classical wave equation. We may think of this development more in 
terms of a justification of the Schrodinger’s time-independent wave equation rather 
than a strict derivation. 

The time-independent classical wave equation, in terms of voltage, is given as 


d 2 V(x ) ( co 


d.K 2 


+ 


| V(x) = 0 


(E.1) 


where a) is the radian frequency and v p is the phase velocity. 

If we make a change of variable and let i (r(x) = V(x), then we have 

9 2 < Hx) 


dx 2 


(9 


ij/(x) — 0 


We can write that 


or / In i’ y l 2n 

v l U J " U 


(E.2) 


(E.3) 


where v and A are the wave frequency and wavelength, respectively. 

From the wave-particle duality principle, we can relate the wavelength and 
momentum as 


Then 



(E.4) 


(E-5) 
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'Derivation' cf Schrodinger'sWave Equation 


and since h— — .we can write 
2n 



Now 


P 


2 


2m 


= T = E -V 


(E.6) 


(E.7) 


where T, E. and V are the kinetic energy, total energy, and potential energy terms, 
respectively. 

We can then write 


co 2 / 27r \ 2 2m / /r \ 2 m 

vl V A. / ft 2 \2m) ft 2 {E 


V) 


Substituting Equation (E.8) into Equation (E.2), we have 


d 2 i,(x) 2m 

^ + F (£ 


V')^r(JC) = 0 


(E.8) 


(E.9) 


which is the one-dimensional, time-independent Schrodinger's wave equation 



A P 


N D I X 



Unit of Energy — The 
Electron-Volt 


T he electron-volt (eV) is a unit of energy that is used constantly in the study of 
semiconductor physics and devices. This short discussion may help in "petting 
a feel" for the electron-volt. 

Consider a parallel plate capacitor with an applied voltage as shown in Fig- 
ure F. 1. Assume that an electron is released at ,v = 0 at time t = 0. We may write 


d~.\ 

F — niQd ~ m ( ) —— — eE 
dt 2 


where e is the magnitude of the electronic charge and E is the magnitude of the electric 
field as shown. Upon integrating, the velocity and distance versus time are given by 


eEf 

mo 


(F.2) 



Figure F,1 1 Parallel plate 
capacitor. 
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and 


eEt 1 
2m o 


(F.3) 


where we have assumed that v — 0 at f = 0. 

Assume that at t — to the electron reaches the positive plate of the capacitor so 
that x — d. Then 


or 


*o = 


£ M 

2m o 


2m yd 
eE 


(F.4a) 


(F.4b) 


The velocity of the electron when it reaches the positive plate of the capacitor is 

i 

eE t 0 


v(t 0 ) = 


2eE d 


mo y m 0 

The kinetic energy of the electron at this time is 


1 


1 


T = -m Q v(to) - -mo 


/ 2eEd\ 
\ wo ) 


= eE d 


The electric field is 


so that the energy is 


V 


E = 


T — e - V 


(F.5) 


(F.6) 


(F.7) 


(F.8) 


If an electron is accelerated through a potential of 1 volt, then the energy is 


T = e ■ V = (1.6 x l(r , 9 )(l) - 1.6 x lCF 19 joule 

The electron-volt (eV) unit of energy is defined as 

, joule 
Electron-volt — 


(P-9) 


(F.10) 


Then, the electron that is accelerated through a potential of 1 volt will have an energy 
of 


T = 1.6 x KT 19 J = 


-19 


1.6 x 10 
1.6 x KH 9 


(eV) 


(F. 11) 


or 1 eV. 

We may note that the magnitude of the potential ( 1 volt) and the magnitude of 
the electron energy (1 eV) are the same. However, it is important to keep in mind that 
the unit associated with each number is different. 



ANSWERS TO SELECTED PROBLEMS 


Chapter 1 

1.1 (a) 4 atoms, (h) 2 atoms, (c) 8 atoms 

1.3 («) 52.4 percent, (h) 74 percent. (c)68 percent, 

(d) 34 percent 

1.5 (a) 2.36 A, (b) 5 x 10 22 atoms/cm 3 

1.7 (b)« = 2.8 A, (c)2.28 x 10 22 cm" 3 for both Na 
and Cl, (d) 2.21 gra/cra 3 

1.9 (a) 3.31 x 10 14 atoms/cm 2 ; Same for A atoms and 
B atoms, (b) Same as (a).(c) Same material. 

1.13 (a) 5.63 A, (ft 13.98 A. (c) 3.25 A 

1.15 (a) 6.78 x 10 14 cm -2 , (b) 9.59 x 10 14 cm" 2 , 

(f) 7.83 x I0 14 cm -2 

1.17 2 x 10 21 cm--’ 

1.19 [a) 4 x 10 8 percent. (b)2 x 10“ 6 percent 
1.21 d = 7.94x H) 6 cmord/«o- 146 

Chapter2 

2.5 a = 0.254 (i m (gold). X - 0.654 gm (cesium) 

2.7 = 0.01727 eV, 

P uv = 7.1 x 10“ 26 kg-m/s, X - 93.3 A 

2.9 (a) E= 1,14 x 10 4 eV, 

p = 1.82 x 10“ 26 kg-m/s, A - 364 A 
(b) p ~ 5.3 x 10“ 29 kg-m/s, 
y = 5.82 * 10 h cm/s, £ = 9.64 x 10“ 3 eV 
2.11 (a ) Ap = 1.054 x 10" 28 kg-m/s 
(b) AE — 0.198 eV 

2.13 ( a )Ap = 8.78 x 10“ 26 kg-m/s 
(b) AE — 4.82 x I0“ 7 eV 

2.15 (a) Ap = 1.054 x I0- 24 kg-m/s 
(b) Ar = 6.6 x 10“ 18 s 


2.17 |A| 2 = 1. or A = +1. -l.+j. -j 

2.19 (a) P = 0.393. (hi P = 0.239, (c) P = 0.865 
2.21 *(.*. I ) = Aexp|— j(kx + &>r)] where 
k - 6.27 x 10 s m ’and 
w = 2.28 x 10” rad/s 

2.23 (a)E\ - 0.261 eV, E l = 1.04 eV, 

(if) A = 1 .59 p m 

2.25 Ei = 2.06 x I0 6 eV (neutron). 

E\ = 3.76 x 10 9 eV (electron) 

2.29 Lb) (if AE = 3.85 x 10--’ cV, 

(ii)AE = 2.46 x 10“ 17 eV 
2.31 (a) P = 0.1 18 percent. 

(b) P = 1.9 x 10“ 10 percent 

2.33 (a)T = 0.138,(/>) T = 1.27 x 10“ 8 
2.38 Ei = -13.58 eV, £-. = -3.395 eV, 

£ 3 = -1.51 eV, e 4 - -0.849 eV 

Chapter 3 

3.9 (a)AE = 0.488 eV, (b) AE = 1.87 eV, 

(c) AE — 3.83 eV. (d) AE = 6.27 eV 
3.11 (a) A E = 0.638 eV. (b) A E = 2.36 e V. 

(c) A E = 4.73 eV,(d)A£ = 7.39 eV 
3.13 m* (A)<m* (B) 

3.15 A, B: velocity = — x; C, D: velocity — +x; 

B. C: positive mass; A, D: negative mass 

3.17 A: m/m u — 0.476; B: m/mo = 0.0953 

3.23 g = 3.28 x 10 17 cm" 3 

3.25 (a) At g, = 0; 

0.05 eV. g t = 1.71 x 10 21 cnr’eV-'; 

0.10 eV, g, = 2.41 x I0 21 cm" 3 eV" 1 ; 
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0.15 eV, g r = 2.96 x 10 21 cm - 3 eV~' ; 
0.20 eV, g c = 3.41 x 10" cm " 3 eV“‘, 

(b) At E v ,g„ =0, 

-0.05 eV,j£,. = 0.637 x 10” cnr 3 eV -1 ; 
— O.lOeV, g v = 0.901 x 10 2i cirT 3 eV -1 ; 
-0.15 eV, g, = 1.10 x 10 21 cm -3 eV -1 ; 
-00.20 eV,g„ = 1.27 x 10 21 cnr 3 eV " 1 

3.29 (a) f(E) = 0.269, (b) 1 - f (£) = 0.269 
3.31 (a)l-f(E) = 0.269, 

(b) 1 - f(E)= 6.69 x I0“ 3 , 

(c) 1 - / (E) = 4.54 x 10 - 5 
3.37 (a) f (E) = 6.43 x 10 “ 3 percent, 

(b)f(E) = 4.53 percent, (c) 7 =4: 756 K 
3.39 (a) Far E — Ei.f(E) = 9.3 x 10 -6 ; 

For E-E 2 , 1 - /(£) = 1.78 x 10" 14 , 
(b ) For E — £| , f (E) — 8.45 x 10' 13 ; 
For E = E 2 , 1 - f (E) = 1.Y6 x 10 “ 7 
3.43 T % 461 K 


Chapter 4 

4.1 (a) n, — 7.68 x 10 4 cm" 3 ; 2.38 x 10 12 cm -3 ; 

9.74 x 10 14 cm" 3 , 

(b) h, = 2.16 x 10 IH cm” 3 ; 8.60 x I0 14 cnr 3 ; 
3.82 x l () 16 cm" 3 , 

(c) n, = 1.38 cm” 3 ; 3.28 x 10 9 cm- 3 ; 

5.72 x 10 13 cm - 3 


4.5 

4.8 


kT 

(a)E - E l + , 2 


n,(A) 

n,(B) 


47.5 


(b)E = E t 


kT_ 

2 


4.10 E Fi - Emidjap = -0.0128 eV (Si) 

En - E’mMgap = -0.0077 eV (Ge) 

E - Emkigap = +0-038 eV (GaAs) 

4.12 E f; - Emidgap = -8.51 meV. -17.0 meV, 
-25.5 meV 

4.17 r, = 104 A, E = 0.0053 eV 
4.19 P(t = 2.13 x 10 15 cnr 3 ,H 0 = 2.27 x 10 4 cm ' 3 
4.21 E c - E f = 0.88 eV ,« 0 = 4.9 x 10 4 ctn - 3 
4.23 (a) p tl = 1.33 x 10 12 cm" 3 , 

(b) E f , - E F = 0.207 eV, 

(c) For(a)n 0 = 2.44 cm' 3 ; 

For(h)n n = 8.09 x 10 6 cnr 3 

4.25 E t . — Ef — — 0.034 eV 
4.27 (a)no = 2.45 x 10" cm -3 , 

Po = 9.12 X 10 16 cm" 3 , 

(b)n 0 = 1.87 x 10 16 cm-| 

Po = 9.20 x 10 16 cm ” 3 


4.29 (a)po = 2.95 x 10” cm" 3 . 

no = 1.95 x 10 13 cm -3 , (h)no = 5 x JO 13 cm- 3 , 
po = 1.15 x 10 11 cm 3 

4.31 (a) rtn = 2x 10 15 cm- 3 , p n = 1.125 x 10 s cm' 5 , 

(b) Po = 10 16 cm " 3 , no = 2.25 x 10 4 cm" 3 , 

(c) n a — po = H f = 1.5 x 10 10 cm" 3 , 

(d) po = 1.0 x 10 14 cm" 3 , 
h ( | = 5.66 x 10'" cm" 3 , 

(e) no = 1.49 x 10 14 cm -3 , 
po = 4.89 x 10 13 cm -3 

4.33 (a) p type, (h) Si; po = 1 .5 x 10 13 cm” 3 , 
no — 1.5 x 10 7 cm -3 , 

Ge: po = 3.26 x 10 13 cm - -', 

H 0 = 1.77 x 10 13 cm" 3 , GaAs; 
po — 1.5 x 10 13 cm -3 , «o = 0.216 cm -3 
4.35 n u — 1.125 x 10 15 cirT 3 , n-type 
4.41 («) n type; no = I0 lfl cm" 3 , 

p„ — 2.25 x 10 4 cm" 1 , (b) p-type; 
po = 2.8 x 10 lf, cm- 3 ,Rn = 8.04 x 10 3 cm ” 3 
4.43 T — 200 K => E Fl - E F — 0.1855 eV 
T = 400 K. => E Fl - E r - 0.01898 eV 
T = 600 K. => E Fi -E F - 0.000674 eV 
4.45 T sa 762 K 
4.49 N d = 1.2 x 10 16 cnf 1 
4.51 (a) E F - E t , = 0.2877 eV, 

(b) E Fl - E f = 0.2877 eV. (cJFor (a) 
no - 10 ts cm -3 , For(h)no = 2.25 x 10 5 cm " 1 
4.53 (a)E F -E Fl = 0.3056 eV, 

(b) E n - E f = 0.3473 eV, 

(c) E F = E n . (d) En - E f =0.1291 eV, 
(e)E„ - E Fi = 0.0024 eV 

4.55 p typ e, Efi — E h = 0.3294 eV 


Chapter 5 

5.1 (a) no - 10 16 cm“ 3 . p a = 3.24 x 10 " 4 cm - 3 

(b) p„ rs 7500 cm 2 /V-s so 

J = 120 A/cm 2 , (c) (0 po = 10 16 cm” 3 , 
n 0 = 3.24 x 10 -4 cm -3 ; 

(ii) p p rs 310 cm 2 /V-s 
so 7 — 4.96 A/cm 2 

5.3 (a) [ = 0.44 mA, (b) I = 4.4 mA, 

(c) For (a) v d = 5.5 x 10' cm/s, 

For (b) vj — 5.5 x 10 5 cm/s 

5.5 (a)p n = 3333cnrN-s. 

(h)v d = 2.4 x 10' cm/s 
5.7 (a)tTi = 4.39 x 10 '" 6 (S2-cm) -1 , 

(b) af = 1.03 x 10 “ 6 (Jl-cm )' 1 
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5.9 


5.11 


5.13 

5.17 

5.19 

5.23 

5.25 

5.27 

5.29 


531 


5.33 

5.35 

5.39 

5.41 

5.43 


tij (300 K) = 3.91 x 10 9 cm -3 , E e = l.l22eV; 
n,(500 K) = 2.27 x 10 13 cm- 3 , 
er(500 K) = 5.81 x 10" 3 (fi cm)-' 

(a) N d = 9.26 x 10 14 cm- 3 , 

(b) p(200 K) % 2.7 £2-cm, 
p == 9.64 (2-crrt 

(a )T = 5.6 x IQ' 8 eV, (b) T = 5.6 x 10" 4 eV 
p = 316 cm 2 /V-s 
p. = 167 cm 2 /V-s 


1 = 18 mA 
7 = 16 A/cm 2 

J„ = 3.41 exp 


(s) 


A/cm 2 


(<*) Jh.diff — 1.6 exp 


(f) 


(c)E= 3-1-exp^-^j 


( b)J e jrf = 4.8 — 1.6 A/cm 


V/cm 


(a)n = n, exp 


r 0.4 - 2.5 x 10 2 x 


kT 


(. b)J„ = -5.79 x 10 4 exp 




0.4- 2.5 x 10 2 .r 


0.0259 


(/) J„(x = 0) = -2.95 x 10 3 A/cm 2 , 
(ii) J n {x = 5 pm) = -23.7 A/cm 2 


(a)E = a (f)’ wv= -(t) 

N d (x) — A exp (—ctx) where 
a — 3.86 x 10 4 cm -1 

(a) V„ =2.19 mV, (b)E H = 0.219 V/cm 
(i a ) p type, (b)p — 8.08 x 10 15 cm -3 , 

(b) p p = 387 cm 2 /V-s 

(a) n type, (b) n = 8.68 x 10 14 cm- 3 , 

(c) p„ = 8182 crrr/V-s, 

(d) p =0.88 S2-cm 


Chapter 6 

6.1 R' =5 x 10 19 cm- 3 s-' 

6.3 (a) r„o = 8.89 x 10* 6 s, 

(b) G = 1.125 x 10 9 cm -3 s“', 

(c) G= R = 1.125 x 10 9 cm- 3 s“' 

3F„ + 

6.7 — — = -2 x 10 19 cm- 3 s _l 

dx 

6,9 D' = 58.4 cnr/s, p = - 868 cm 2 /V-s, 
t„o = 54 ps, T p0 — 24 ps 


6.11 a =8 + 0.114(1 - e~ ,/T "°).i ril = 10 -7 s 
6.13 I = (54 + 2.20c'“ ,/r r'°) mA, r p0 = 3 x I0“ 7 s 
6.15 (a) R' p /R p0 = 4.44 x 10 9 , 

(b) r.,;, = 2.25 x 10“ 7 s 
6.17 (a)ForO < r < 2 x 10“ 6 , 

Sn = 10 ,4 (1 - e~ ,/T " 0 ) where T„(, = 10 -6 s; 
Fort > T = 2 x 10" 6 , 

Sn = 0.865 x 10 14 exp 

_ r , i0 

6.19 ( a)n p o — 2.25 x 10 6 cm -5 , 

(/>)5n(0) = —n pa — -2.25 x 10 9 cm -3 , 

(c) Sn = —n p{) e^ x/L " 

Qt 

6.25 For — L < x < +L. Sp = — —(5 L 2 — x 2 )\ 

' 2D.. 


L ! 


For L < x < 3L. Sp = 


G'L 


- p 

D r 


-QL-xy, 


G'L 

For— 31- < x < —L, Sp = — —(3 L + x) 
D p 

6.29 E Fn - E,., - 0.3498 eV, 

E t -, - E Fp = 0.2877 eV 
6.31 =5/7 = 5 x 10 15 cm- 3 , 

(a) Ep„ — E F — 0.0025 eV, 

(b) E n - E Fp = 0.5632 eV 
6.33 (a)Sp - 5 x 10 12 cm -3 , 

(b) E r „ - E t , = 0.1505 eV 
R 
’ Sn 


6.37 (a) For n-type, = — = 10 +7 s 


^pO 

R 1 

(b) For intrinsic, ■— = 1 

on Tpt) T T-nO 


=- 1.67 x 10 6 s“ l 


R 


( c ) Forp-tvpe, — = — =2x1 0 6 s 1 
Sn r„n 


6.39 (a)Sn = 


3n 0 sinh[(W-*)/L,J 


5n a = 10 15 
(b)Sn = 10 l: 


sinh[VF/L„l 

r >a = io cm -3 and L„ = 35.4 urn. 

1,5 (l - — ) 

V W> 

6.41 For — W < x < 0, 

G' 

Sn = — L (-x 2 - 2Wx + 2 W 2 )\ 

_ n 2D " G' 0 W 

ForO <x < W, Sn = — (IV - x) 
D„ 


Chapter 7 

7.1 (a) For N d = 10 is cm' 3 ; (i) V hi = 0.575 V, 

(ii) 0.635 V, (Hi) 0.695 V, (,V) 0.754 V, 

(b) For N d = 10 18 cnr 3 ;(i) 0.754 V, 

(if) 0.814 V, (iii) 0.874 V, (iv) 0.933 V 
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.5 f n jn side. E F — E Fj = 0.3294 eV; 

p side. Er, — E F — 0.4070 eV 

(b) V bi ;= 0.3294 + 0.4070 — 0.7364 V 

(c) V hl = 0.7363 V 

(d) x n = 0.426 //m, x R = 0.0213 /tm. 

|E max | = 3.29 x 10 4 Vlcm 

7.7 (b ){ n region), n 0 = A 7 # = 8.43 x I0 lr> cm -3 , 
(p region), p» — N tl = 9.97 x 10 15 cm -3 , 

(c) V hi = 0.690 V 

7.9 («) V bi = 0.635 V, (b) x„ = 0.864 gm, 

Xj, = 0.0864 gm, 

(d) .E,„,, | = 1.34 x 10 J Vlcm 

7.11 (a)V,„ -= 0.8556 V, (b) T = 302.4 K 

7.13 (a) V h! = 0.456 V, (b) x„ = 2.43 x 10" 7 cm, 
(r) x r = 2.43 x 10“ 3 cm, 

(d) |E max | = 3.75 x 10’ Vlcm 
7.17 (a) V,„ = 0.856 V, 

(b) W =0.301 x 10 -4 cm, 

( c ) E mas = 3.89 x 10 s Vlcm, 

(el) C = 3.44 pF 

7.19 ( a jNeglecting change in Vj,, , 41.4 percent 
increase; ( b ) 17.95 mV increase 
7.21 (a) V R = 73 V, (b) V R = 7. 1 8 V, 

(c) V R = 0.570 V 
7.23 V H1 = 18.6 V 
7.25 /V rf =3.24 x I0 17 cnT 1 
7.27 (a) V bf = 0.557 V, (b) x„ = 5.32 x lO" 6 cm, 
x H = 2.66 x 10" 4 cm, (c) V R = 70.3 V 
7.29 (a) (0 C = 1.14 pF, id) C = 0.521 pF. 

(i/7) C = 0.389 pF; (b) (i) C = 3.69 pF, 

(ii) C = 1.74 pF, Oil) C = 1.31 pF 
7.33 ( a )E(.v = 0) = 7.73 x 10 4 V/cm, 

(c) V* = 23.2 V 
7.35 a = 1 1 x 10-« cm- 4 

Chapter 8 

8.1 (a) 60 mV, (b) 120 mV 

J„ i 

■ U,) in + J P = 1 +(2.04 )(NJN d ) 

... in ((T /; /a., ) 

7„ + J„ (o„/o„) +4.90 

8.7 NJN d = 0.083 

8.9 h = 2-91 x 10~ 9 A, (a) / = 6.55 pA, 

(b) l = -2.91 nA 

8.11 (o) = 4.02 x 10“ 14 A. 

(b)f „ n =6.74 x 10“ 15 A, 


(c) p„= 3.42 x 10 11 ’ cm- 3 , 

(d) I„ = 3.43 x 10“ 9 A 

8.13 (a) V a = 0.253 V, ( b ) V„ - 0.635 V 
8.15 E g2 — 0.769 eV 

8.18 r max ss 519 K 

8.20 For 300 K, V D = 0.60 V; For 310 K, 

V n = 0.5827 V; For 320 K. V 0 - 0.5653 V 
8.23 For 10kHz,Z = 25.9— /0.08I4; 

For 100 kHz, Z - 25.9- j 0.814; 

For 1 MHz, Z = 23.6 - i7.41: 

For 10 MHz, Z = 2.38 — j7.49 
8.25 r„ :) = 1.3 x 10 -7 s; Cj — 2.5 x 10" 9 F 
8.27 (u)R = 72.3 U, / = 1 .38 mA 
8.29 V„ = 0.443 V 
8.31 = 8.57 x 10- 18 A/cm 2 , 

7 gen = 1.93 x 10” 9 A/cm 2 
8.33 (a) For V„ = 0.3 V, / - 7.96 x lO”" A; 

For V„ - 0.5 V. / = 3.36 x I0“ 9 A 
8.39 V n = 0.548 V 

8.41 3 x 10 15 cm- 3 , A = 1.99 x i0“ 4 cm 2 

8.43 V K = 19.9 V 

8.45 V R = 5.54 V 

8.47 V+ ^ 15 V 

8.49 f R /f F = 1.1 1. t 2 /r p0 -0.65 

8.51 W = 61.9 A 

Chapter 9 

9.1 (r) <)>„ = 0.206 V, <p B{) = 0.27 V, 

V hi = 0.064 V, |E mi J = 1.41 x 10 4 V/cm, 

(d) = 0.55 V, |E max | = 3.26 x I0 4 V/cm 

9.3 (u) 4> B q = 1.03 V, (b) <(>„ = 0.058 V, 

(c) V ht = 0.972 V, (dl x d = 0.416 gem, 

(e) |E max | = 2.87 x 10 5 Vlcm 

9.5 (a)C = 4.75 pF, (b) C = 15 pF 

9.7 (a) V bl = 0.334 V, x d = 0,2 1 1 gm, 

[E nla J = 3.26 x 10 4 Vlcm. 

(h)A@= 20 mV, x„ = 0.307 x 10 -11 cm, 

(c) |E„ Ui | = 1.16 x 10 5 Vlcm. 

A@= 37.8 mV, x„, = 0.163 x lO 4 * cm 

9.9 (a) V bi = 0.812 V,x d = 0.1 53 fx m, 

[E.naxl = 1-06 x 10 5 V/cm, 

(, b ) Vr = 7.47 V 

9.11 (a )4> m) = \.YhN,(b)4>B„ =0.858 V, 

U )4>bd = 0.43 V, 4> b „ - 0.733 V 

9.13 (a) @„= 0.206 V, 

= 0.684 V. 
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(c) J S i = 1.3 x 10 ‘ 8 A/cm 2 , 

(d) Vi, = 0.488 V 

9.15 (a)V a = 0.603 V, (fo) A = 18 mV 
9.17 V bi = 0.474 V, (a) /*, = 1 .52 x 1 0" 8 A, 

(b)l R 2 = 1.86 x I0" 8 A 

9.19 For Schottky diode, V a — 0.467 V; for pn diode. 
V„ = 0.705 V 

9.21 (a) For Schottky diode, I «s0.5 x 10“ 3 A; 

for pn diode. I = 1 .02 x 10“ 8 A; ( b ) for 
Schottky diode. V a = 0.239 V; for pn diode, 

V„ = 0.519 V 

9.25 (b)N d = 1.24 x 10 16 cm" 3 , (c) 0.20 V 
9.27 (b) <f> B o=@„= 0.138 V 


Chapter 10 

10.3 (a) I s = 3.2 x 10" 14 A; (b) (i) i c = 7.75 pA, 

(ii) i c — 0.368 mA, (iii) ic = 17.5 mA 
10.5 ( a )p = 85, a = 0.9884. i L =516 pA\ 
ib)f} = 53. a = 0.9815, i E = 2.70 mA 
10.7 (b) I c = 4.7 mA 

10.9 (a) Pen — 4.5 x 10 cm -3 , 

n B o - 2.25 x 10 J cm" 3 . 

Pen - 2.25 x 10 s cm -3 , 

(6)n fl (0) = 6.80 x 10 14 cm" 3 , 
p t (0) = 1.36 x !0 13 cm" 3 
10.11 Assume exp(V g£ / V,) 3> cosh(x g /T g ), 

( a JO. 9950, (b) 0.648, (c) 9.08 x 10" 5 
10.15 (c)Forx g < , J(x B )/7(0) = 1; 

Forx g = L s = 10 (tm, 

J(xb)/J(0) = 0.648 

10.17 (a) V C b = 0.70 V, ib) V £C (sat) = 0.05 V, 

(c) 3.41 x 10" holes/cm 2 , 

( d ) 8.82 x 10 t3 electrons/cm 2 


10.19 V CB = 0.48 V 
10.21 (o) I c - 17.4 pA. (b) a = 0.9067. 

Ic — 1-36 mA, (c) I c — 19.4 pA 

y(B) Nno De x b 


10.23 (a)(1) 


y(A) 


1 


N c xe 


,...K(C) t ./lx , ^r(B) 

(n) —~r, = 1 ' ( b > (0 777 = 1, 

y{A) a r (A) 


(ii) 


a T ( C) 


1 + ; 


1 


X B 0 


orr(A) 2 L s 

changes in space charge width. 


; f c) neglect 


(i) 


8(B) 

5(A) 


7,0 exp 


1 - 


C^) 


eDsiisn. 


10.25 

10.27 


10.29 

10.35 

10.39 

10.41 


10.43 

10.45 

10.47 

10.53 


...5(C) 

>u) m 


Jr o exp 


(=^). 


eD B n t 
> B 


(d) Device C 

(b) I c = 1.19 mA, / £ = 0.829 mA 
( fl )<5 = 


15.38 exp 




— Vfl£ \ 

.0518/ 


000 = 


1 -8 


, (c) for V BE < 0.4 V, 


recombination factor will be the limiting factor in 
current gain. 

(a)x H = 0.742 pm, (b) S = 0.9999994 
(a) V A = 47.8 V, (b) V, = 33.4 V, 

(c) V A = 19.0 V 

(a) fi = 893 £2, (b) V = 8.93 mV, 

(c) 70.8 percent 

— (hm- 

(c) Total solution is 

n = + n n (0) exp(— Ax) 

ep„E 


where A = AA- and 


n H ( 0) = 



7„ 


ep„E 


BVcbo = 221 V, N c = 1.5 x lO 13 cm" 3 , 
Xc - 6.15 pm 


( a) V p , = 295 V: however, junction breakdown 
for these doping concentrations is V g ~ 70 V, so 
punchthrough will not be reached. 

(a) I B =0.1 05 mA. (b) I b = 11.9 p A, 

(c) I" = 10.14 pA 
f T = 509 MHz 


Chapter 11 

11.1 (a) p type, inversion; ( b ) p type, depletion; 

(c) p type, accumulation: ( d) n type, inversion 
11.3 fa) By trial and error, 

N d - 3.27 x 10 14 on" 3 , 

(6)0., = -0.518 V 

11.5 (a) N d — 4.98 x 10 13 cm" 3 , ( b ) cannot use p + 

poly gate, (c) Nj = 3.43 x 10 14 cm" 3 
11.7 !£>= 1.2 x 10'° cm" 2 

11.9 V TP = -1.44 + 0™, (a) V JF = -1.76 V, 
(b)V TP — — 1.71 V, (c) Vtp = -0.592 V 
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11.11 By trial and error, N„ = 1.71 x 10 16 cm 3 

11.13 (a) V FB = -1.52 V. (b) V T - -0.764 V 

11.15 (b) 4> ms = -1.1 1 V, (f.) V JN = +0.0012 V 

11.21 (a) C,„ = 8.63 x 10“ s F/cm 2 , 

C' FH = 3.42 x 10“ 8 F/cm 2 , 

C mi „ = 0.797 x 10- s F/cm 2 , 

C'(inv) = C m 

(b) Same as (a) except C'(inv) = CF 
(. ) 1 ; r = -0.989 V 
11.23 (a)AVV fl = -1.74 V, 

(b) AV FB = -0.869 V, 

(c) AVV b = — 1.16 V 

11.27 (n) n type, (b) = 345 A, 

(c) £>'„ = 1.875 x 10" cm” 2 , 

(d) C t B = 15h pF 

11.31 V SG = 1 V, I D ( sat) - 0.00592 mA: 

V sc = 3 V, /„(sat) = 0.716 mA; 

V S( ; -5 V. //)(sat) = 2.61 mA 
11.37 V T 0.2 V, i-i„ - 342 cm 2 /V-s 
11.39 (a) WjL = 14.7, (b) W/L = 25.7 

11.41 (a) g,„ L = 0. 148 mS, ( b ) g ms — 0.917 rnS 

11.43 V BS = 7.92 V 

11.47 (a) f T = 5.17 GHz, (b) f t = 1 .0 GHz 

Chapter 12 

12.1 / d = 1 0“ 15 exp ( — l T = (10 6 )/ c , 

V \(2A)V,J' 

P = It ■ Vdd ; for V us = 0.5 V, 

I D — 9.83 pA, It = 9.83/zA, 

P = 49.2 /zW; for V c ,s = 0.7 V, 

Id = 0.388 nA, I T = 0.388 mA, 

P = 1.94 mW; for Vy,, = 0.9 V, 

!/> = 15.4 nA, f T = 15.4 mA, P = 77 mW 
12.3 (a) A V^y = IV, AL = 0.0451 /zm; 

AV DS =3 V, AL = 0.122 /zm; 

A Vds = 5 V, AL = 0.188 /mi; 

( h ) L = 1.88 /mi 

12.7 («) Assume Vy>s(sat) = I V then 

L = 3 /tra => E sal = 3.33 x !0 3 Vlcm 
L = I /tm => E sat - 10 4 V/cm 
L = 0.5 /im => E sat = 2 x 10 4 V/cm 
(b) Assume /a„ = 500 cm 2 /V-s, 
v = fi«E sal , 

L = 3 => v = 1 .67 x 10* cm/s 


L — 1 /rm => v = 5 x 10 6 cm/s 
L < 0.5 yum => v ss 10 7 cm/s 

12.13 (a) Both bias conditions. If, mklo, 

(b) P«k 2 P 

12.15 (a) (r) f D - 1.764 mA; 

(ii) If, = 0.807 mA; 

(b) (i) P = 8.82 mW, (ii) P = 2.42 mW; 

(c) current: 0.457; power: 0-274 

12.17 L= 1.59 /mi 
12.23 A Vy = +0. 118V 

12.27 (a) V B D = 1 5 V, (b) V c = 5 V 
12.31 L = 0.844 ,7m 

12.33 (a) Vy =■ —0.478 V, (b) implant acceptors. 

D i — 4.25 x 10" cm -2 

12.35 (a) Vr = —0.624 V, (b) implant acceptors, 

D, = 4.37 x 10" cm- 2 , (c) V T = 1.24 V 
12.37 (a) V T — - 1.53 V; enhancement PMOS, 

(b) implant acceptors, 

D[ =4.13 x 10 12 cm” 2 
12.39 AV,=- 2.09 V 

Chapter 13 

13.3 (a )V P = 4.91 V, lb) for V GS = 1 V, 

(i) a - h = 0.215 /zm, 

(ii) a — h = 0.0653 fim, 

(iii) a —h — —0.045 /zm (zero depletion width) 

13.5 (a) V P0 = 15.5 V, (b) V Gi = -4.66 V 

13.7 (a) Vy o = 1 .863 V, V P =0.511 V; 

(b) (/) a - h = 4.45 x 10“ 6 cm, 

(ii) a — h = 1.70 x 10"'’ cm 
13.9 (a) For V DS = 0. V Gi - = - 1. 125 V: 

(b) For V wi = 1 V. V cs = -0.125 V 
13.11 V GS = 0. g d = 0.523 x 10- 3 ; = -0.53 V, 

g d = 0.236 x 10“ 3 ; V ax = -1-06 V, g lf = 0 

13.13 &,(max) = 1.31 mS/mm 

13.15 (a) V P0 = 2.59 V, V T = - 1 7 8 V, 

( b ) depletion mode 

13.17 Vy_y = 0,zz — Ii = 0.716 /tm; 

V DS = 2 V, a - h = 0.545 /an; 

V DS = 5 V, a - h =0.410 ^m 

13.19 N d rs 5.45 x 10 i5 cm -3 
13.21 (a) ly, = 0.612 V, V r0 = 2.47 V, 

V T = - 1.86 V, Pas (sat) = 0.858 V, 

(b) add donors, N d = 1.64 x 10 16 cm -3 ; 
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V hl = 0.628 V, V, = -3.87 V, 

VWsat) -2.87 V 

13.23 (a) W = 2h.4 pm: lb) for - 0.4 V 

l D i = 78.8 /x A; for = 0.65 V. 

I ij i (sat) = 0.56 mA 
13.29 (a) With velocity saturation. 

I D i (sat) = 4.86 mA; without velocity 
saturation, I Dl ( sat) = 18.2 mA 
13.31 (a) tj = 20 ps, (b) t d = 20 ps 

13.33 (a) ff mi = 2.82 mS, (b) r, = 88.7 £2, 

(c) L = 0.67 fim 

13.35 (a) f, = 755 GHz, (b) f T = 15.9 GHz 

13.37 ( a ) g„, / W = 502 mS/mm, 

(b) / D |(sat)/W = 537 mA/mm 

Chapter 14 

14.1 (a) X = 1.24/ E 

(i) E = 0.66 => A — 1 .88 /rm 

(ii) E = 1.12=>A= 1.11 Arm 
(Hi) E = 1.42 => A = 0.873 pm 
(h) (i) A = 570 nm => E = 2.18 eV 
(ii) X = 700 nm => E = 1 .77 eV 

14.3 r5n = g'x = 1.44 x 10 13 cm - ' 1 
14.5 (n).v = 1.98 Atm, (b) ,v = 0.41 ptm 

14.11 I L = 500 mA, V, = 0.577 V, 

/„ = 478.3 mA. P„ = 276 mW 
14.13 For/iv — 1.7 eV, x — 2.3 /urn; 

For hv = 2.0 eV, x = 0.23 Atm 
14.15 (a) Sp — tin — 10 13 cm -3 , 

(b) Act = 1.32 x 10~ 2 (£2-cm)“ ! , 

(c) I L = 0.66 mA. (d) = 4.13 


14.17 (a) ] L \ = 9.92 mA/cnr, 

(b) J L = 0.528 A/cnr 
14.19 W= I jum=> 7,. =4.15 mA, 

W = 10 (ira => J L = 15.2 mA. 
W = 1 00 /zm => J L — 16 mA, 
14.21 0.625 < A. < 0.871 M m 

14.23 (a) 8.83 percent, (i>) 5.95 percent 


Chapter 15 
15.1 I, =5.33 A 

15.7 V C c = 25 V 

15.9 (a) h = 1-84 A, I 2 = 1.66 A, / 3 = 1.51 A: 

Pi = 6.09 W, P 2 - 5.48 W, P 3 = 4.98 W 
(b) I, = 2.16 A, /-, = 1.08 A, h = 1.77 A; 

P, = 8.38 W, P 2 = 4. 19 W, P 3 = 6.85 W 

15.11 lb) 

(i) V os = 5 V, l D = 0.25 A. = 37.5 V, 

P = 9.38 W 

(ii) V« s = 6 V, I D = 1.0 A, V„s = 30 V, 

P = 30W 

(iii) V ClS = 7 V, /„ - 2.25 A. = 17.5 V, 
P = 39.4 W 

(iv) V cs = 8V./„= 4.0 A, = 2.92 V. 

P = 11.7 W 

(v) V 6i = 9 V, If) = 6.25 A, V z ,5 = 1-88 V, 
P = 11.7 W 




